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KECOKDS  OF  PEOCEEDINGS  AT  MEETINGS 


SESSION  NOVEMBER,  1905— JUNE,  1906. 

Thursday^  November  9th,  1905. 
Annual  General  Meeting. 

Prof.  A.  R.  FORSYTH,  President,  in  the  Chair. 

Present  seventeen  members. 

Messrs.  P.  J.  Anderson  and  J.  A.  H.  Johnston  were  elected  members. 

The  Treasurer  (Prof.  J.  Larmor)  presented  his  Report.  On  the  motion 
of  Lieut.-Col.  Cunningham,  seconded  by  Mr.  C.  S.  Jackson,  the  Report 
was  received. 

Dr.  J.  6.  Leathem  was  appointed  Auditor. 

Mr.  Grace,  as  Secretary,  reported  that  the  number  of  members  at  the 
beginning  of  the  last  Session  was  269.  During  the  Session  the  Society 
had  lost  1  member  by  death  and  the  name  of  1  member  had  been  removed 
from  the  List.  Nine  new  members  had  been  elected,  bringing  the 
numbers  at  the  beginning  of  this  Session  to  276.  The  Accademia 
Gioenia  di  Scienze  Naturali  di  Catania  had  been  added  to  the  list  of 
the  Societies  with  which  publications  are  exchanged. 

The  President  presented  the  De  Morgan  Medal  to  Dr.  H.  F.  Baker. 

The  Council  and  Officers  for  the  ensuing  Session  were  elected  as 
follows  : — President,  Prof.  A.  R.  Forsyth  ;  Vice-Presidents,  Prof.  W. 
Bumside  and  Sir  W.  Niven  ;  Treasurer,  Prof.  J.  Larmor ;  Secretaries, 
Prof.  A.  E.  H.  Love  and  Mr.  J.  H.  Grace ;  other  members  of  the  Council, 
Dr.  H.  F.  Baker,  Mr.  A.  Berry,  Mr.  J.  E.  Campbell  Prof.  E.  B.  Elliott, 
Dr.  J.  W.  L.  Glaisher,  Mr.  G.  H.  Hardy,  Dr.  E.  W.  Hobson,  Major 
P.  A.  MacMahon,  Mr.  A.  E.  Western,  Mr.  A.  Young.    . 

The  following  papers  were  communicated : — 

*Linear  Content  of  a  Plane  set  of  Points :  Dr.  W.  H.  Young. 
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Bbcobds  of  pbocebdinos  at  meetings.  V 

*0n  Absolutely  Convergent  Improper  Double  Integrals  :   Dr.  E.  W. 

Hobson. 
*0n  the  Arithmetic  Continuum  :  Dr.  E.  W.  Hobson. 
*0n  the  Arithmetical  Nature  of   the   Coefficients   in  a  Group   of 
Linear  Substitutions  of  Finite  Order  (Second  Paper) :    Prof. 
W.  Bumside. 
On  the  Asymptotic  Value  of  a  Type  of  Finite  Series :   Mr.  J.  W. 

Nicholson. 
On  an  Extension  of  Dirichlet's  Integral :  Prof.  T.  J.  I' A.  Bromwich. 
*The  Continuum  and  the  Second  Number-Class :  Mr.  G.  H.  Hardy. 


Thursday,  December  14^A,  1905. 
Prof.  A.  B.  FOBSYTH,  President,  in  the  Chair. 

Present  sixteen  members  and  seven  visitors. 

Mr.  C.  V.  Durell  and  Prof.  J.  Harkness  were  elected  members. 

Mr.  J.  A.  H.  Johnston  was  admitted  into  the  Society. 

The  President  presented  the  Auditor's  Beport.  On  the  motion  of  the 
President,  seconded  by  Prof.  Elliott,  the  Treasurer's  Beport,  presented 
in  November,  was  adopted,  and  the  thanks  of  the  Society  were  given  to 
the  Treasurer  and  the  Auditor. 

The  following  papers  were  communicated  : — 

"^Some  Difficulties  in  the  Theory  of  Transfinite  Numbers  and  Order 

Types  :  Hon.  B.  A.  W.  Bussell. 
*0n  Well-ordered  Aggregates  :  Prof  A.  C.  Dixon. 
*0n  the  Bepresentation  of  certain  Asymptotic  Series  as  Convergent 

Continued  Fractions  :  Prof.  L.  J.  Bogers. 
*The  Hessian  Configuration  and  its  connection  with  the  Group  of 

860  Plane  Collineations  :  Prof.  W.  Burnside. 
The  Imaginary  in  Geometry :  Mr.  J.  L.  S.  Hatton. 
On   a   new    Cubic    connected    with    the    Triangle  :     Mr.   H.   L. 

Trachtenberg. 
*The  Theory  of  Integral  Equations :  Mr.  H.  Bateman. 


*  Printed  in  thiji  yolnme. 
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Vi  BbGOBDS   of   PROOBBDINaS   AT  XBBTIN08. 

Thursday f  Januanry  Wth^  1906. 
Prof.  A.  R.  FORSYTH,  President,  in  the  Chair. 

Present  ten  members. 

Miss  Hilda  Phoebe  Hudson,  Mr.  W.  F.  S.  Churchill,  and  the  Hon. 
B.  A.  W.  Russell  were  elected  members. 

The  President  referred  to  the  loss  sustained  by  the  Society  by  the 
death  of  Prof.  C.  J.  Joly,  and  gave  an  account  of  his  scientific  work. 

The  following  papers  were  communicated : — 

*0n    the    Monogeneity  of   a  Function    defined    by  an   Algebraic 
Equation :  Dr.  H.  F.  Baker. 
On   the   Diffraction  of   Sound   by  Large   Cylinders  :    Mr.  J.  W. 
Nicholson. 
*0n  the  Expression  of  the  so-called  Biquatemions  and  Triquaternions 
by  means  of  Quaternary  Matrices :  Mr.  J.  Brill. 
Dr.  Hobson  made  an  informal  communication : 

''  On  the  Representation  of  Functions  of  Real  Variables." 


Thursday,  February  Sth,  1906. 

Special  General  Meeting. 

Sir  W.  D.  NIVEN,  Vice-President,  in  the  Chair. 

Present  seventeen  members. 

The  Chairman  stated  that  the  meeting  was  the  Special  General 
Meeting  called  by  the  Council  acting  in  accordance  with  the  Articles 
of  Association. 

The  Articles  of  Association  relating  to  Special  General  Meetings  were 
read. 

Dr.  Hobson  moved,  and  Prof.  Elliott  seconded,  the  resolution  of  which 
notice  had  been  given,  viz. : 

That  By-law  II.  be  lunended  an  follows  : — 

Qause  I.  of  By-law  II.  to  be  struck  out  and  the  following  three  clauses  to  be  substituted  : 

1.  Any  member  who  shall  have  been  elected  not  later  than  January  11th,  1906,  may 
oompound  for  his  or  her  annual  subKcriptions  by  the  payment  of  ten  guineas  in  one  sum. 

2.  Any  member  who,  haying  been  elected  on  or  after  February  8th,  1906,  shaU  have 
already  paid  not  less  than  ten  annual  subscriptions  may  compound  for  subnequent  annual 
subscriptionB  by  the  payment  of  ten  guineas  in  one  sum. 

3.  Any  member,  other  than  those  specified  in  Clauses  1  and  2,  may  compound  for  his  or 
her  annual  subscriptions  by  the  payment  of  fifteen  g^uineas  in  one  sum. 

The  resolution  was  carried  unanimously. _ 

*  Printed  in  this  volume. 


BbOOBDS   of   PBOOBBDINGB   at   MBBTIN0B.  Vli 

Thursday^  February  8th,  1906. 
Sir  W.  D.  NIVEN,  Vice-President,  in  the  Chair. 

Present  eighteen  members. 

The  following  papers  were  communicated : — 

*The  Eisenstein-Sylvester  Extension  of  Fermat's   Theorem  :    Dr. 

H.  F.  Baker. 
A  Chapter  of  the  present  state  in  the  Historical  Development  of 
Elliptic  Fmictions :  Prof.  H.  Hancock. 
*Ilednction  of  the  Ternary  Quintic  and  Septimic  to  their  Canonical 
Forms :  Prof.  A.  C.  Dixon  and  Dr.  T.  Stuart. 
The  Scattering  of   Sound  by  Spheroids  and  Discs  :    Mr.  J.  W. 
Nicholson. 
Major  P.  A.  MacMahon  made  a  preliminary  communication : 
"  On  Partitions  of  Numbers  in  Space  of  Two  Dimensions." 


Thursday,  March  6th,  1906. 

Prof.  W.  BURNSIDE,  Vice-President,  and,  subsequently,  Sir  W.  NIVEN, 

Vice-President,  in  the  Chair. 

Present  seventeen  members. 

The  following  papers  were  communicated  : — 

*0n    Sommerfeld's   Diffraction   Problem   and   on   Reflection   by   a 
Parabolic  Mirror  :  Prof.  H.  Lamb. 

*0n  Function  Sum  Theorems  connected  with  the  Series    2  x'^ln^  : 

n=l       ' 

Prof.  L.  J.  Rogers. 
*Investigation8  on   Series  of   Zonal   Harmonics:    Prof.  T.  J.  I 'A. 

Bromwicb. 
*0n  certain  Functions  defined  by  Taylor's  Series  of  Finite  Radius 

of  Convergence  :  Rev.  E.  W.  Barnes. 
On  the  Relations  between  the  p  Line  Determinants  formable  from 
Ap  hy  q  Array  :  Prof.  E.  J.  Nanson. 
Lt.-Col.  A.  Cunningham  made  an  informal  communication : 

+  **  On  the  Divisors  of  Numbers  of  certain  Special  Forms." 
Dr.  F.  S.  Macaulay  made  an  informal  communication  : 

**  On  the  Equilibrium  of  Forces  of  given  Magnitudes  each  passing 
through  a  given  Point." 

*  Printed  in  this  yolume.  f  See  **  Notes  and  Ckirrections  "  in  this  yolume. 
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Thursday,  April  26^A,  1906. 

Prof.  A.  R.  FORSYTH,  President,  and,  subsequently.  Prof.  W.  BXJRNSIDE, 

Vice-President,  in  the  Chair. 

Present  fourteen  members  and  two  visitors. 

The  President  reported  to  the  meeting  the  death  of  Mr.  R.  Rawson, 
and  gave  an  account  of  his  contributions  to  mathematics. 
The  following  papers  were  communicated  : — 

^Perpetuants  and  Contra-perpetuants  :  Prof.  E.  B.  Elliott. 
On  a  Set  of  Intervals  about  the  Rational  Numbers :   Mr.  A.  R. 
Richardson. 
*Some  Theorems  connected  with  Abel's  Theorem  on  the  Continuity 

of  Power  Series  :  Mr.  G.  H.  Hardy. 
*A  Question  in  the  Theory  of  Aggregates :  Prof.  A.  C.  Dixon. 
*The   Canonical   Forms   of    the    Ternary    Sextic    and    Quaternary 

Quartic  :  Prof.  A.  C.  Dixon. 
*0n  the  Question  of  the  Existence  of  Transfinite   Numbers:   Mr 

P.  E.  B.  Jourdain. 
*0n  the  Accuracy  of  Interpolation  by  Finite  Differences :  Mr.  W.  F. 

Sheppard. 
*0n  Two  Cubics  in  Triangular  Relation  :  Prof.  F.  Morley. 
*0n    the    Geometrical    Interpretation   of   Apolar    Binary    Forms : 
Mr.  C.  F.  Russell. 

Thursday,  May  10th,  1906. 

Prof.  A.  R.  FORSYTH,  President,  in  the  Chair. 

Present  seventeen  members. 

Mr.  C.  F.  Russell  was  elected  a  member. 

The  following  papers  were  communicated  : — 

The     Substitutional    Theory   of    Classes    and    Relations:     Hon. 
B.  A.  W.  Russell. 
*The    Expansion   of    Polynomials    in   Series   of   Functions  :    Dr. 

L.  N.  G.  Filon. 
*0n  the  Motion  of  a  Swarm  of  Particles  whose  Centre  of  Gravity 
describes  an  Elliptic  Orbit  of  small  Eccentricity  round  the 
Sun :  Dr.  E.  J.  Routh. 
The  Theory  of  Integral  Equations  :  Mr.  H.  Bateman. 
*0n  Linear  Differential  Equations  of  rank  Unity  :  Mr.  E.  Cunning- 
ham. 


*  Printed  in  this  volume. 
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Thursday,  June  14th,  1906. 

Prof.  A.  R.  FORSYTH,  President,  in  the  Chair. 

Present  fifteen  members  and  a  visitor. 

Mr.  W.  H.  Jackson  was  admitted  into  the  Society. 

Mr.  Walter  Bailey  exhibited  a  collection  of  models  of  space-filling  solids. 

The  following  papers  were  commmiicated : — 

The  Algebra  of  Apolar*  Linear  Complexes  :  Dr.  H.  F.  Baker. 
^Supplementary  Note  on  the  Representation  of  certain  Asymptotic 
Series  as  Convergent  Continued  Fractions :  Prof.  L.  J.  Rogers. 
On  certain  Special  Types  of  Convertible  Matrices :  Mr.  J.  Brill. 


*  Printed  in  this  volume. 


LIBRARY 


[In  the  ooazBe  of  the  Session  the  Library  was  transferred  to  a  room  on  the  first  floor  of  the  house, 

22  Albemarle  Street,  where  the  meetingB  of  the  Society  are  held.] 


Presents. 

Bbtwbbn  October,  1905,  and  December,  1906,  the  following  presents 
were  made  to  the  Library  : — 

From  the  respective  Authors  or  Publishers : — 

Adams,  J.  L.— «*  The  Infinity  of  the  Starry  Universe,"   1906;    and  »'The  Milky  Way/' 

1905. 
Baohelier,  M.  L. — ** Theorie  Mathematique  de  Jeu  "  and  **  Th^rie  de  la  Speculation/* 
Beckman,  £.  H.  M. — **  Gkschiedenis  der  systematische  Mineralogle"  (from  the  Technische 

Hoogeschool  te  Delft). 
Brioschi,  Francesco. — *'  Opere  matematiche,"  Tomo  iv.,  1906. 
Bromwich,  T.  J.  I' A. — **  Quadratic  Forms  and  their  Classification  by  means  of  Invariant 

Factors,"  1906. 
Forsyth,  A.  R. — **  Theory  of  Differential  Equations,"  Part  4,  vols.  5  and  6  ;  Cambridge, 

1906. 
Geodetic  Survey  of  South  Africa,  vol.  m.,  **  Report  on  the  G^eodetic  Si^rvey  of  Part  of 

Southern  Rhodesia,"  1905. 
Gucda,  M.  G.  B. — **  Un  Th^or^me  sur  les  Courbes  alg^briques  planes  d'ordre  »." 
Issaly.— **  Theorie  des  Pseudo-Surfaces,"  1902. 

Myller,  A. — **  G^wohnliche  Differentialgleichung^  hoherer  Ordnung,"  1906. 
Getting^,  A.  von. — **  Die  perspektivischen  Kreisbilder  der  Kegelschnitte,"  1906. 
Pittaid-Bullock.— '<The  Power  of  the  Continuum,"  Berlin,  1905. 
Sohngen,  N.  L. — *'  Het  ontstaan  en  verdwijnen  van  Waterstof,"  1906. 
Veronese,  G.— '*  H  Vero  nella  Matematica,"  1906. 
Zeuthen,  H.  G. — **  La  Principe  de  Correspondance  pour  une  Surface  alg^brique,"  1906. 

Coimbra :  Academia  Polyt.  de  Porto,  Ann.  Scientificos,  vol.  1,  nos.  2,  3,  1906. 

Hamburg :    Hath.  Gkeellschaft,  Mittheilung^,  bd.  4,  hefte  5,  6,  1906. 

Indian  Engineering,  vol.  38,  nos.  13-27,  1905 ;  vol.  39,  1906 ;  vol.  40,  nos.  1-15,  1906. 

Kansas:  Univ.  Science  Bulletin,  vol.  3,  nos.  1-10,  1905-6. 

London :  Educational  Times,  vol.  58,  nos.  531-536, 1905 ;  vol.  59,  nos.  537-548,  1906. 

London :  Educational  Times  Math.  Questions  and  Solutions,  New  Series,  vol.  8, 1905  ;  vols.  9,  10, 

1906. 
London :  Mathematical  Gazette,  vol.  3,  nos.  53-60,  1905-6. 

Nautical  Almanac  for  1906  (Appendix),  and  for  1909  (presented  by  the  Admiralty). 
Paris :  L'Ensdgnement  Math.,  ann.  7,  no.  6,  1905;  ann.  8,  1906. 
Porto :  Academia  Polyt.,  Annaes,  vol.  1,  no.  1,  1905. 

Tokyo :  Physico-Math.  Society,  Proceedings,  vol.  2,  nos.  21-29,  1905-6 ;  vol.  3,  nos.  1-5,  1906. 
Vanovie :  Soo.  des  Natnralistes,  Comptee  Rendus,  1902-4,  nos.  13-15,  1906. 
WazBaw  :  Wiadomosci  Matem.,  torn  9,  zeszyt  3-6,  1905  ;  tum  10,  zeszyt  1-3,  1906. 
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Exchcmges. 

Between  October,  1905,  and  December,  1906,  the  following  exchanges 
were  received : — 

Amerioan  Journal  of  Mathematics,  voL  27,  no.  4,  1905  ;  vol.  28,  1906. 

American  Mathematical  Society,  Transactions,  vol.  6,  no.  4,  1905  ;  vol.  7,  1906. 

American  Mathematical  Society,  Bolletin,  vol.  12,  nos.  2-10,  1906;  vol.  13,  nos.  1,  2,  1906. 

American  Philosophical  Society,  Proceeding's,  vols.  44,  45,  and  46,  1906. 

Amsterdam :  Nieuw  Archiev,  deel  7,  stuk  2,  3,  1906. 

Amsterdam  :  Revue  Semestrielle,  tome  14,  pts.  1,  2,  1906. 

Amsterdam :  Wiskundige  Opgaven,  deel  9,  stuk  4,  5,  1906. 

Belgique  :  Academic  Royale  des  Sciences,  Annuaire,  1906. 

Belg^que  :  Academic  Royale  des  Sciences,  Bulletin,  1905,  nos.  6-12  ;  1906,  nos.  1  8. 

Berlin :  Jahrbuch  uher  die  Fortschritte,  hd.  34,  hefte  2,  3,  1905  ;  bd.  35,  hefte  1,  2,  1906. 

Berlin  :  Journal  filr  die  Mathematik,  bd.  130,  hefte  3,  4,  1905  ;  bd.  131,  1906. 

Berlin:  Sitzungsberichte der  K.  Preuss.  Akademie,  1905,  nos.  39-53  ;  1906,  nos.  1-38. 
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CHARLES   JASPER   JOLY 

Charles  Jasper  Joly,  son  of  the  late  Rev.  J.  Swift  Joly,  of  Athlone, 
was  bom  in  1864,  and  spent  most  of  his  school  days  at  the  Galway 
Grammar  School  under  Dr.  Biggs.  At  the  age  of  eighteen  he  entered 
Trinity  College,  Dublin,  where  he  held  a  scholarship  and  subsequently  a 
mathematical  studentship.  His  subsidiary  subject  was  experimental 
physics,  and  after  graduating  in  1886  he  went  to  Berlin,  where  he  studied 
under  Konig.  On  the  death  of  his  father  in  1887  he  returned  to  Ireland, 
and  read  for  a  Fellowship,  which  he  gained  in  1894.  By  this  time  Joly's 
mathematical  powers  had  fully  developed,  and  he  had  become  familiar 
with  the  calculus  of  quaternions,  a  subject  which  strongly  attracted  him, 
and  to  which  most  of  his  published  work  is  related. 

In  1897,  with  singular  appropriateness,  Joly  was  appointed  Royal 
Astronomer  of  Ireland,  thus  occupying  the  post  once  held  by  the  great 
inventor  of  quaternions.  He  now  undertook  a  new  edition  of  Hamilton's 
Elements  of  Qitatemions,  of  which  the  first  volume  appeared  in  1899  and 
the  second  in  1901.  The  only  book  of  his  own  composition  is  A  Manual 
of  Quaternions,  published  in  1905.  No  one  can  read  this  without  keenly 
regretting  the  author's  early  death.  It  is  sufficiently  elementary,  at  least 
in  the  earlier  part,  for  the  beginner  to  learn  the  principles  of  the  subject ; 
and  it  contains  a  great  deal  of  original  work,  much  of  which  is  condensed 
into  the  form  of  examples.  Physical  applications  receive  considerable 
attention:  there  are  sections  dealing  with  kinematics,  kinetics,  wave 
theory,  and  electromagnetism.  One  of  Joly's  most  interesting  contribu- 
tions to  Hamilton's  theory  is  his  way  of  introducing  the  geometrical 
principle  of  duality.  In  some  way  or  other  this  principle  ought  to  come 
into  closer  contact  with  the  formulae  of  quaternions  than  it  actually  does  : 
whether  Joly's  method  is  the  best  way  towards  this  desirable  end  is  a 
matter  into  which  quaternionists  might  well  inquire. 

Joly's  mathematical  papers  are  not  numerous  (less  than  a  score  in  all) ; 
but  every  one  of  them  deserves  to  be  read.     With  few  exceptions,  they  are 
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contained  in  the  Proceedings  and  Transactions  of  the  University  of  Dublin. 
Among  the  most  important,  perhaps,  are  the  following  : — 


•**  The  Theory  of  Linear  Vector  Funotions  "  (Dubl.  Tram,,  Vol.  xxx.,  pp.  697-647). 
**  Properties  of  the  General  Congmency  of  Curves  "  (ibid..  Vol.  zxxi.,  pp.  363-392). 
**  The  Interpretation  of  a    Quaternion  as  a   Point  Symhol"   {ibid..  Vol.  zxzn.  A, 

pp.  1-16). 
*'  The  Quadratic  Screw-system  :  a  Study  of  a  Family  of  Quadratic  Complexes  "  [ibid.. 

Vol.  xxxn.  A,  pp.  156-238). 
"  The  G^eometry  of  a  Three-system  of  Screws  "  (ibid,,  pp.  239-270). 
"  Quaternions  and  Projective  Geometry  "  (Phil,  Tratu.,  Vol.  201  A,  pp.  223-327). 

Joly  was  elected  a  member  of  the  London  Mathematical  Society  in 
April,  1902,  but  did  not  contribute  to  its  Proceedings.  He  was  elected 
Fellow  of  the  Boyal  Society  in  1904,  and  at  the  time  of  his  death  (January, 
1906)  was  President  of  the  International  Association  for  the  Promotion 
of  the  Study  of  Quaternions  and  Allied  Subjects. 

In  private  life  Joly  was  loved  as  well  as  admired  by  those  who  knew 
him  well.  He  was  an  expert  mountain-climber,  a  devout  student  of 
Dante,  and  a  lover  of  literature  in  general.  How  much  he  was  regretted 
by  his  intimate  friends  is  clearly  shown  by  the  notices  which  appeared, 
shortly  after  his  decease,  in  the  Guardian  newspaper  and  elsewhere. 

G.  B.  M. 


BOBBBT   BaWSON. 


ROBERT  RAWSON 

[For  the  statements  of  fact  in  tliis  notice  the  Gonnoil  is  indebted  to  Key.  B.  Hailey.] 

Robert  Bawson  was  bom  at  Brinsley,  a  little  colliery  village  about 
nine  miles  from  Nottingham,  on  the  22nd  July,  1814.  At  the  age  of 
seven  he  began  to  earn  his  own  living  by  working  in  the  mines  at  the 
neighbouring  village  of  Eastwood,  and  he  continued  to  work  as  a  collier 
for  sixteen  years.  Having  early  learnt  to  read»  and  having  come  across 
a  periodical  containing  mathematical  questions  which  interested  him,  he 
was  told  on  enquiring  that  he  could  learn  how  to  solve  them  by  reading  a 
book  on  "  arithmetic.*'  So  on  a  Saturday  afternoon,  after  leaving  the  pit, 
he  walked  over  to  Nottingham,  and  bought  a  second-hand  arithmetic  for 
twopence.  After  a  time  he  found  that  his  arithmetic  failed  him  beyond 
a  limited  range  of  questions,  and  was  told  that  he  wanted  an  '*  algebra." 
He  procured  one,  and  later  an  old  '*  Euclid "  and  Simpson's  FhixionSy 
He  used  to  look  through  these  books  to  discover  the  way  in  which  to  solve 
the  questions  that  interested  him.  In  after  life  he  often  lamented  the 
deficiencies  of  his  early  training. 

In  1887,  when  Robert  Stephenson  was  beginning  to  build  the 
Manchester  and  Leeds  Railway,  a  controversy  arose  in  a  local  newspaper 
as  to  how  the  level  of  the  road  jght  to  be  altered  at  a  curve.  Rawson 
thought  that  none  of  the  writ  had  solved  the  problem ;  so  he  wrote  out 
his  own  solution,  signed  it,  d  sent  it  to  the  newspaper.  This  letter  led 
to  his  being  offered  employment  in  the  office  of  the  railway  engineer  at 
Rochdale,  where  during  the  next  five  years  he  was  chiefly  occupied  in 
calculations  for  the  Engineer-in-Chief  of  the  new  line.  At  this  time  he 
became  a  constant  contributor  to  the  mathematical  column  of  the  York 
Courant,-a,  newspaper  which  had  a  large  circulation  in  the  North  of 
England.  The  column  was  edited  by  William  Tomlinson,  a  very  remark- 
able man,  and  entirely  self-educated ;  and  it  seems  to  have  been  a  source 
of  inspiration  to  many — to  none  perhaps  more  than  Rawson.  When  the 
railway  was  finished,  in  1842,  Rawson  removed  to  Manchester  to  be  near 
Eaton  Hodgkinson,  to  whom  Stephenson  introduced  him  by  letter  as  a 
"  skilful  calculator."  He  made  a  living  as  a  private  teacher  of  mathe- 
matics, and  he  added  to  his  slender  means  by  making  calculations  for 
engineers.  He  was  employed  by  Stephenson  to  calculate  the  stresses  in 
the  girders  of  the  Menai  Bridge,  and*  by  Eaton  Hodgkinson  in  calculations 
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relative  to  the  strength  of  materials,  and,  in  particular,  to  determine  the 
strength  of  cast-iron  pillars.  He  continued  to  write  for  the  mathematical 
column  of  the  York  Courant,  and  he  wrote  also  for  the  Mathematician, 
the  Lady's  and  Gentleman's  Diary,  and  other  periodicals.  He  con- 
tributed to  the  Memoirs  of  the  Mancliester  Literary  and  Philosophical 
Society  papers  on  "  The  Summation  of  Series,"  "  Definite  Integration," 
"  A  New  Mode  of  Representing  Discontinuous  Functions,"  and  "  Laplace's 
Theorem  in  the  Theory  of  Attraction." 

In  1847,  on  the  recommendation  of  Hodgkinson,  he  was  offered  by  the 
Admiralty  the  position  of  Head  Master  of  the  Dockyard  School  at  Ports- 
mouth ;  and  he  accepted  it,  though  not  without  misgivings,  for  he  had 
never  been  in  a  school  before.  He  soon  conquered  the  difficulties  arising 
from  his  inexperience,  and  held  the  appointment  for  twenty-eight  years 
with  credit  to  himself  and  advantage  to  his  pupils.  Among  these  are 
numbered  Sir  Philip  Watts,  K.C.B.,  the  present  Director  of  Naval  Con- 
struction ;  Sir  John  Durston,  K.C.B.,  Engineer-in-Chief,  R.N. ;  Sir  James 
Williamson,  C.B. ;  Prof.  Francis  Elgar,  F.R.S. ;  and  Mr.  W.  E.  Smith,  C.B., 
of  the  Admiralty.  While  at  Portsmouth  Rawson  assisted  in  the  experiments 
upon  the  stability  of  floating  bodies  which  were  carried  out  for  the 
Admiralty  at  the  instance  of  Moseley.  The  results  of  these  experiments 
are  described  in  Moseley*8  well  known  memoir  "  On  the  Dynamical 
Stability  of  Ships  and  on  the  Oscillations  of  Floating  Bodies  "  {PhiL 
Trans.,  1851),  in  which  a  tribute  is  paid  to  Rawson's  skill  in  designing 
experimental  expedients.  One  of  these,  a  mechanical  arrangement  '*  by 
which  the  position  of  the  water-line  was  determined  in  the  extreme 
position  into  which  the  vessel  rolls,"  was  described  as  **  specially  worthy 
of  observation."  Rawson  also  devised  the  screw  compass — an  instrument 
which  determines  at  sight  the  pitch  of  the  screw — and  for  this  invention 
he  received  the  thanks  of  the  Admiralty  and  an  expression  of  their 
appreciation  of  its  practical  importance. 

Rawson  published  a  treatise  entitled  The  Screw -Propeller  :  An 
Investigation  of  its  Geometrical  and  Physical  Properties,  and  its  Appli- 
cation to  tlie  Propulsion  of  Vessels,  He  wrote  also  some  elementary 
books  on  arithmetic,  mensuration,  and  trigonometry,  which  were  supplied 
by  the  Admiralty  to  the  boys  of  the  Dockyard  School.  He  contributed 
an  account  of  the  life  and  work  of  his  friend  Eaton  Hodgkinson  to  the 
Memoirs  of  the  Manchester  Literary  and  Philosophical  Society  (1865), 
and  many  papers  by  him  are  published  in  these  Memoirs ;  others  will  be 
found  in  the  Reports  of  tlie  British  Association,  the  Transactions  of  the 
Institution  of  Naval  Architects,  and  the  Messenger  of  Mathematics.  His 
single  communication  to  the  Proceedhigs  of  this  Society  was  a  paper, 
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published  in  Vol.  ix.  (1878),  "  A  New  Method  of  Finding  Diflferential 
Resolvents  of  Algebraical  Equations."  His  calculation  of  the  complete 
cubic  differential  resolvent  {Brit,  Assoc.  Bep.,  1886)  was  a  very  remarkable 
piece  of  work.  He  was  a  member  of  several  scientific  bodies,  and  he 
valued  greatly  the  distinction  of  his  election  as  an  honorary  member 
of  the  Manchester  Literary  and  Philosophical  Society.  In  1894  he 
was  placed  on  the  Commission  of  the  Peace  for  the  County  of  Hamp- 
shire, and  he  discharged  his  duties  as  a  magistrate  with  great  zeal  and 
assiduity  up  to  within  a  month  of  his  death ,  which  took  place  at  Havant 
on  the  11th  March,  1906. 


NOTES    AND     CORRECTIONS. 


Lt.-Col.  a.  Cunningham  sends  an  abstract  of  his  communication  of 
date  March  9th,  1906  :— 

(i.)  The  numbers  of  the  form  i^T  *  9  .  2*  -f  1  are  remarkable  for  the  simple  rules  for  their 
arithmetical  divisors,  and  also  for  the  rarity  of  primes  among  them,  there  being  no  primes  after 
JV  »  3  up  to  9  «  200  (except  possibly  when  q  -  141).  (ii.)  The  binomial  form  JV  »  (o^  +  1)*  •»- 1 
yields  very  high  completely  faotorisable  numbers  :  t.g.^ 

f2ioa+i)3+i.27»-l  27»+l  2ii»o+l 

(2    +ir+i-2»-i  2»+l  2«>+i^<^   ^^^' 

which  contains  91  figures.     The  complete  factorisation  of  each  of  the  large  factors  of  this 
number  has  been  given  by  Lucas. 

Mr.  H.  Bateman  sends  the  following  correction  of  a  paper  by  him 
published  in  this  volume : — 

On  p.  97,  equation  (25)  should  be 

-P(»,  0  =  *!  («»  ^o)  %  (^  Ao)  + ...  +  ♦^  («,  Ao)  V^  (^  Ao), 
where  p  ^  p. 

Mr.  Hardy  sends  the  following  corrections  (due  to  Dr.  Hobson)  of  his 
paper  in  this  volume  (pp.  247-265) : — 

On  p.  251,  Theorem  I.  b  is  incorrectly  stated,  as  appears  when  we  consider  the  particular 
case  in  which  /„  (j?)  —  a?*  (0  <  a:  <  1),  =  0  (a?  «  Ij  and  a„  =«  (—1)'*.  Dini's  theorem,  on  which 
the  proof  depends,  requires  the  continuity  of  fn  (x) .  Tlie  following  alterations  should  therefore 
be  made: — 

Theorem  I.  b.     Omit  **  tmiformlyJ*^     Also  omit  the  proof. 

Add  a  new  theorem  (Theorem  I.  b  0) — **  i/",  in  addition,  the  functions  /„  (a?)  are  continuout,  the 
series  JLa^ /h  i*  uniformly  convergent  and  continuous  J** 

The  proof  g^ven  in  the  paper  for  I.  b  applies  to  this.     The  corollary  may  be  omitted. 

Theorem  I.  *  1.     After  ♦*  subject "  add  **  in  I.  *." 

In  all  the  cases  of  interest  the  condition  that  each  individual  /« (x)  is  contmuous  is  satisfied  : 
and  the  rest  of  the  paper  is  in  no  way  affected. 
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In  a  former  paper  dealing  with  this  question  {Proc.  London  Math. 
SoCf  Series  2,  Vol.  8,  pp.  239-252)  the  subject  was  approached  from  the 
point  of  view  of  the  reduction  of  the  group  when  represented  in  the  form 
of  a  group  of  permutations.  One  of  the  results  arrived  at  was  to 
determine  a  condition  subject  to  which  it  is  possible  to  exhibit  an  irre- 
ducible group  of  finite  order  in  a  form  in  which  the  coefficients  are  rational 
functions  of  the  characteristics  ;  but  the  question  as  to  whether  this  con- 
dition was  generally  satisfied  was  not  dealt  with. 

In  the  present  paper  the  problem  is  approached  from  a  different  and, 
so  to  say,  a  more  self-contained  point  of  view. 

An  irreducible  group  of  linear  substitutions  of  finite  order  is  supposed 
to  be  given  in  any  one  of  its  possible  forms,  without  any  assumption  at  all 
as  to  the  nature  of  the  coefficients.  With  regard  to  such  a  group  the 
question  arises  as  to  whether  it  is  possible  to  choose  new  variables,  so 
that,  when  expressed  in  terms  of  them,  the  coefficients  of  the  substitutions 
belong  to  an  assigned  domain  of  rationality.  If  the  domain  of  rationality 
does  not  contain  the  characteristics  of  the  group,  it  is  certainly  impossible 
to  do  this.  The  simplest  domain  of  rationality  to  which  the  coefficients 
can  belong  is  that  defined  by  the  characteristics. 
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It  is  shown  here,  by  direct  considerations,  in  which  the  theory  of  the 
reduction  of  the  group,  regarded  as  a  permutation-group,  is  not  introduced, 
that  in  general  it  is  possible  to  exhibit  the  group  so  that  the  coefficients 
belong  to  the  domain  of  rationality  defined  by  the  characteristics.  There 
are  exceptions  to  this  general  rule,  and  the  whole  of  the  exceptions  are  not 
here  determined ;  but  it  is,  I  think,  made  clear  that  the  cases  which  do 
not  come  under  the  rule  are  actually  of  the  nature  of  exceptions. 

1.  I  consider  a  discontinuous  irreducible  group  of  linear  substitutions 
in  m  variables.  The  group  itself  is  denoted  by  F,  and  any  substitution  of 
the  group  ^^^ 

x'i  =  2  SijXj      {i  =  1,  2,  ...,  m) 

is  denoted  by  S,  The  sum  of  the  coefficients  in  the  leading  diagonal  of 
S,  or  its  characteristic,  is  denoted  by  x»-  Such  a  group  necessarily  con- 
tains a  set  of  m^  substitutions  A^^^  (A  =  1,  2,  ...,  w^  which  are  linearly 
independent*  in  the  sense  that  the  determinant 


^11 

U-J2 

ntn 

^11 

^12       •• 

milt 

•  «  • 

^11 

•  •  •        . 

"^12 

» •          •  •  • 

is  not  zero. 

This  being  the  case,  the  equations 

*=**■    (M 
Sij  =    2    aij  Sjc    aj  =  1,  2,  ...,  m)  (i) 

are  linearly  independent,  and  determine  the  m^  quantities  Sw     The  system 
of  m^  equations  (i)  may  be  replaced  by 

^SijOji   =    2   SfcSa^  aji      {I  =  1,  2,  ...,  nr). 

Bat  ^8i^a^  is  the  characteristic  of  SA^^^,     Hence  the  rr?  quantities  8k 
are  determined  by  ^ 

1 

and  they  are  therefore  rational  functions  of  the  characteristics  of  the 
group. 


*  Froc,  London  Math,  Soe.,  Series  2,  Vol.  3,  p.  433. 
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The  m'  equations  (i)  are  equivalent  to  the  single  equation 


ms 


S  =  2^<*>Sto  (ii) 

1 

expressing  that  the  substitution  (or  matrix)  S  is  a  linear  function  of  the 
substitutions  (or  matrices)  A^^ ;   and  the  coeflScients  which  enter  in  this 
expression  for  S  are  rational  functions  of  the  characteristics  of  the  group. 
If  S,  T,  XJ  are  three  substitutions  of  the  group,  such  that 

ST  =  U, 

then  24<*>Cr*  =  24<*)Sfc  24^>T,.  (iii) 

But,  by  (ii),  A^^^A^^  can  be  expressed  linearly  in  terms  of  the  m^  inde- 
pendent substitutions.     Let 

be  the  equation  so  expressing  it,  the  constants  aup  being  rational  functions 
of  the  characteristics.     Then  (iii)  may  be  written 

^A^^Up  =  2  ajapSitTiA^\  (iv) 

The  m^  substitutions  A^^  being  linearly  independent,  this  relation  among 
the  substitutions  (or  matrices)  is  equivalent  to  the  system  of  m^  equations 

Up=^aidpSkTi     (^  =  1,  2,  ...,  m^.  (v) 

Now  the  relation  ST  =  U 

is  also  equivalent  to  the  system  of  m^  equations 

Uij  =  I.tikSkj        (iyj  =  1,  2,  ...,  m)  (vi) 

k 

between  the  coefficients  of  the  three  substitutions  S,  T,  and  V.  Hence 
equations  (v)  is  the  form  which  equations  (vi)  take  when  the  s's,  ^'s,  and 
tt's  are  cogrediently  replaced  by  new  symbols,  S's,  Ts,  and  V's,  defined 
by  the  equations  (i). 

But,  if  the  s's  are  regarded  as  the  original  and  the  u'b  as  the  trans- 
formed variables,  while  for  the  fs  are  taken  in  turn  the  coefficients  of 
each  substitution  of  F,  then  equations  (vi)  define  a  group  of  linear  sub- 
stitutions on  m^  variables  which  is  simply  isomorphic  with  F.  Moreover 
in  this  group  each  set  of  m  symbols  with  the  same  second  suffix  undergoes 
for  each  substitution  of  the  group  exactly  the  same  transformation  as  the 
original  x's ;  and  there  are  m  such  sets.  The  group  may  then  be  denoted 
by  mF,  implying  that  m  distinct  sets  of  variables  each  undergo  co- 
grediently the  substitutions  of  the  original  group  F. 

B  2 
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If  then,  in  (v),  the  S*b  are  regarded  as  the  original  and  the  TTs  as 
the  transformed  variables,  while  the  T^s  take  in  torn  the  values  corre- 
sponding to  each  of  the  substitutions  of  F,  the  resulting  system  of 
equations  is  a  form  into  which  the  group  mF  can  be  thrown  by  a  suitable 
choice  of  new  variables.  But  the  T^s  which  correspond  to  the  substitu- 
tions of  r  and  the  coefficients  aap  are  rational  functions  of  the  character- 
istics of  r.  Hence  mT  can  be  exhibited  in  a  form  in  which  all  the 
coefficients  are  rational  functions  of  the  characteristics.  Further,  if  in 
equations  (vi)  the  ^'s  are  regarded  as  the  original  and  the  u*8  as  the  trans- 
formed variables,  while  for  the  s's  the  coefficients  of  each  substitution  of 
F  are  taken  in  turn,  then  the  equations  give  another  form  of  mF,  every 
one  of  whose  substitutions  is  permutable  with  every  substitution  of  the 
previous  form.  Hence  the  same  is  also  true  of  equations  (v)  when  the 
Z^s  are  taken  as  the  original  and  the  JTb  as  the  transformed  variables. 
The  results  of  this  paragraph  may  then  be  summed  up  as  follows  : — 

Theorem. — If  F  is  a  discontinuous  irreducible  group  of  linear  substitu- 
tions in  m  variables,  and  if  mF  represents  the  group  in  m^  variables  that 
arises  by  carrying  out  the  substitutions  of  F  cogrediently  on  m  sets  of  m 
variables  each,  then  a  group  equivalent  to  mT  can  be  set  up  in  two 
distinct  forms  on  a  set  of  m^  variables,  so  that  (i)  the  coefficients  in  each 
form  are  rational  functions  of  the  characteristics  of  F,  and  (ii)  every  sub- 
stitution of  the  one  form  is  permutable  with  every  substitution  of  the 
other. 

2.  If  F  is  a  group  of  finite  order,  it  will  in  general  contain  sub-groups 
for  which  one  or  more  linear  functions  of  the  variables  are  invariants. 
In  a  paper  recently  published  in  the  Messenger  of  Mathematics  (Vol.  xxxv., 
pp.  61-56)  I  have  determined  the  nature  of  those  exceptional  cases  in 
which  the  identical  substitution  of  F  is  the  only  one  for  which  there 
are  linear  invariants.  They  are  very  limited  in  number,  and  may  be 
arranged  in  three  classes,  of  which — 

(i)  the  quaternion  group  in  two  variables ; 

(ii)  the  group  generated  by 

x'  =  cox,     y*  =  ij?y,     z*  =  w^z, 

^  =  2/»       y'  =  '2',         z'  =  ax, 
co^  =  1,       «»  =  1  ; 

(iii)  the  group  of  order  120  in  two    variables  which  is    multiply 
isomorphic  with  the  icosahedral  group, 
are  typical. 
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Apart  from  these  very  special  exceptions  every  group  of  linear  substi- 
tations  of  finite  order  has  some  sub-group,  other  than  that  consisting  of 
the  identical  substitution  only,  for  which  one  or  more  linear  functions  of 
the  variables  are  invariant. 

8.  Let  r  now  denote  any  given  irreducible  group  of  finite  order  on 
m  variables.  Further,  let  G  and  G'  denote  the  two  forms  in  which  mT 
can  be  set  up  on  m^  variables 

80  that  (i)  the  coefficients  of  the  substitutions  of  G  and  G'  are  rational 
functions  of  the  characteristics  of  F,  and  (ii)  every  substitution  of  G  is 
permutable  with  every  substitution  of  G'.    Denote  by  ii  a  linear  function 

of  the  m^  variables  with  arbitrary  coefficients ;  and  by 

the  functions  into  which  ii  is  transformed  by  the  n  substitutions  of  a 
sub-group  H',  of  order  w,  of  G'.     Then 

n 
1 

18  the  most  general  linear  function  of  the  variables  which  is  invariant 
for  H'.     Unless  F  belongs  to  one  of  the  exceptional  cases  above  mentioned, 

n 

G'  must  have  some  sub-group  H'  for  which  X^t  is  not  identically  zero. 

If  in  F  the  sub-group  H'  has  i  independent  linear  invariants,  then  in  mT 
there   are  mi  linearly   independent  linear  functions   invariant   for  H', 

n 

Hence  of  the  coefficients  of  Ai,  A^^  ...,  A^  in  2^(,  just  mi  are  linearly 

n 

independent.     Now  the  coefficient  of  A^  in  Z^(  is  a  linear   function  of 

the  x's  with  coefficients  which  are  rational  in  the  characteristics  of  F. 
Hence  mi  linear  functions  of  the  a;'s  with  coefficients  rational  in  the 
characteristics  of  F  may  be  formed,  each  of  which  is  invariant  for  W ;  and 
no  other  linear  function  of  the  :e's,  which  is  linearly  independent  of  these, 
is  invariant  for  H'. 

Now  every  substitution  of  G  is  permutable  with  every  substitution 
of  W.  Hence  the  substitutions  of  G  must  transform  among  themselves 
these  mi  linear  functions  of  the  x's ;  and  the  coefficients  in  the 
group  of  linear  substitutions  which  so  arises  are  rational  functions  of 
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the  characteristics.  This  is  equivalent  to  the  statement  that,  unless  T  is 
one  of  the  exceptions  above  mentioned,  it  is  always  possible  to  find  a 
number  i  ( <  m)  such  that  iT  can  be  exhibited  in  a  form  in  which  the 
coefficients  are  rational  functions  of  the  characteristics. 

Denote  by  ^i,  y^ y^i, 

the  mi  above  linear  functions.  Any  substitution  S'  of  G'  will  change 
these  into  mi  linearly  independent  functions 

These,  and  only  these,  are  invariants  for  the  sub-group  S'  "^  H'S* ;  and 
therefore  these  are  transformed  among  themselves  by  every  substitution 
of  (?.     Moreover,  since  0/-1  ^o^  —  e 

if  S  is  any  substitution  of  G,  the  z'q  and  the  y's  undergo,  for  each  substi- 
tution of  Gy  the  same  transformation.  It  may  be  the  case  that  for  certain 
substitutions  S'  of  G\  the  y's  are  linear  functions  of  the  z's.  This  cannot 
be  the  case  for  every  substitution  of  G',  for  then  both  G  and  G'  would 
transform  the  ^'s  among  themselves. 

It  may,  however,  happen  that  when  S'  is  suitably  chosen  some,  but 
not  all,  linear  functions  of  the  y's  can  be  expressed  linearly  in  terms  of  the 
z*B.     If  this  is  so,  it  is  possible  to  determine  coefficients  At  and  Bt  so  that 

in 

I.A,y,+I.BtZt 

the  coefficient  of  each  x  is  identically  zero.  The  equations  expressing 
this  are  linear  in  the  A* 8  and  £'s  with  coefficients  rational  in  the  charac- 
teristics. Hence  the  linear  functions,  if  any,  of  the  ^'s  which  can  be 
expressed  in  terms  of  the  z'a  have  coefficients  which  are  rational  in  the 
characteristics.  But,  since  the  z's  are  transformed  among  themselves  by 
G,  those  linear  functions  of  the  y*8  which  can  be  expressed  linearly  in 
terms  of  the  z*b  are  transformed  among  themselves  by  G.  If  there  are 
j  of  them,  the  j  functions  will  be  transformed  among  themselves  by  G, 
and  the  coefficients  in  the  substitutions  are  still  rational  in  the  character- 
istics. Further,  since  F  is  irreducible,  the  number  of  symbols  transformed 
among  themselves  by  any  component  of  G  must  be  a  multiple  of  m. 

Hence,  if  the  ^'s  and  z'b  are  not  linearly  independent,  it  is  possible  to 
form  mi'  {i'  <  i)  linear  functions  of  the  x's,  with  coefficients  which  are 
rational  in  the  characteristics,  that  are  transformed  among  themselves  by 
G,  and  the  coefficients  of  the  resulting  substitutions  are  rational  in  the 
characteristics. 
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This  set  of  mi  functions  may  be  represented  by 

and  may  be  dealt  with  as  the  original  set  of  mi  were. 

In  this  way  we  finally  arrive  at  a  set  of  ma  linear  functions  of  the  a;'s 
(a  being  as  small  as  possible)  with  coefficients  rational  in  the  character- 
istics, which  are  transformed  among  themselves  by  G,  the  coefficients  of 
the  substitutions  satisfying  the  same  condition. 

Represent  them  by  y^^\  ^j^>,  ...,  y^. 

A  substitution  S'  of  G'  changes  these  into 

1,(2)     U2)  (2) 

and  it  is  certainly  possible  to  choose  S*  so  that  these  are  linearly  inde- 
pendent of  the  preceding  ones.  If  m  >  2a,  it  must  again  be  possible  to 
take  S"  in  &  so  that 

|X8)     -,(8)  ^8) 

into  which  the  functions  of  the  first  line  are  changed  by  S'\  are  linearly 
independent  of  those  in  the  first  two  lines.  This  process  may  be  con- 
tinued till  a  set  of  m*  functions  linearly  equivalent  to  the  original  x*a  have 
been  formed.  Hence  a  must  be  a  factor  of  m.  Moreover,  if  m  =  ab,  the 
functions  in  each  of  the  b  sets 

VT^  yf^  •-  ^L     (^  =  1,2,...,  6) 

undergo  for  each  substitution  of  G  the  same  transformation,  the  co- 
efficients being  rational  functions  of  the  characteristics. 

Consider  now  any  sub-group  of  F  which  has  k  independent  linear 
invariants.  In  G*  the  sub-group  has  mk  linear  invariants  ;  which  may  be 
denoted  by 

and  by  the  process  above  used  these  may  be  expressed  linearly  in  terms 
of  the  rr?  y's,  with  coefficients  which  are  rational  in  the  characteristics. 
The  number  denoted  by  a  being,  by  supposition,  as  small  as  possible,  k  is 
not  less  than  a.  li  k  is  greater  than  a,  and  if  in  the  expression  of  the 
2:'s  the  y^'^'s  occur,  the  ma  y^^^'s  may  be  eliminated  from  the  equa- 
tions which  express  the  ^'s  in  terms  of  the  y's.  In  the  eUmination' 
other  sets  of  y's  besides  the  y^^'s  may  disappear ;  but  there  must 
remain  m{k^a)  equations,  giving  m(A;— a)  independent  linear  func- 
tions of  the  z'^  (with  coefficients  which  are  rational  in  the  character- 
istics)   in   terms   of   certain   remaining   sets   of  y's.     Since  each   set  of 
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y*a  are  transformed  among  themselves  by  G,  these  m(Xp— a)  functions 
of  the  z'b  are  transformed  among  themselves  by  G^  and  the  coefficients  in 
the  substitution  are  rational  in  the  characteristics.  If  k—a  is  greater 
than  a,  this  process  may  be  continued.  Hence,  unless  k  is  s,  multiple  of 
a,  it  will  be  possible  to  obtain  a  set  of  ma'  {a'  <  a)  functions  which  are 
transformed  among  themselves  by  G  with  coefficients  rational  in  the 
characteristics ;  and  this  is  contrary  to  the  supposition  made.  This 
result  is  equivalent  to  the  following : — 

Theorem. — An  irreducible  group  of  linear  substitutions  of  finite  order 
can  certainly  be  exhibited  in  a  form  in  which  the  coefficients  in  the  sub- 
stitutions are  rational  functions  of  the  characteristics,  unless  there  is  an 
integer  a (>  1)  such  that  the  number  of  linear  invariants  for  every  sub- 
group is  either  zero  or  a  multiple  of  a. 

Corollary. — An  irreducible  group  of  linear  substitutions  in  an  odd 
prime  number  p  of  variables  can  be  exhibited  in  a  form  in  which  the  co- 
efficients are  rational  functions  of  the  characteristics,  except  in  the  case 
of  the  class  of  soluble  groups  { /S,  P  [ ,  defined  by 


S  "^  Xi  ^=  /3Xif     X2  ^  l^x^,      ...,      Xp  =  ^ 


i»-i 


Xp  I 


i   '"^^  iCl  =  X^t  Xi  ^  X^  . . . ,       Xp  ^  05/1, 

where  a  is  a  jp*-th  root  of  unity,  /3  an  m-th  (m  prime  to  p)  root  of  unity, 

s^  =  1   (mod  m). 

In  fact,  when  the  number  of  variables  is  prime  a  must  be  unity ;  and 
therefore  the  group  can  certainly  be  exhibited  in  the  desired  form,  unless 
the  identical  substitution  is  the  only  one  for  which  there  are  linear 
invariants.  Such  groups  occur  only  among  the  second  of  the  three  classes 
mentioned  above;  and  I  have  shown  in  a  paper  in  the  Messenger  of 
Mathematics,*  immediately  preceding  the  one  quoted  above,  that  their 
form  is  that  just  stated. 


4.  I  wish  to  emphasize  the  point  that  the  cases  in  which  an  irreducible 
group  of  linear  substitutions  of  finite  order  cannot  be  exhibited  in  a  form 
in  which  the  coefficients  are  rational  functions  of  the  characteristics  are 
of  the  nature  of  exceptions. 

♦  Vol.  zzxv.,  p.  49. 
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The  general  rule,  subject  to  certain  definite  classes  of  exceptions,  is 
that  such  a  mode  of  exhibiting  the  group  is  possible. 

The  exceptions  corresponding  to  the  case  in  which  a  is  zero  I  have 
actually  determined.  The  familiar  case  of  the  quaternion  group  in  two 
variables  for  which  all  the  characteristics  are  rational,  while  any  possible 
form  of  the  group  involves  ^/{—l)  in  the  coefficients,  suggested  the 
possible  occurrence  of  other  similar  exceptions  and  indeed  led  to  this  in- 
vestigation. Whether  there  are  also  exceptions  corresponding  to  values 
of  a  other  than  zero  I  cannot  at  present  say.  I  have,  however,  examined 
a  large  number  of  groups  for  which  the  characteristics  have  been 
calculated,  and  in  no  case  in  which  I  have  determined  the  corresponding 
multipliers  have  I  come  across  an  exception  corresponding  to  a  value 
of  a  other  than  zero. 


10  Mr.  G.  H.  Hardt  [Nov.  9, 


THE  CONTINUUM  AND  THE  SECOND  NUMBER  CLASS 

By  G.  H.  Hardy. 

[Reodyed  August  3rd,  1905.— Bead  November  9th,  1905.] 

1.  In  a  recent  number  of  these  Proceedings*  Dr.  Hobson  criticises 
(among  other  things)  a  construction  which  I  gave  in  19081*  for  a  set  of 
points  of  cardinal  number  h^i  contained  in  the  linear  continuum  (0,  1). 
This  criticism  is  merely  incidental  to  a  much  more  comprehensive  attack 
on  the  whole  theory  of  Cantor's  transfinite  numbers,  as  it  has  been 
generally  accepted  by  mathematicians,  and  in  particular  to  the  theory 
of  cardinals  elaborated  by  Mr.  Whitehead  and  Mr.  Russell,  and  expounded 
in  the  latter's  Principles  of  Mathematics,  It  is,  I  believe,  Mr.  Russell's 
intention  to  reply  to  Dr.  Hobson,  and  I  should  not  wish  to  discuss  the 
general  question  in  the  present  communication,  even  if  I  felt  competent 
to  do  so.  My  present  object  is  a  much  more  modest  one.  Besides  the 
large  question  with  which  we  are  all  concerned  there  is  a  smaller  one 
which  concerns  only  Dr.  Hobson  and  myself.  Each  of  us  is  of  opinion 
that  the  other  has  made  a  mathematical  mistake.  It  is  with  this  smaller 
question  that  I  propose  to  deal  now,  and  I  shall  only  refer  to  the  larger 
issue  in  so  far  as  is  necessary  if  I  am  to  make  clear  what  the  difference 
between  us  really  is.  If  Dr.  Hobson's  views  concerning  cardinal  numbers 
in  general  were  correct,  my  construction  would  acquire  a  fundamental 
importance  which  I  am  not  myself  at  all  disposed  to  attach  to  it :  I  need 
therefore  make  no  apology  for  considering  in  detail  this  particular  part  of 
Dr.  Hobson's  paper. 

2.  Before  I  proceed  to  discuss  Dr.  Hobson's  objections  to  my  construc- 
tion, it  will  be  convenient  if  I  indicate  a  slight  simplification!  which  can  be 
made  in  it.  Whether  this  alteration  be  made  or  not  in  no  way  affects  the 
force  of  Dr.  Hobson's  arguments. 


*  Froe.  London  Math.  Soe.,  New  Series,  Vol.  3,  p.  170. 

t  Quarterly  Journal,  Vol.  xxxv.,  p.  88. 

X  Sugg^ted  by  a  passage  in  Baire's  Leforu  iur  U»  Fonetiont  discontinues,  p.  26. 
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The  principle  of  my  construction  was  to  associate  with  every  number 
a  of  the  second  class  an  ascending  sequence 

(a)  (h*  ^9  ^9  '*' 

of  positive  integers  by  means  of  the  three  following  rules : — 

(i.)  To  the  number  1  is  to  correspond  the  sequence 

(1)  1,  2,  3,  .... 

(ii.)  The  sequence  for  a+1  is  to  be  formed  by  omitting  the  first 
term  of  the  sequence  for  a. 

(iii.)  If  a  is  a  number  of  the  second  kind  (one  with  no  immediate 
predecessor),  we  are  to  select  a  fundamental  sequence  (a^)  of  which  a 
is  the  limit,  and  we  are  to  traverse  the  array 

(qi)      ^1,1»   fl^l,2>   ^l,8>    •••» 
(Og)      0-2, 1  >   (h,2t   fl^,  8  >    •  •  •  > 

...  ...  ««• 

diagonally,  so  that  we  obtain 

(a)       ^l,l>    ^,2f    0^8,8  »•••  • 

I  found  then  that  in  order  to  assure  ourselves  that  the  sequences  thus 
generated  are  all  distinct  it  may  be  necessary  to  substitute  for  the  funda- 
mental sequence  (ay)  another  sequence  (a„+wj,  where  the  rriyB  are  finite 
numbers  formed  successively  according  to  a  definite  rule  which  I  gave  in 
my  former  paper.*  I  now  wish  to  point  out  that  this  slight  complication 
is  quite  unnecessary  if,  instead  of  defining  the  sequence  for  a  by  the 
simple  equation  _ 

^n  —  ^,  n  > 

we  take  a»  to  be  the  greatest  of  the  integers  ai,n,  a2,»,  ...,  an,n'  It  is 
then  easy  to  prove,  without  the  introduction  of  the  numbers  m^,  that,  if 
a,  a'  (a  -<  a')  are  any  two  numbers  of  the  second  class,  there  is  a  definite  n 
from  and  after  which  an^  an't  so  that  no  two  sequences  can  be  the  same. 
For,  if  this  is  true  for  all  numbers  ^  a'  (say),  it  is  obviously  true  for  all 
numbers  ^  a  =  a'+l.  We  have  therefore  only  to  show  that,  if  it  is  true 
for  all  numbers  ^  a^,  where  a^  is  an  arbitrary  member  of  a  fundamental 
sequence  (a„),  it  is  true  for  all  numbers  ^  a,  the  number  which  immediately 
follows  this  fundamental  sequence.  According  to  the  construction,  an  is 
the  greatest  of 

^l,n»     ^2,n>      •••>     ^»i,n» 


*  Loe.  eit,,  p.  91. 
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Then,  if  )8  <  a,  we  can  find  m  so  that  fiKomf  and  we  can  find  n^  so  that 
«o>w  and  an^n>bn,  for  n'^n^.     Thus 

and  so  the  sequences  for  )8  and  for  a  are  distinct. 

It  follows  that,  if  all  the  sequences  which  correspond  to  numbers  <  a 
are  distinct,  all  those  which  correspond  to  numbers  ^a  are  distinct, 
whether  a  has  an  immediate  predecessor  or  not ;  and  therefore  that  all 
the  sequences  are  distinct. 

8.  Dr.  Hobson  argues  (p.  187)  that  this  construction  must  be  faulty 
for  the  following  reason.  Given  any  integer  m,  a  least  number  Om*  he 
contends,  can  be  found,  such  that  for  all  numbers  a>a^  the  second  term 
of  the  corresponding  sequence  is  greater  than  m.  Taking  a  sequence  of 
numbers  ^       ^ 

Wj  -^  TWj  -^  ..., 

and  forming  the  number  a  which  is  the  limit  of  the  fundamental  sequence 

(a«J>  he  deduces  that  the  second  term  in  the  sequence  for  a  is  greater 

than  m,,,  for  all  values  of  r,  i.e.  is  greater  than  any  assignable  integer, 

and  therefore  that  no  such  sequence  exists.     And,  in  fact,  he  concludes 

that,  if  the  sequences  for  the  early  numbers  of  the  second  class  are  formed 

as  I  formed  them  in  my  earlier  paper,  no  sequence  can  be  constructed  to 

correspond  to  the  number  .. 

^  €»  =  lim  Cy, 

where  cj  =  lim  co,  «•*,  «•**,  ..., 

€,  =  lim  cj,  e'S  €j»",  ..., 


•••  •••  ••• 

€,,+1  =  lim  €,.,  €';,  €•/^  ...  .* 


I  hardly  think  that  Dr.  Hobson  can  have  realised  how  paradoxical  his 
conclusion  is.  For  it  follows  from  the  definition  of  the  construction  that, 
if  sequences  have  been  assigned  by  it  for  all  numbers  <  a,  a  sequence  is 
assigned  by  it  for  a.  Therefore,  if  there  is  no  sequence  for  a,  we  can  find 
a  number  -<  a,  say  cfi\  for  which  there  is  no  sequence,  a  number 
qW  <^  ffi)  for  which  there  is  no  sequence,  and  so  on.  But,  as  it  is 
impossible  to  find  an  infinite  descending  sequence  a,  a^\  a^\  ...,  we  shall 
find  ultimately  that  there  are  no  sequences  at  all ;  and  even  Dr.  Hobson 
is  not  so  sceptical  as  this. 

*  It  is  not  difBoult  to  prove  that  the  numberB  thns  defined  are  the  same  as  the  first  few  of 
Ckntor's  c-nnmberi. 
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My  answer  to  Dr.  Hobson's  argument  consists  simply  of  a  denial  of 
his  major  premiss.  It  is  not  true  that,  given  any  integer  m,  a  number 
a»  can  be  found  such  that,  for  every  a>a^,  a^>m.  The  second  terms  of 
onr  sequences  may  go  on  increasing  for  a  while,  but  sooner  or  later  a 
sudden  jump  downwards  will  occur.  This  is  most  obvious,  perhaps,  if 
we  consider  a  fundamental  sequence  of  the  type  (a-i-v). 

If  for  a  the  second  term  is  o^,  for  a+v  the  second  term  is  a^-i-Vt  and 
we  can  find  a  value  of  v  for  which  this  number  is  greater  than  any  assign- 
able number.  But  it  by  no  means  follows  that  the  second  term  in  the 
sequence  for  a+co  is  greater  than  any  assignable  number  ;  on  the  contrary, 
it  is  Og,  the  second  term  in  the  sequence  for  a+l»  and  is  less  than  the 
second  terms  in  the  sequences  for  a+2,  a+3,  ...  .  And,  more  generally, 
if  bn  is  the  n-th  term  in  the  sequence  for  a+ta,  we  can  find  a  value  of  jjl 
such  that  the  n-th  terms  in  the  sequences  for  a+v  (v'^/jl)  are  all  >  bn- 
It  is  equally  true,  as  I  showed  in  §  2,  that,  given  i/,  we  can  find  n^  so 
that  for  n^no  the  figures  in  the  sequence  for  a+cf  are  greater  than 
those  in  the  sequence  for  a+v.  That  these  two  propositions  should 
simultaneously  be  true  may  seem  paradoxical  for  a  moment,  but  we  have 
only  to  consider  the  sequences 

(1)  1,     2,        3,        4,      ..., 

(2)  2,     3,        4,        5,       ..., 

•••  •••  •••  ••• 

(v)     V,  I/+1,  v+2,  I/+8,   .... 

•••  «««  •••  ... 

(«)     1,     3,        6,        7,      ..., 

to  see  that  they  are  in  reality  perfectly  consistent  with  one  another,  just 
as  the  propositions — 

(i.)  given  w,  we  can  find  x^  so  that,  for  x'^Xq,  e^  >  x^-, 

(ii.)  given  Xq  0 1),  we  can  find  mg  so  that,  for  m  ^  m^,  a;J*>c*° 

— are  consistent  with  one  another. 

It  may,  no  doubt,  be  the  case  that  for  a  particular  number  m  {e.g., 
1,000,000)  all  sequences  later  than  an  assignable  sequence  have  second 
figures  >  m.  Thus  Dr.  Hobson  asserts  that,  for  every  a  ^  w",  Og  ^  5, 
and  this  may  perfectly  well  be  true.  But,  if  it  is  true,  it  will  depend  on 
two  facts : 

(i.)  that,  for  0  =  0)",  a^'^  5; 

(ii.)  that  in  constrtccting  the  sequences   corresponding  to  higher 
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numbers  we  never  tcse  a  Umit  sequence  a^  oj, . . .  conUii/vnmg  more  than 
one  term  <  w". 

Whether  (ii.)  is  true  or  not  depends  entirely  on  the  particular  "  norm  " 
chosen  for  forming  the  sequences.  If  I  had  chosen  1,  w,  w",  w***,  ...  in- 
stead of  CO,  CO*",  o)"^*,  ...  as  the  fundamental  sequence  for  cj,  the  second 
term  in  the  corresponding  sequence  would  have  been  8.  And  what 
Dr.  Hobson's  argument  really  proves  is  simply  that,  however  the  sequences 
are  chosen,  what  may  be  true  for  some  particular  values  of  m  cannot  be 
true  for  all  values  of  m,  and  that  no  such  proposition  as  (ii.)  above  can 
be  true  for  more  than  an  enumerable  sequence  of  values  of  a  (such  as  w**), 
which  is  otherwise  obvious.  And  where  his  argument  breaks  down  with 
regard  to  the  particular  sequence  of  numbers  (^i,  e^, ...,  ej  which  he 
considers  is  in  his  not  having  noticed  that  the  second  term  in  the 
sequence  for  6«  is  less  than  the  second  term  in  the  sequences  for  eg,  64,  ... 
(if,  as  is  natural,  we  take  e^,  €3,  ...  as  the  fundamental  sequence  for  e«  and 
grant  that,  as  he  asserts,  the  second  term  in  the  sequence  for  e^  continually 
increases  with  v). 


4.  The  arguments  which  Dr.  Hobson  urges  specifically  against  me 
appear  to  me  therefore  to  be  invalid.  These  arguments  are  (as  I  think 
Dr.  Hobson  and  I  agree)  quite  independent  of  those  used  by  him  in  his 
general  attack  on  the  theory  of  transfinite  cardinals ;  and  I  fully  admit 
that  the  latter  cannot  be  answered  in  so  summary  a  manner.  These 
arguments  will  be  discussed  in  detail  by  Mr.  Russell.  I  shall  only  refer 
to  them  now  in  order  to  make  clear  the  point  that  Dr.  Hobson  has 
made  against  a  great  deal  of  generally  accepted  mathematical  reasoning, 
of  which  my  construction  is  an  average  specimen.  The  point  is  this, 
that  a  great  deal  of  such  reasoning  really  depends  on  the  acceptance  of  a 
certain  logical  postulate  of  which  no  proof  has  yet  been  given,  namely,  the 
postulate  of  the  existence  of  the  multiplicative  class.  If  we  have  a  class 
of  mutually  exclusive  classes  k,  no  one  of  which  is  null,  the  multiplicative 
class  of  the  k's  is  defined  as  the  class  of  classes  each  member  of  which 
contains  one  and  only  one  member  of  each  of  the  k's*  The  class  can 
always  be  defined,  but  it  has  never  been  proved  that  it  is  never  null,  that 
is  to  say,  that  it  always  contains  at  least  one  member. 

Among  mathematical  proofs  in  which  the  existence  of  the  multiplicative 


•  A.  N.  Whitehead,  "  On  Cardinal  Numbers  "  {American  Journal,  Vol.  xxiv.,  p.  383). 
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class  is  assumed,  if  not  universally,  at  any  rate  in  cases  more  extensive 
than  those  for  which  its  existence  has  been  proved,  I  may  instance 
Bernstein's  and  Eonig's  theorems  concerning  the  exponentiation  of 
cardinals,  Bernstein's  and  my  own  proofs  that  the  cardinal  number  of  the 
continuum  is  greater  than  or  equal  to  h^i,  and  Borel's  construction  for  a 
function  of  arbitrary  class,*  among  many  others. 

The  last  instance  is  peculiarly  instructive,  as  it  shows  how  assumptions 
equivalent  to  that  of  the  existence  of  the  multiplicative  class  find  their 
way  into  the  writings  even  of  mathematicians  who  can  recognise  the 
assumption  elsewhere. 

M.  Borel  wishes  to  show  that  functions  exist  which  cannot  be  repre- 
sented as  double  series  of  polynomials.!     If 

a+fi 
Y=0 

(he  says),  every  double  series  of  polynomials  can  be  written  in  the  form 


00 


(1)  2       S    Pa.l,(x). 

a»l  fiT^l 

If  this  series  converges  for  0  ^  a;  ^  1,  it  represents  for  those  values  of  x 
a  function  of  class  0,  1,  or  2 ;  and  every  function  of  class  0,  1,  or  2  can 
be  defined  in  this  way  by  a  suitable  choice  of  the  constants  Ca,/i,y. 
"  Chaque  fonction  est  meme  definie  d'une  infinite  de  manieres,  mais  cela 
n'a  pas  d* inconvenient  pour  ce  qui  suitV^ 

M.  Borel's  subsequent  reasoning  depends  entirely  on  one  representa- 
tion of  every  function  of  classes  0,  1,  and  2  having  been  selected  from 
among  the  infinity  of  representations  which  correspond  to  each  function, 
i.e.,  on  the  existence  of  the  multiplicative  class  of  the  classes  formed  by 
all  the  representations  of  any  given  function.  Yet  M.  Borel,  criticising 
Zermelo's fikrticle  in  the  Annalen^l  uses  language  which  might  have  been 
used  by  Dr.  Hobson :  **  il  me  semble  que  les  objections  que  Ton  pent  y 
opposer  valent  contre  tout  raisonnement  ou  Ton  suppose  un  choix 
arbitraire  fait  une  infinite  non  dtoombrable  de  fois;  de  tels  raisonne- 
ments  sont  en  dehors  du  domaine  des  math6matiques.''§ 


*  Lemons  tur  lesfofietioru  de  variables  riellei^  Note  m.,  pp.  166-158. 

t  I  am  not  implying  any  doubt  of  the  correctness  of  the  result. 

J  Math.  Ann,,  Bd.  lx.,  p.  194. 

\  The  aggregate  of  functions  considered  above  has  the  cardinal  number  of  the  continuum. 
The  logical  difBculty  is  the  same  whether  the  choix  arbitraire  has  to  be  made  an  enumerable 
or  a  non-enumerable  infinity  of  times  ;  but,  of  course,  it  will  generally  be  easier,  in  a  particular 
case  in  which  the  infinity  of  times  is  enumerable,  to  get  over  the  difficulty  by  substituting  a 
"  norm,'*  •.*.,  a  set  of  rules  for  choosing,  for  the  *'  arbitrary  "  acts  of  choice. 
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In  the  case  of  my  construction  the  form  in  which  the  postulate  is  used 
is  in  the  assumption  of  the  existence  of  the  multiplicative  class  of  the  class 
of  classes  formed  by  all  the  progressions  whose  limit  is  a  given  number  a. 
To  each  a  corresponds  an  infinity  of  such  progressions :  of  these  pro- 
gressions we  must  select  one  for  every  a,  and  it  certainly  seems  very 
paradoxical  to  suppose  that  the  class  whose  members  are  defined  to  be  all 
the  various  aggregates  of  selected  progressions  should  be  null,  i.e.,  possess 
no  members.  But,  although  we  can  define  the  class,  we  cannot  (so  far  as 
can  be  seen  at  present)  specify  a  single  one  among  its  members,  and 
there  seems  to  be  no  way  of  proving  that  there  are  members  except  by 
austually  producing  them. 

The  instance  of  the  decimals  referred  to  by  Dr.  Hobson  is  really  not  a 
parallel.  For  the  class  of  decimals  does  exist :  we  can  produce  some  at 
any  rate  of  its  members,  for  example  '0000...,  0101....  Here  the 
multiplicative  class  is  that  of  an  enumerable  class  of  classes  each  of  which 
contains  the  two  members  0  and  1,  and  its  existence  can  be  proved. 

The  necessary  axiom,  if  it  is  to  be  postulated,  may  be  postulated  in  a 
variety  of  forms,  that  of  the  assumption  of  the  universal  existence  of  the 
multiplicative  class,  or  its  existence  subject  to  restrictions,*  or  in  either 
of  Zermelo's  two  forms : 

(a)  That  the  product  of  any  number  of  infinite  cardinals  cannot 
be  zero. 

(6)  That  a  relation  exists  which  correlates  each  class  contained  in 
a  given  class  with  one  of  its  members. 

It  has  been  proved  that  (6)  implies  (a)  and  the  universal  existence  of 
the  multiplicative  class,  but  whether  or  no  the  latter  imply  the  former 
has  not  yet  been  decided.  Mr.  Russell  has  traced  the  consequences 
of  the  denial  of  the  multiplicative  axiom  in  the  arithmetic  of  the 
transfinite  numbers,  and  has  shown  that  the  question  as  to  its 
truth  or  falsity  has  no  bearing  on  the  question  of  the  Aleph-series 
and  Burali-Forti's  contradiction,  which  must  be  met  in  quite  another 
way.  There  is  therefore  no  reason  for  supposing  that  Zermelo's 
assumption  is  not  valid  except  that  it  has  not  been  proved.  And  that  it 
has  not  been  proved  means  simply  that  no  general  method  has  been  given 


*  It  is,  of  coarse,  quite  possible  that  the  existence  of  the  multiplioatiye  class  may  not  be 
imiyersal,  but  may  hold  in  extensive  particular  cases,  e.g.y  when  the  class  of  classes  whose 
multiplicatiye  class  is  required  is  well  ordered.  The  multiplicative  class  certainly  exists  for  any 
class  of  well-ordered  classes,  if  a  definite  order  is  gfiyen  with  each  class,  but  it  has  not  been  proyed 
to  exist  for  a  well-ordered  class  of  any  classes. 
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for  defining  in  finite  terms,  i.e,,  by  a  finite  number  of  repetitions  of  a 
finite  number  of  symbols,  one  member  of  the  multiplicative  class  whose 
existence  is  to  be  established.  Even  if  we  knew  that  it  was  impossible 
ever  to  define  a  single  member  of  a  class,  it  would  not  of  course  follow  that 
members  of  the  class  did  not  exist,  but  there  appears  to  be  no  way  of 
proving  the  contrary,  except  by  actually  specifying  a  member  or  by  show- 
ing that  the  hypothesis  that  there  is  no  member  leads  to  contradiction ; 
and,  awkward  and  peoradoxical  as  the  consequences  of  denying  the  multi- 
plicative axiom  are,  it  has  yet  to  be  shown  that  they  are  contradictory. 

I  am  therefore,  in  default  of  proof,  prepared  to  accept  the  multi- 
plicative axiom*  provisionally  on  the  grounds 

(i.)  that  to  deny  it  appears  to  be  paradoxical ; 

(ii.)  that  no  reason  has  been  given  for  denying  it ; 

(iii.)  that  to  deny  it  reduces  to  a  state  of   chaos  a  great  deal  of 
very  interesting  mathematics. 


*  r  do  not  imply  that  I  accept  Zermelo's  proof  that  every  aggregate  ii  well  ordered.     I 
agree  with  Dr.  Hobson  in  thinking  it  open  to  objection  on  other  grounds. 


.  2.    TOL.  4.    KO.  913. 
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ON    "WELL-ORDERED"    AGGREGATES 

By  A.  C.  Dixon. 

[Reoeiyed  November  10th,  1905. — Bead  December  14th,  1905.] 

Db.  Hobson  has  lately  pointed  out  the  importance  of  the  question 
whether  any  object  which  it  is  proposed  to  discuss  can  be  defined  in  finite 
terms.  It  occurred  to  me,  on  reading  his  article,  that  the  cardinal  number 
of  all  objects  which  can  be  so  defined  could  be  found,  and  that  from  its 
determination  important  conclusions  could  be  drawn. 

By  defining,  describing,  or  specifying  an  object  is  meant  stating  such 
properties  of  it  as  distinguish  it  from  all  other  objects  of  mental  activity. 
For  such  a  purpose  we  have  at  our  disposal  a  great  number  of  typo- 
graphical devices,  different  alphabets,  including  Arabic  figures,  in  different 
kinds  of  type  and  in  different  positions,  as  on,  above,  and  below  the  line  ; 
also  signs  of  operation  and  punctuation,  including  the  blank  space  that 
separates  words.  The  number  of  such  signs  may  be  reduced  at  the 
expense  of  circumlocution,  but  in  any  case  it  is  finite,  say  p.  If  we  take 
each  sign  to  stand  for  a  different  digit  in  the  scale  whose  radix  is  p,  then 
each  finite  sequence  of  such  signs  will  represent  a  different  integer  in  that 
scale,  and  the  cardinal  number  of  such  sequences  is  therefore  h^o*  ^^^ 
specification  of  any  object  is  such  a  sequence,  and  therefore  the  cardinal 
number  of  finite  specifications,  as  also  of  the  objects  thereby  described,  is 
not  more  than  ^q. 

Again,  any  finite  integer  can  be  so  described  ;  for  it  is  only  needful  to 
begin  with  "  one  "  and  then  repeat  "  and  one  "  often  enough.  Hence  the 
number  of  objects  capable  of  finite  description  is  not  less  than  Nq.  More 
particularly,  the  number  of  numbers  capable  of  specification  in  finite 
terms  is  not  greater  or  less  than  ^q. 

Now  the  cardinal  number  of  the  real  numbers  in  the  continuum  is 
greater  than  ^q.  Hence  it  follows  that  they  cannot  all  be  specified  in 
finite  terms.  In  fact,  if  one  person  were  able  to  fix  on  a  real  number  at 
random,  he  could  not  generally  specify  to  any  other  person  exactly  what 
number  he  had  chosen  :  he  could  specify  to  any  desired  degree  of  approxi- 
mation, but  not  exactly,  unless  there  were  some  rule,  expressed  in  finite 
terms,  by  which  the  figure  in  any  decimal  place  could  be  determined. 
Such  a  rule  would  distinguish  the  number  in  question  from  all  others ;  but 
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numbers    for   which  such  a  rule  exists  are  the  exception,  just  as  com- 
mensurable and  algebraic  numbers  are  the  exception. 

The  failure  seems  to  be  in  human  powers  of  apprehension;  for  a 
graphical  method  of  specification  is  no  more  successful  than  a  verbal  one. 
If  a  point  in  a  Une  is  specified  by  means  of  a  mark,  two  points  are  only 
distinguishable  when  their  distance  apart  exceeds  a  certain  limit,  which 
may  be  reduced  by  practice  and  microscopes,  but  cannot  conceivably 
vanish. 

In  any  other  aggregate  whose  cardinal  number  exceeds  ^q  it  is 
similarly  impossible  to  give  a  finite  description  of  each  individual  member. 

Secondly,  it  may  be  proved  that,  if  any  aggregate  can  be  well  ordered 
{wohlgeordnet)  by  any  finite  system  of  rules  B,  then  each  member  of  it 
can  be  specified  in  finite  terms.  For,  if  it  is  not  true  that  every  member 
can  be  so  specified,  there  must  be  a  first  which  cannot,  and  it  may  be 
described  in  finite  terms  as  ''  the  first  in  the  series  determined  by  the 
roles  B  which  cannot  be  described  in  finite  terms."  This  is  absurd.  The 
argument  is  so  suspiciously  simple  that  it  will  be  worth  while  to  discuss 
it  further.  By  applying  it  to  Cantor's  ordinal  numbers  of  the  second 
class,  we  are  led  to  a  similar  absurdity,  involved  in  the  phrase  ''  the  least 
number  of  the  second  class  that  cannot  be  specified  in  finite  terms."  If 
we  ignore  the  absurdity  for  the  moment,  it  is  clear  that  this  least  number 
has  no  immediate  predecessor,  but  must  be  the  limit  of  a  '*  fundamental 
series "  in  Cantor's  sense.  To  construct  such  a  series  we  could  give 
different  values  to  the  finite  number  n  in  the  phrase  "  the  least  number 
that  cannot  be  specified  without  using  more  than  n  symbols."  Take  n  to 
be  a  hundred,  and  we  have  the  same  absurdity  as  before,  but  relating  now 
to  the  numbers  of  the  first  class.  There  can  be  no  '*  least  integer  which 
cannot  be  specified  by  the  use  of  at  most  a  hundred  letters."  Hence  even 
the  aggregate  of  the  natural  numbers  has  not  the  property  which  character- 
izes well-ordered  aggregates  according  to  Cantor,  that  every  aggregate 
contained  in  a  well-ordered  one  has  a  first  element.  We  are  then  justified 
in  saying  that  no  transfinite  aggregate  can  be  well  ordered  by  a  finite  set 
of  rules.  The  definition  of  the  term  "  well  ordered  "  needs  to  be  so  drawn 
up  as  to  avoid  the  absurdity  in  question ;  or,  if  in  its  present  form  it  meets 
this  requirement,  it  would  be  well  to  emphasize  the  fact  by  a  note  on  the 
point,  calling  attention  to  the  way  in  which  the  word  "  every  "  is  to  be 
understood. 

Numbers  of  the  second  class  fall  into  two  categories :  those  which  can, 
and  those  which  cannot,  be  specified  in  finite  terms.  In  the  second 
category  there  is  no  lowest  member.  The  cardinal  number  of  the  mem- 
bers of  the  first  category  is  neither  less  nor  greater  than  Nq.     The  proof 

c  2 
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given  by  Cantor  of  Theorem  D  on  p.  227  of  Vol.  xlix.,  of  the  Mathe- 
matische  Annalen,  may  be  applied  to  the  members  of  the  first  category, 
and  shows  that  it  is  not  possible  by  any  finite  set  of  rules  to  make  them 
have  a  one-to-one  correspondence  with  the  numbers  1,  2,  8,  ...,  since  when 
the  law  of  a  fundamental  series  is  specified  in  finite  terms  the  limit  of  that 
series  is  thereby  also  specified  in  finite  terms. 

Hence  it  is  possible  for  an  aggregate  not  to  be  enumerable  by  a  finite 
set  of  rules  even  when  its  cardinal  number  is  neither  less  nor  greater 
than  ^Q. 

Cantor's  two  generating  principles  (Math.  Annalen,  Vol.  xlix.,  p.  226) 
do  not  seem  to  take  us  further  than  the  first  category  of  the  second  class. 
The  well-ordered  aggregate  is  an  essential  feature  of  the  definitions  of  the 
third  and  higher  classes,  and  until  it  is  put  on  a  proper  footing  we  cannot 
be  sure  of  the  existence  of  ordinal  numbers  beyond  the  second  class. 
Even  in  the  second  class  the  existence  of  numbers  of  the  second  category 
is  open  to  doubt,  since  we  have  no  means  of  forming  them. 

It  is,  perhaps,  worthy  of  notice  that  in  certain  cases  Cantor's  way  of 
taking  the  limit  of  a  fundamental  series  is  not  that  which  at  first  sight  seems 
most  natural.  For  instance,  take  the  series  w,  w^+w,  w^+w^+w,  ...,  whose 
limit  is  ft)"  according  to  Cantor's  convention.  We  may  pass  from  the  n-th 
member  of  the  series  to  the  (?i+  l)-th  by  a  permutation  which  changes 
the  type  ft)*  to  ft)'*'*"^+ft)",  the  later  terms  ft)'*''^+ft)*"'^+...+ft)  being  un- 
affected. By  this  process  we  arrive  at  a  limiting  order  type  in  which 
there  is  no  first  element ;  so  that  it  is  quite  distinct  from  od**. 

In  this  kind  of  way  it  is  easy  to  correlate  an  order  type  to  each  real 
number  of  the  continuum.  For,  take  the  continuum  between  0  and  1, 
and  suppose  each  element  of  it  expressed  as  a  radical  fraction  in  the 
scale  of  two.  Let  the  places  in  which  1  occurs  be  in  order,  the  a-th,  &-th, 
c-th,  ...,  and  take  the  correlated  order  type  to  be  that  which  is  the  limit 
of  the  series  ft)**,  ft)^+ft)*,  ft)^+ft)^+ft)",  ...  in  the  sense  just  explained. 

These  order  types  are  not  numbers  of  the  second  class,  and  it  is 
clearly  impossible  to  correlate  the  elements  of  the  continuum  to  the 
ordinal  numbers  of  the  second  class,  without  using  some  of  those  that  are 
incapable  of  finite  specification,  if  such  exist. ^ 


*  The  idea  on  which  this  arfcicle  is  founded  was  mooted  by  me  in  a  letter  to  Dr.  Hobeon  in 
June  of  this  year,  and  in  a  very  short  note  sent  to  the  Society  in  July.  A  referee  reported  un- 
favourably on  this  note,  but  revised  his  opinion  after  reading  Herr  Konig^s  paper  on  the  question 
in  the  last  number  of  the  Math.  Annalen.  I  have  expanded  the  note  by  his  advice,  and  added 
some  developments  of  the  idea. 
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ON   THE   ARITHMETIC   CONTINUUM 
By'E.W.  HoBSON. 

[Received  and  Read  November  9th,  1905.] 

The  present  communication  is  concerned  with  an  important  point 
relating  to  the  definition  of  the  irrational  numbers  of  the  arithmetic 
continuum  which  has  been  recently*  raised  by  Prof.  Konig.  A  distinction 
is  introduced  by  Konig  between  those  elements  of  the  continuum  which 
are  capable  of  being  "  finitely  defined  '*  (endlich  definiert)  and  those  which 
are  not  capable  of  being  defined  in  finite  terms,  t  and  he  argues  that  the 
former  elements  form  an  enumerable  aggregate  E  within  the  continuum, 
i.e.,  an  aggregate  of  cardinal  number  i^q.  The  existence  of  those  elements 
of  the  continuum  which  do  not  belong  to  the  aggregate  E  being,  in 
accordance  with  Eonig's  view,  incapable  of  establishment  by  means  of 
definitions  in  finite  terms,  such  existence  must  be  established  by  the 
method  of  postulation ;  each  such  element  and  the  continuum  itself  being 
regarded  as  "  possible  conceptions  "  (mogliche  Begriffe),  that  is,  such  that 
the  postulation  of  them  does  not  lead  to  contradiction.  Konig  refers  for 
an  analysis  of  this  idea  of  the  continuum  to  a  treatment  of  the  subject 
which  has  been  given  by  Hilbert.  A  refusal  to  go  beyond  what  can  be 
defined  by  finite  laws  can  only,  in  Konig' s  view,  lead  to  the  denial  of  the 
existence  of  the  continuum  and  of  the  continuum  problem. 


*  "Ueber  die  Grundlagen  der  Mengenlehre  und  das  Kontinumnproblem,"  Math,  AnnaUfi, 
Vol.  iiXi.,  September,  1905. 

t  Konig's  explanation  of  what  be  means  by  finite  definition  is  as  follows : — **  Ein  Element 
des  Kontinanms  soil '  endlioh  definiert '  heissen,  wenn  wir  mit  Hilf e  einer  zur  Fizierung  unseres 
wiflsenschaftlichen  Denkens  geeigneten  Sprache  in  endlicher  Zeit  ein  Yerfabren  (Gbsetz)  angeben 
konnen,  das  jenee  Element  des  Kontinuoms  von  jedem  anderen  begrifflieb  sondert,  oder — anders 
ansgedruckt — ^fiir  ein  beliebig  gewabltes  k  die  Existenz  einer  and  nnr  einer  zug^origen  Zabl  an 
ergibt.  Dabei  muss  aber  ausdrucklicb  betont  werden,  dass  die  hierin  geforderte  *  endliobe ' 
b^rifflicbe  Sondemng  nicht  mit  der  Forderung  eines  wobldefinierten  oder  gar  endlioben 
Verfahrens  zur  Bestimmnng  der  a^  verwechselt  werden  darf."  The  last  clause  refers  to  the 
definition  of  the  continuum  employed  by  Konig,  that,  if  a^,  a,,  ...,  a^, . . .  is  an  enumerable  sequence 
of  positive  integ^ers  (of  type  w),  the  continuum  is  the  agg^gate  of  objects  such  as  (a|,  nj, ...,  a^,  ...). 
The  idea  that  those  numbers  which  are  capable  of  finite  definition  form  an  enumerable  set,  with 
dednotions  similar  to  those  made  by  Konig,  occurred  independently  to  Prof.  A.  G.  Dixon,  who 
oosnmunicated  his  views  to  me  before  the  publication  of  Konig's  paper. 
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Eonig's  theory,  if  well  founded,  is  obviously  of  great  importance  in 
relation  to  our  views  as  to  the  fundamental  nature  of  the  arithmetic  con- 
tinuum. I  propose  therefore  to  examine  the  distinction  which  Eonig 
introduces  between  those  elements  of  the  continuum  which  belong  to  the 
aggregate  E,  and  to  the  remainder,  with  a  view  to  determine  whether  the 
distinction  in  relation  to  definition  is  well  founded  or  not. 

It  will  here  be  shewn  that  the  distinction  referred  to  is  not  a  valid  one, 
although  it  may  be  true  that  there  exists  in  the  continuum  an  enumerable 
set  of  irrational  numbers  each  of  which  is  capable  of  a  formal  definition 
of  a  character  which  is,  in  a  certain  aspect,  simpler  than  definitions 
applicable  to  irrational  numbers  in  general.  The  enumerable  set  referred 
to  contains  those  irrational  numbers,  such  as  e,  tt,  \/2,  ...,  which  are  in 
common  use  in  arithmetical  analysis.  It  will,  however,  be  shewn,  by 
means  of  a  discussion  of  the  possible  modes  of  formal  definition  of  irra- 
tional numbers,  that  the  distinction  between  the  definitions  applicable  to 
the  special  class,  and  to  other  irrational  numbers,  is  not  of  such  a 
character  as  to  justify  our  speaking  of  some  irrational  numbers  as  capable 
of  finite  definition,  and  of  others  as  not  so. 

Eonig  argues  that  the  irrational  numbers  capable  of  being  defined  in 
a  form  which  in  each  case  involves  only  a  finite  number  of  letters  and 
symbols  {Buclistahen  und  Interpunktionszeichen)  must  form  an  enumerable 
aggregate.  Such  irrational  numbers,  together  with  the  rational  numbers, 
he  regards  as  finitely  defined,  and  the  other  numbers  of  the  continuum  he 
characterizes  as,  in  some  special  sense,  ideal  elements,  these  latter  being 
incapable  of  finite  definition.  It  must,  however,  in  the  first  place  be 
remarked  that,  if  it  be  regarded  as  essential  to  a  finite  definition  that  it  be 
expressible  by  means  of  a  finite  number  of  words  and  symbols,  each  of 
which  has  a  definite  and  unique  meaning,  then  no  irrational  number  what- 
ever is  capable  of  such  a  definition.  The  simplest  possible  definition  of 
any  of  the  ordinary  irrational  numbers,  such  as  tt,  e,  ...,  involves  the  use 
of  a  symbol  n  (or  of  some  form  of  words  equivalent  to  the  use  of  such 
symbol),  to  which  no  unique  meaning  is  attached,  but  which  is  capable  of 
denoting  the  numbers  of  the  integer    sequence   1,  2,  8,  ...,  of  type   o). 

Thus,  for  example,  a  definition  of  the  number  e  may  be  given,  in  which 

«   1 

the  expression   1+2— r   occurs,    and   no    arithmetical  definition    of   the 

I  nl 

number  e  can  be  given  which  dispenses  with  the  use  in  some  form  of 

the  ''  variable  "  n,  of  which  the  meaning  is  not  unique. 

E6nig*s  argument  may  be  applied  to    the    aggregate   of  definitions 

of  those  irrational  numbers,   each    of  which  can  be  defined  in  a  form 

involving  only  a  finite  number  of  wor^s  and  signs,  and  including  the  use 
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of  this  one  "variable"  n  (1,  2,  3,  ...).  Assuming  that  it  is  possible  Uy 
arrange  sach  definitions  in  order,  on  the  basis  of  the  number  and  arrange- 
ment of  the  letters  and  signs,  including  n,  which  are  employed  in  them, 
these  numbers  form  an  enumerable  aggregate  of  type  w.  However  difficult 
it  may  be  to  imagine  how  this  ordering  of  the  definitions  could  be  carried 
out,  I  shall  assume,  for  the  purposes  of  the  present  discussion,  that  this 
can  be  done,  and  therefore  that  the  aggregate  E,  of  all  such  numbers  is 
enumerable.  If  to  E^  there  be  added  the  aggregate  Er  of  all  the  rational 
numbers,  we  have  an  aggregate  E  which  I  presume  to  be  identical  with 
Konig's  aggregate  E,  and  which  I  accordingly  denote  by  the  same 
letter. 

An  irrational  number  in  general  is  an  object  which  has  a  definite 
ordinal  relation  with  the  rational  numbers  in  their  so-called  natural  order. 
This  conception  of  the  nature  of  an  irrational  number  is  perhaps  most 
immediately  expressed  in  Dedekind*s  form  of  definition,  in  which  an 
irrational  number  is  regarded  as  being  defined  by  a  certain  kind  of  section 
(Schnitt)  of  the  aggregate  of  rational  numbers  ;  but  it  is  also  essential  in 
Cantor's  theory  of  irrational  numbers.  A  particular  irrational  number  is 
defined  when  we  are  supplied  with  the  means  of  deciding,  in  respect  of 
any  arbitrarily  assigned  rational  number,  whether  the  irrational  number 
ordinally  precedes  or  ordinally  succeeds  the  assigned  rational  number. 
Any  definition  of  an  irrational  number,  no  matter  how  such  definition  be 
expressed,  which  satisfies  this  requisite,  I  shall  speak  of  as  an  adequate 
definition  of  the  irrational  number  in  question.  It  is  difficult  to  under- 
stand how  any  irrational  number  of  which  it  is  impossible  to  give  in  some 
form  an  adequate  definition  can  be  said  to  be  defined  at  all,  or  to  have  a 
determinate  ordinal  relation  with  the  rational  numbers.  To  have  re- 
course to  the  method  of  postulation,  in  order  to  provide  elements  in  the 
continuum,  would  appear  to  involve  the  postulation  of  the  existence  of 
entities  which  are  not  clearly  distinguishable  from  one  another ;  for,  if 
determinate  ordinal  relationship  with  the  rational  numbers  is  supposed  to 
appertain  to  them,  we  are  unable,  in  default  of  adequate  definitions,  to 
ascertain  what  that  relationship  in  any  particular  case  may  be. 

Confining  our  attention  to  the  interval  (0,  1),  as  we  may  do  without 
real  loss  of  generality,  it  is  clear  that  a  definition  of  a  particular  irrational 
number  in  this  interval,  which  is  adequate  in  the  sense  explained  above, 
must  supply  us  with  directions  for  calculating,  for  any  prescribed  integer  n, 
by  an  arithmetic  process,  the  first  n  figures  of  the  decimal  representation 
of  the  irrational  number.  .  The  number  of  steps  in  the  process  must  be 
definite  for  any  assigned  value  of  n,  but  has  no  upper  limit  for  all  values 
of  fi.     It  is  also  clear  that  any  form  of  definition  which  supplies  us  with 
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the  directions  mentioned  above  is  an  adequate  definition,  in  that  it  enables 
ns  to  assign  the  order  of  the  number  relatively  to  any  arbitrarily  assigned 
number.  In  particular,  the  numbers  which  belong  to  the  enumerable 
set  E  are  all  capable  of  adequate  definition. 

Now  let  us  assume  that  we  have  an  enumerable  set  of  numbers 
^if  ^2>  •••»  ^»i  •••  all  in  the  interval  (0,  1),  and  that  each  one  of  these 
numbers  has  an  adequate  definition.  The  set  being  enumerable,  it  can  be 
placed  in  correspondence  with  the  numbers  1,  2,  3,  ...  of  the  integer 
series,  so  that  Xn  is  identifiable  for  each  value  of  n. 

Let  the  decimal  representation  of  Xi,  a;^,  ...  be  expressed  as  follows  : — 

Xi  =   'P11P12P1S  •••  J'lr  ..., 
Xq  ^    P21P22P73  •••  P2r  •••» 

•  ••  •••  •••  ••• 

Xn  ^    PnlPn2PnS  •  •  •  Pnr  •  •  •  » 

In  case  any  of  the  numbers  are  rational  numbers  not  expressed  by 
recurring  decimals,  we  may  suppose  all  the  figures  to  be  0  after  some 
fixed  one.  On  the  above  hypothesis  that  Xn  is,  for  any  particular  value 
of  n,  an  identifiable  number  possessing  an  adequate  definition,  we  are 
in  possession  of  the  means  of  calculating  the  digit  pnr,  for  any  assigned 
values  of  n  and  r,  by  a  finite  process  dependent  upon  those  assigned 
values.  In  particular,  we  have  the  means  of  calculating  pnn,  for  any 
assigned  value  of  n.  It  can  now  be  shewn  that  an  adequate  definition 
can  be  given  of  a  number  which  is  not  contained  in  the  set  Xi^  x^,  — 
For  example,  let  us  consider  the  number  N  represented  by  'o^aa ...  an  ... » 
where  On  =Pnn +(—!)''**%  and  is  thus  essentially  different  from  j?n«  • 
if  Pmm.  =  9,  then  a^  =  8 ;  and,  if  pnn  =  0,  then  a*  =  1 ;  and  so  on.  This 
number  N  is  adequately  defined  ;  for,  in  accordance  with  the  hypothesis, 
we  have  the  means  of  calculating  pnn^  and  thence  dny  and  thus  'OiO^...  a^, 
can  be  calculated  in  a  finite  number  of  steps.  Moreover,  N  cannot  be 
identical  with  any  of  the  numbers  'Xi,  Xg,  ... ;  for  it  differs  from  each 
of  them  in  at  least  one  figure. 

Let  us  now  assume  that  the  set  of  numbers  x^,  x^,  Xg,  ...  contains 
all  the  numbers  of  the  set  E  which  are  in  the  interval  (0,  1). 

We  have  seen  that  the  new  number  N  is  also  capable  of  adequate 
definition  ;  it  thus  appears  that  there  exist  numbers  capable  of  adequate 
definition  which  do  not  belong  to  the  set  E.  It  does  not,  however, 
follow  that  the  number  N  is  capable  of  being  defined  in  a  form  of  words 
and  signs  which  involves  only  the  use  of  the  one  ''  variable "  n,  and 
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which  would  be  such  that  the  definitions  of  x^,  X29  ...»  together  with 
their  law  of  order,  were  all  collected  together  and  merged  in  one  definition. 
In  fact,  this  cannot  be  the  case ;  otherwise  N  would  itself  belong  to  E, 
contrary  to  hypothesis.  It  thus  appears  that  any  formal  definition  of 
the  number  N  must  involve  a  reference  to  the  numbers  Xi,  x^^  ... 
explicitly,  or  to  some  other  such  sequence  of  numbers  not  identical  with 

the  integer  sequence  1,  2,  8, 

We  are  thus  led  to  the  consideration  of  a  type  of  definition  of 
irrational  numbers.  A  definition  of  this  type  contains,  besides  the 
"variable"  n,  a  reference  to  an  aggregate  a^,  ag,  og,  ...  of  numbers* 
which  must  be  regarded  as  having  been  already  defined  and  arranged 
in  the  order  type  co.  If  we  use  one  general  symbol  a»  to  denote  any 
of  the  already  defined  numbers  a^,  ag,  ag,  . . . ,  in  the  same  sense  in  which 
n  denotes  any  of  the  numbers  1,  2,  3,  ...,  then  the  particular  definition 
is  expressible  by  a  finite  number  of  words  and  unique  signs  together  with 
the  symbols  n  and  a^  ;  and  such  a  definition  is  an  adequate  definition  of 
a  particular  irrational  number.  We  may,  for  convenience,  speak  of  the 
numbers  a^,  o^,  ag,  ...  as  the  parameters  of  the  definition.  All  the 
numbers  capable  of  being  defined  in  forms  which  involve  the  use  of  one 
and  the  same  set  of  parameters  would,  by  a  repetition  of  Eonig's 
argument,  form  an  enumerable  set.  It  does  not,  however,  follow  that 
all  numbers  capable  of  a  definition  of  this  kind,  when  various  sets  of 
parameters  are  taken  into  account,  form  an  enumerable  set.  In  fact, 
reasoning  similar  to  that  employed  above  may  be  applied  to  shew  that 
this  cannot  be  the  case.  For,  let  us  suppose,  if  possible,  that  all  the 
numbers  so  definable  form  an  enumerable  set  which  can  be  denoted  by 
z^y  X29  Xq,  ...  Xn,  . . . ;  then  the  same  reasoning  as  was  applicable  when 
{xn}  was  taken  to  be  the  set  E  suffices  to  shew  that  a  number  N,  not 
belonging  to  the  {xn},  admits  of  a  definition  of  the  type  considered; 
and  thus  that  there  is  a  contradiction  in  the  assumption  that  all  the 
numbers  definable  in  this  manner  are  contained  in  the  enumerable  set 
{xn}»  The  proof  is,  in  fact,  a  modification  of  one  of  Cantor's  proofs  that 
the  arithmetic  continuum  is  not  enumerable  ;  and  it  completes  that  proof, 
by  shewing  that  a  number  can  be  adequately  defined  which  does  not  belong 
to  the  assumed  enumerable  set. 


*  It  is  easy  to  construct  directly  definitions  of  irrational  numbers  in  which  the  parameters 
cannot  be  taken  to  be  the  integers  1,  2,  3,  ....  For  example,  an  irrational  number  M  may  be 
adequately  defined  as  follows : — Let  the  decimal  representation  of  if  be  such  that  the  M-th  figxure 
is  identical  with  the  fi-th  figure  in  the  decimal  representation  of  2^^^»,  where  P^  denotes  the  »-th 
of  the  prime  numbers  2,  3,  5,  7,  11,  ... .  Since  P„  is  not  expressible  in  finite  terms  as  a  function 
of  M,  the  parameters  of  the  definition  may  be  taken  to  be  the  set  of  prime  numbers. 
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Any  particular  number  which  admits  of  a  definition  of  the  type 
considered  is  capable  of  definition  in  a  variety  of  ways,  involving  the 
use  of  various  sets  of  parameters.  For  example,  we  may,  in  defining  the 
number  N,  make  use  of  the  rational  parameters  'pn,  'p^p^^y  'PsiP^Psa*  •••» 
instead  of  the  parameters  represented  by  endless  decimals. 

An  irrational  number  belonging  to  the  set  E  has  the  peculiarity  that 
it  is  capable  of  definition  in  a  form  which  involves  the  use  of  the  numbers 
1,  2,  8,  ...,  denoted  by  n,  without  the  employment  of  any  other  sequence 
of  the  same  type  co.  As  has  been  shewn,  other  definitions  of  irrational 
numbers  can  be  given  which  involve  the  use  of  sets  of  parameters 
a^,  a2,  . . . ,  which  can  be  denoted  by  a^  ;  these  parameters  being  numbers 
which  have  already  been  defined,  and  must  be  taken  as  data  in  the 
definitions  in  question.  The  definitions  of  the  numbers  of  E  are  only 
that  particular  case  of  the  more  general  type  of  definition  which 
arises  when  a^,  o^,  ...  can  be  identified  with  1,  2,  8,  ...,  which  are  there- 
fore the  parameters  used  in  a  definition  of  one  of  the  numbers  of  E. 
The  possession  of  this  peculiarity  does  not,  however,  justify  the  use  of 
the  term  '* finite  definition"  as  in  any  peculiar  sense  applicable  to  the 
numbers  of  E.  These  numbers,  like  the  others,  are  only  capable  of 
a  definition  involving  the  use  of  an  ordered  infinity  of  numbers  (para- 
meters) regarded  as  data  in  virtue  of  previous  definition.  The  term 
"  finitely  defined "  is,  in  fact,  an  expression  not  free  from  ambiguity. 
In  one  sense  every  irrational  number  capable  of  a  definition  involving 
the  use  of  a  set  of  parameters,  and  which  is  therefore  adequately  defined, 
is  finitely  defined,  since  a  single  variable  may  be  used  to  denote  the 
parameters.  But,  as  each  such  definition,  whether  the  irrational 
number  belong  to  E  or  not,  implies  the  existence  of  an  infinity  of 
separate  entities  taken  as  data,  and  contains  directions  for  carrying  on 
a  process  which  is  essentially  endless,  it  follows  that  such  definition 
cannot,  in  a  more  fundamental  sense  of  the  term,  be  said  to  be  finite. 
Nevetheless,  the  process  of  making  an  ordinal  comparison  of  the  defined 
number  with  any  assigned  rational  number  is  a  finite  one  in  which 
only  a  finite  number  of  parameters  is  employed. 

It  appears  therefore  that,  on  the  assumption  of  the  possibility  of  order- 
ing those  formal  definitions  in  which  a  finite  number  of  words,  signs,  and 
symbols  are  employed,  in  the  order  type  co,  the  distinction  drawn  by  Konig 
between  finitely  defined  numbers  and  others  not  finitely  defined  is  not  a 
valid  one,  and  that  the  numbers  which  are  capable  of  formal  definition 
involving  only  a  finite  number  of  words,  signs,  and  symbols  do  not  form 
an  enumerable  set.  Eonig  asserts  that  it  is  necessary  to  admit  the 
existence  of  elements  in  the  continuum  which  go  beyond  **  finite  laws  ".  in 
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his  sense  of  the  term,  and  that  there  exist  elements  ''  die  wir  nicht  '  zu 
Ende '  denken  konnen,"  and  which  are  yet  free  from  contradiction.  Of 
no  irrational  number  can  the  expression  '*  zu  Ende  denken  "  be  rightly 
used  if  we  regard  the  number  as  in  process  of  formation,  from  the  point 
of  view  of  the  process  itself.  The  warrant  of  the  uniqueness  of  the  object 
defined  is  contained  in  the  definition  itself,  the  determinancy  of  the  process 
being  the  test  of  the  adequacy  of  the  definition  to  supply  us  with  the  con- 
ception of  a  distinct  object.  It  is  unnecessary  that  any  part  of  the  process 
have  been  actually  carried  out,  and  all  questions  as  regards  the  mere 
practicability  of  the  process  are  irrelevant.  Any  definition  which  is 
adequate  in  the  sense  defined  above,  no  matter  how  the  definition  may  be 
expressed,  or  what  implications  are  contained  in  it,  is  sufficient  to  supply 
us  with  the  conception  of  an  object  which  has  a  definite  ordinal  relation 
with  the  rational  numbers. 

If  we  regard  the  continuum  as  containing  every  number  capable  of 
adequate  definition,  in  whatever  form,  and  as  containing  no  elements 
which  are  to  be  regarded  as  in  any  special  sense  ideal,  it  appears  that 
the  continuum  so  conceived  has  the  properties  which  are  essential  to 
its  fitness  to  be  regarded  as  the  domain  of  the  real  variable.  For  it  is 
connex,  i.e.,  having  given  two  numbers  in  it,  other  numbers  ordinally 
between  the  two  can  be  defined:  this  follows  from  the  connexity  of  the 
aggregate  of  rational  numbers.  Again  it  is  perfect ;  for,  if  Xi,  x^,  ^3,  ...  be 
any  defined  convergent  sequence  of  numbers,  each  of  which  is  adequately 
defined,  the  limit  x  of  the  sequence  is  definable  adequately  in  a  form 
involving  the  use  of  Xi,  Xg,  Xg,  ...  as  parameters  ;  and,  conversely,  any 
adequately  defined  number  can  be  exhibited  as  the  limit  of  a  convergent 
sequence  of  other  numbers,  in  particular  of  rational  numbers.  The  con- 
tinuum so  conceived  thus  possesses  the  two  properties  of  being  connex, 
and  of  being  perfect,  and  these  are  sufficient  for  the  purposes  of  arithmetic 
analysis. 

Some  mathematicians  appear  to  have  the  impression  that  there  must 
in  some  sense  exist  in  the  continuum  numbers  incapable  of  adequate 
definition,  and  only  capable  of  representation  as  endless  decimals  in 
which  each  figure  is  to  be  regarded  as  quite  arbitrarily  assigned.  In  the 
first  place,  as  has  just  been  shewn,  the  arithmetic  continuum  is  complete  for 
the  purposes  for  which  it  exists,  without  taking  into  account  such  nebulous 
entities  as  lawless  decimals,  even  if  any  precise  meaning  can  be  assigned 
to  the  assertion  of  their  existence.  Moreover,  in  respect  of  such  a  lawless 
infinite  decimal,  it  cannot  be  rightly  asserted  that  the  object  exists  as  a 
single  whole  ;  only  so  much  of  it  exists  at  any  one  time  as  is  represented 
by  the  figures  which  have  been  actually  chosen  at  that  time,  and  the 
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number  of  such  figures  must  be  finite.  In  the  case  of  an  adequately 
defined  irrational  number,  on  the  other  hand,  its  existence  is  quite  inde- 
pendent of  the  number  of  figures  in  the  decimal  representation  of  it  which 
may  at  any  one  time  have  been  calculated,  or  indeed  of  whether  any  of  them 
are  ever  calculated.  The  process  of  arbitrarily  choosing  figures  one  after 
the  other,  without  cessation,  involves  the  idea  of  endlessness  only,  and 
this  is  quite  distinct  from  the  truly  infinite  process  which  can  be  regarded 
as  defining  a  definite  object.  In  the  latter  case  the  process  regarded  from 
outside  is  a  completed  one  embodied  in  the  law  which  dominates  it ;  in  the 
former  case  it  is  impossible  to  regard  the  process  from  the  outside. 

For  reasons  which  I  have  elsewhere^  explained,  there  appears  to  be 
no  adequate  reason  for  thinking  that  any  unenumerable  aggregate  is 
capable  of  being  normally  ordered  (wohlgeordnet),  and  this  of  course  in- 
cludes the  case  of  the  continuum.  The  proof  which  Eonig  has  given 
that  the  continuum  cannot  be  normally  ordered  depends,  however,  on 
the  distinction  which  he  has  drawn  between  those  elements  which  are 
finitely  defined  and  those  which  are  only  ideal,  and  stands  or  falls  with 
the  validity  of  this  distinction. 


*  *<  On  the  Qeneral  Theory  of  Trandfinite  Namben  and  Order  Types,"  Hve.  London  Math. 
Soe.y  Ser.  2,  Vol.  3. 
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ON    SOME   DIFFICULTIES  IN  THE   THEORY   OF   TRANSFINITE 

NUMBERS   AND   ORDER  TYPES 

By  B.  Russell. 

[Beoeived  Noyember  24th,  1905.— Read  December  14th,  1905.] 

Dr.  Hobson's  most  interesting  paper  in  the  Proceedings  of  the  London 
Mathematical  Society*  raises  a  number  of  questions  which  must  be 
answered  before  the  principles  of  mathematics  can  be  considered  to  be 
at  all  adequately  understood.  I  do  not  profess  to  know  the  complete 
answers  to  these  questions,  and  most  of  the  present  paper  will  consist 
only  of  tentative  suggestions,  made  as  possibly  a  step  towards  the  true 
solutions,  not  as  themselves  constituting  solutions.  With  the  greater 
part  of  Dr.  Hobson's  paper  I  find  myself  in  agreement  ;  my  purpose, 
therefore,  will  not  be  in  the  main  polemical,  but  rather  to  carry  the 
discussion  a  stage  further  by  introducing  certain  distinctions  which 
I  believe  to  be  relevant  and  important,  and  by  generalizing  as  far  as 
possible  the  difficulties  and  contradictions  hitherto  discovered  in  the 
theory  of  the  transfinite. 

There  are  two  wholly  distinct  difficulties  to  be  considered  in  the  theory 
of  transfinite  cardinal  numbers,  namely  : 

(1)  The   difficulty   as   to   inconsistent    aggregates    (as    they    are 
called  by  Jourdain) ; 

(2)  The  difficulty  as  to  what  we  may  call  Zermelo's  axiom,  t 

These  two  difficulties  do  not  seem  to  be  clearly  distinguished  by 
Dr.  Hobson ;  yet  they  are,  so  far  as  appears,  largely  independent  and 
of  very  different  degrees  of  importance.  The  first  leads  to  definite  con- 
tradictions, and  renders  all  reasoning  about  classes  and  relations,  prima 
facie,  suspect ;  while  the  second  merely  raises  a  doubt  as  to  whether 
a  certain  much  used  axiom  is  true,  without  showing  that  any  fundamental 
difficulties  arise  either  from  supposing  it  true  or  from  supposing  it  false. 
I  shaU  consider  these  difficulties  separately,  beginning  with  the  first, 
because  it  is  more  fundamental. 

•  Series  2,  Vol.  3,  pp.  170-188. 

t  See  his  '^Beweis,  dass  jede  Menge  wohlgeordnet  werden  kann,"  Math.  Annalen^ 
Vol.  LDC.,  pp.  514-516.  For  statements  of  various  forms  of  this  axiom  see  the  third  part 
of  this  paper. 
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I. 

When  Dr.  Hobson  speaks  of  the  necessity  of  a  norm  for  constituting 
an  aggregate,  he  appears  sometimes  to  suppose  that  the  norm  is  absent 
or  ill-defined  in  the  case  of  inconsistent  aggregates,  at  other  times  to 
suppose  it  absent  where  Zermelo's  axiom  requires  it.  But  the  two 
cases  are,  in  reality,  quite  distinct.  The  doubt  as  to  the  truth  of 
Zermelo's  axiom  arises  from  the  impossibility  of  discovering  a  norm  by 
which  to  select  one  term  out  of  each  of  a  set  of  classes,  while  the  difficulty 
of  inconsistent  aggregates  arises  from  the  presence  of  a  perfectly  definite 
Twrm  combined  with  the  demonstrable  absence  of  a  corresponding 
aggregate.  This  suggests  that  a  norm  is  a  necessary  but  not  a  sufficient 
condition  for  the  existence  of  an  aggregate ;  if  so,  the  complete  solution 
of  our  first  set  of  difficulties  would  consist  in  the  discovery  of  the  precise 
conditions  which  a  norm  must  fulfil  in  order  to  define  an  aggregate. 
Logical  determinateness,  it  seems,  is  not  sufficient,  as  Dr.  Hobson  supposes 
<p.  178),  and  the  meaning  which  he  attaches  to  the  term  aggregate  (ib.) 
appears  to  be  too  wide.  This  is  proved  by  a  perfectly  strict  argument, 
which  I  shall  try  to  state  after  explaining  some  ways  of  generating 
inconsistent  aggregates. 

In  the  first  place,  since  the  discussion  belongs  to  symbolic  logic, 
which  already  possesses  technical  names  for  the  ideas  we  require,  it  is 
desirable  to  compare  Dr.  Kobson's  terms  with  those  in  current  use. 
What  he  calls  a  norm  is  what  I  call  a  propositimial  function,  A  pro- 
positional  function  of  x  is  any  expression  <(> !  x  whose  value,  for  every 
value  of  X,  is  a  proposition  ;  such  is  **  a;  is  a  man  "  or  "  sin  a;  =  1." 
Similarly  we  write  ip !  {x,  y)  for  a  prepositional  function  of  two  variables ; 
and  so  on. 

In  this  paper  I  shall  use  the  words  norm,  property,  and  propositio7ial 
function  as  synonyms. 

The  word  aggregate  is  used  sometimes  with  an  implication  of  order, 
sometimes  without ;  I  shall  use  class  where  there  is  no  implication  of 
order,  and  where  there  is  order  I  shall  consider  the  relation  of  before  and 
after  which  generates  the  order.  This  last  is  necessary  because  every 
class  which  can  be  ordered  at  all  can  be  ordered  in  many  ways ;  so  that 
only  the  ordering  relation,  not  the  class,  determines  what  the  order  is  to 
be.  A  relation  will  be  used  in  an  extensional  sense,  i,e.,  so  that  two 
relations  are  identical  provided  each  holds  whenever  the  other  holds.  We 
shall  find  that  a  propositional  function  <(>\  x  may  be  perfectly  definite,  in 
the  sense  that,  for  every  value  of  x,  ^!  x  is  determinably  true  or  determin- 
ably  false,  while  yet  the  values  of  x  for  which  ^ !  a;  is  true  do  not  form  a 
class.     And,  similarly,  we  shall  find  that  a  propositional  function  ^!  (x,  y) 
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may  be  in  the  same  sense  definite,  without  there  being  any  relation  B 
which  holds  between  x  and  y  when  and  only  when  </> !  {x,  y)  is  true. 

In  order  to  eliminate  at  the  outset  a  number  of  considerable  but 
irrelevant  difficulties,  I  may  point  out  that  the  argument  we  are  about'  to 
consider  does  not  depend  upon  this  or  that  view  as  to  the  nature  of 
classes  and  relations.  The  refutable  assumption  as  to  the  nature  of 
classes  and  relations  is  only  this :  that  a  class  is  always  uniquely 
determined  by  a  norm  or  property  containing  one  variable,  and  that  two 
norms  which  are  not  equivalent  {i.e.,  such  that,  for  any  value  of  the 
variable,  both  are  true  or  both  false)  do  not  determine  the  same  class,  with 
a  similar  assumption  as  regards  relations.  It  is  in  no  way  essential  to 
the  argument  to  suppose  that  classes  and  relations  are  taken  in  extension^ 
i.e.,  that  two  equivalent  norms  determine  the  same  class  or  relation. 
Thus  the  argument  proves  that  a  norm  itself  is  in  general  not  an  entity  ; 
that  is,  if  we  make  statements  of  the  form  ip !  x  about  a  number  of 
different  values  of  x,  we  cannot  pick  out  an  entity  </>  which  is  the  common 
form  of  all  these  statements,  or  is  the  property  assigned  to  x  when  we 
state  <l>\x.  In  other  words,  a  statement  about  x  cannot  in  general  be 
analyzed  into  two  parts,  x  and  what  is  said  about  x.  There  is  no  harm 
in  talking  of  norms  or  properties  so  long  as  we  remember  this  fact ;  but,  if 
we  forget  it,  we  become  involved  in  contradictions. 

The  two  contradictions  first  discovered  concerned  respectively  the 
greatest  ordinal  and  the  greatest  cardinal.^  Of  these  the  cardinal  con- 
tradiction is  the  simpler,  and  lends  itself  more  readily  to  the  removal  from 
arithmetic  to  logic  which  I  wish  to  effect  for  both.  I  shall  therefore 
consider  it  first. 

The  cardinal  contradiction  is  simply  this :  Cantor  has  a  proof  f  that 
there  is  no  greatest  cardinal,  and  yet  there  are  properties  (such  as 
"  a;  =  X  '*)  which  belong  to  all  entities.  Hence  the  cardinal  number  of 
entities  having  such  a  property  must  be  the  greatest  of  cardinal  numbers. 
Hence  a  contradiction. 

If  every  logically  determinate  norm  defines  a  class,  there  is  no  escape 
from  the  conclusion  that  there  is  a  cardinal  number  of  all  entities.  For, 
in  that  case,  the  norm  **a;  =  a;"  defines  a  class,  which  contains  all 
entities :  call  this  class  V.  Then  the  norm  **  u  is  similar  to  F"  defines  a 
set  of  classes  which  may  be  taken  as  being  the  cardinal  number  of  F, 


*  The  contradiction  concerning  the  greatest  ordinal  was  first  set  forth  hy  Burali  Forti,  *^  Una 
questione  sui  numeri  transfiniti,**  R&ndieonti  del  Circolo  Matematico  di  Palermo^  1897.  The  con- 
tradiction concerning  the   gpreateet   cardinal    is   discussed   in    my    Principles    of   Mathematics, 

t  Jahresberieht  der  Deutsehen  Mathematiker^Vereinigung y  Vol.  i.,  1892,  p.  77. 
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i.e.,  the  greatest  cardinal  number.*  Thus,  if  every  logically  determinate 
norm  defines  a  class,  it  is  impossible  to  escape  the  conclusion  that  there 
is  a  greatest  cardinal. 

The  other  horn  of  the  dilemma  yields  more  interesting  results. 
Cantor's  proof  that  there  is  no  greatest  cardinal  may  be  simplified  into  the 
following : — Let  u  be  any  class,  and  B  a  one-one  correlation  of  all  the 
members  of  u  to  some  (or  all)  of  the  classes  contained  in  u.  There  are 
such  correlations,  since  one  of  them  is  obtained  by  correlating  each  member 
of  u  with  the  class  whose  only  term  is  that  member.  Consider  now  the 
following  norm  : — **  a;  is  a  member  of  u,  but  is  not  a  member  of  the  class 
with  which  B  correlates  it."  Suppose  this  norm  defines  a  class  w.  Then 
w  is  omitted  from  the  correlation  ;  for,  if  w  were  correlated  with  x,  then, 
if  X  is  any  member  of  w,  it  follows  from  the  definition  of  to  that  x  is  not 
a  member  of  its  correlate,  i.e.,  is  not  a  member  of  to  ;  while,  conversely, 
if  X  is  not  a  member  of  w,  it  is  a  member  of  its  correlate,  i.e.,  of  w. 
Hence  the  supposition  that  w  is  the  correlate  of  x  leads  to  a  contradic- 
tion. Hence,  in  any  one-one  correlation  of  all  the  terms  of  u  with  classes 
contained  in  u,  at  least  one  class  contained  in  tt  is  omitted.  Therefore, 
whatever  class  u  may  be,  there  are  more  classes  contained  in  u  than  there 
are  members  of  u. 

We  may  test  this  conclusion,  in  the  case  of  the  class  of  all  entities,  by 
constructing,  according  to  the  method  of  the  proof  of  the  Schroder-Bernstein 
theorem,  an  actual  one-one  correlation  of  all  terms  with  all  classes,  and 
then  considering  the  class  which  Cantor  shows  to  be  omitted.  This 
process  leads  us  to  the  consideration  of  the  norm  :  ''  a;  is  not  a  class  which 
is  a  member  of  itself."  If  this  norm  defines  a  class  w,  then  the  class  w 
is  omitted  from  our  correlation.  But  it  is  easy  to  see  that  this  norm  does 
not  define  a  class  at  all.  For,  if  it  defined  a  class  w,  we  should  find  that, 
if  t^  is  a  member  of  itself,  then  it  is  not  a  member  of  itself,  and  vice  versa. 
Hence  there  is  no  such  class  as  w.  Essentially  the  same  argument  may 
be  stated  as  follows : — If  u  be  any  class,  then,  when  x  ^u,  the  statement 
**  x  is  not  an  x  "  is  equivalent  to  "  x  is  not  a  u.''  Hence,  whatever  class 
u  may  be,  there  is  one  value  of  x — namely,  u — for  which  "  x  is  not  an  «  " 
is  equivalent  to  '^  x  is  not  a  tt  "  ;  thus  there  is  no  class  w  such  that  ''  x  is 
not  an  x  "  is  always  equivalent  to  ''  x  is  a  to.''  Hence,  again,  this  norm 
does  not  define  a  class. 

We  thus  find  that,  quite  apart  from  any  view  as  to  the  nature  of 
cardinals,  and  without  any  considerations  belonging  to  arithmetic,  we  can 
prove  that  at  least  one  perfectly  determinate  norm  does  not  define  a  class. 

*  I  shall  consider  later  Dr.  Hobson's  objection  to  this  definition. 
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By  the  same  method,  we  can  easily  construct  other  such  norms.  Take 
any  class  u  for  which  we  can  correlate  all  entities  to  some  u's  by  a  one-one 
correlation.  By  the  method  of  the  proof  of  the  Schroder-Bernstein 
theorem,  construct  an  actual  one-one  correlation  of  all  the  members  of  u 
to  all  classes  contained  in  u,  and  then  consider  the  norm  :  *'  x  is  a  member 
of  u  which  is  not  a  member  of  its  correlate  according  to  the  correlation  in 
question."  This  norm  does  not  define  a  class.  Thus  from  the  class  of  all 
relations  we  obtain  the  norm :  ''  i2  is  not  a  relation  which  is  a  member  of 
its  own  domain."  From  the  class  of  all  couples  we  obtain  the  norm : 
''  V  is  such  that  the  couple  whose  members  are  (1)  the  class  of  all  entities, 
(2)  V,  is  not  a  member  of  v.''  Thus  it  appears  that  the  contradiction  dealt 
with  in  chapter  x.  of  my  Principles  of  Mathematics  is  a  special  case  of  a 
general  type  of  contradictions  which  result  from  supposing  that  certain 
prepositional  functions  determine  classes,  when,  in  fact,  they  do  not  do  so. 
The  above  method  of  discovering  such  prepositional  functions  is  not  re- 
quired for  proving,  when  they  are  discovered,  that  they  are  of  the  sort 
that  do  not  define  classes.  In  each  case  it  is  easy  to  discover  a  definite 
simple  contradiction,  analogous  to  that  discussed  in  the  above  mentioned 
chapter,  which  results  from  supposing  that  the  prepositional  functions  in 
question  do  determine  classes. 

In  like  manner  prepositional  functions  of  two  variables  do  not  always 
determine  relations.  For  example,  *'  B  does  not  have  the  relation  B  to 
S  "  does  not  determine  a  relation  T  between  B  and  S,  i.e.,  it  is  not  equi- 
valent, for  all  values  of  B  and  S,  to  "  jB  has  the  relation  T  to  S."  For,  if 
it  were,  substituting  T  for  B  and  for  S,  we  should  have  "  T  does  not  have 
the  relation  T  to  T,"  equivalent  to  "  T  has  the  relation  T  to  T,"  which  is 
a  contradiction. 

The  following  contradiction,  of  an  analogous  type  to  those  discussed 
above,  shows  that  a  norm  or  property  is  not  always  an  entity  which  can 
be  detached  from  the  argument  of  which  it  is  asserted.  Consider  the 
norm  "  x  does  not  have  any  property  which  it  is."  If  this  assigns  to  x 
the  property  6,  then  **  x  has  the  property  0  "  is  equivalent  to  "  a:  does  not 
have  any  property  which  it  is."  Hence,  substituting  6  for  x,  **  6  has  the 
property  6  "  is  equivalent  to  **  6  does  not  have  any  property  which  it  is," 
which  is  equivalent  to  **  0  does  not  have  the  property  0  "  ;  whence  a  con- 
tradiction. The  solution,  in  this  case,  is  that  properties  are  not  always 
(if  ever)  separable  entities  which  can  be  put  as  arguments  either  to  other 
properties  or  to  themselves.  Thus,  when  we  speak  of  properties  we  are 
sometimes  (if  not  always)  employing  an  abbreviated  form  of  statement, 
which  leads  to  errors  if  we  suppose  that  the  properties  we  are  speaking  of 
are  genuine  entities. 

8XB.  2.    TOL.  4.    WO.  914.  D 
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We  have  thus  reached  the  conclusion  that  some  norms  (if  not  all)  are 
not  entities  which  can  be  considered  independently  of  their  arguments, 
and  that  some  norms  (if  not  all)  do  not  define  classes.  Norms  (containing 
one  variable)  which  do  not  define  classes  I  propose  to  call  non-predicative  ; 
those  which  do  define  classes  I  shall  call  predicative.  Similarly,  by  exten- 
sion, a  norm  containing  two  variables  will  be  called  predicative  if  it 
defines  a  relation ;  in  the  contrary  case  it  will  be  called  non-predicative. 
Thus  we  need  rules  for  deciding  what  norms  are  predicative  and  what  are 
not,  unless  we  adopt  the  view  (which,  as  we  shall  see,  has  much  to  re- 
commend it)  that  no  norms  are  predicative. 

I  come  now  to  Burali-Forti's  contradiction  concerning  the  greatest 
ordinal,  and  I  shall  show  how  this  too  reduces  to  a  simple  logical  contra- 
diction resulting  from  supposing  that  a  certain  non-predicative  function  is 
predicative. 

Burali-Forti's  contradiction  may  be  stated,  after  some  modification,  as 
follows  : — If  u  is  any  segment  of  the  series  of  ordinals  in  order  of  magni- 
tude, the  ordinal  number  of  u  is  greater  than  any  member  of  it,  and  is,  in 
fact,  the  immediate  successor  of  u  {i.e.,  the  limit  if  u  has  no  last  term, 
or  the  immediate  successor  of  the  last  term  if  u  has  a  last  term).  The 
ordinal  number  of  u  is  always  an  ordinal  number,  and  is  never  a  member 
of  u.  But  now  consider  the  whole  series  of  ordinal  numbers.  This  is 
well  ordered,  and  therefore  should  have  an  ordinal  number.  This  must 
be  an  ordinal  number,  and  yet  must  be  greater  than  any  ordinal  number. 
Hence  it  both  is,  and  is  not,  an  ordinal  number,  which  is  a  contradiction. 

To  generalize  this  contradiction,  put  ip\x  in  place  of  "  a;  is  an  ordinal,'* 
and/*w*  in  place  of  **  the  ordinal  number  of  w."  Then  in  the  case  of  the 
ordinals  </>  and  /  are  such  that,  if  all  the  members  of  u  satisfy  </>,  then  f*u 
satisfies  ip  and  is  not  a  member  of  u.  Whenever  these  two  conditions  are 
satisfied  for  all  values  of  u,  one  or  other  of  two  conclusions  follows: 
namely,  either  (1)  iplx  is  not  a  predicative  property;  or  (2),  if  ^!a;  is 
predicative  and  defines  the  class  w,  then  there  must  be  no  such  entity  as 
f'w.  This  is  proved  very  simply  as  follows : — If  there  is  such  a  class  as 
to,  and  such  an  entity  as  f'w,  then,  since  every  member  of  w  satisfies  0, 
it  follows  that/*w?  satisfies  ^ ;  but,  conversely, /*«?  must  be  not  a  member 
of  to,  and  must  therefore  not  have  the  property  </>,  since  w  consists  of  all 
terms  having  the  property  <(>.  In  the  special  case  of  the  ordinals,  our  two 
alternatives  are :  (1)  the  ordinals  do  not  form  a  class ;  (2)  although  they 
form  a  class,  they  have  no  ordinal  number.     The  second  alternative  is 

*  The  inyerted  comma  may  be  read  "of."    The  notation  ^u  means  the  same  as  f{u),  but  is 
for  several  reasons  more  conyenient. 
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equivalent  to  the  assumption  that  either  the  whole  series  of  ordinals  is 
not  well  ordered,  or,  if  it  is  well  ordered,  the  dual  property  "  a  and  ^  are 
ordinal  numbers,  and  a  is  less  than  ^  "  is  non-predicative ;  so  that  the 
series  as  a  whole  has  no  definite  type,  i.e.,  no  ordinal  number.  The 
supposition  that  the  whole  series  of  ordinals  is  not  well  ordered  can  be 
disproved*  ;  hence  we  are  left  with  the  alternatives  that  either  (1)  the 
property  "  x  is  an  ordinal  number"  is  non-predicative,  or  (2),  though  "a; 
is  an  ordinal  number  "  is  predicative,  ''  x  and  y  are  ordinal  numbers  and 
X  is  less  than  y  "  is  non-predicative. 

We  have  seen  that  Burali-Forti's  contradiction  is  a  particular  case  of 
the  following : — 

"  Given  a  property  ^  and  a  function  y,  such  that,  if  ^  belongs  to  all 
the  members  of  u^  f^u  always  exists,  has  the  property  ^,  and  is  not  a 
member  of  u ;  then  the  supposition  that  there  is  a  class  w  of  all  terms 
having  the  property  <f>  and  that  f'w  exists  leads  to  the  conclusion  that 
/*«?  both  has  and  has  not  the  property  ^." 

This  generalization  is  important,  because  it  covers  all  the  contradic- 
tions that  have  hitherto  emerged  in  this  subject.  In  the  case  of  the  class 
of  terms  which  are  not  members  of  themselves,  we  put  **  x  is  not  a  member 
of  a;"  for  ^!x,  and  u  itself  torf*u.  In  this  case,  owing  to  the  fact  that 
f*u  is  u  itself,  we  have  only  one  possibility :  namely,  that  **  x  is  not  a 
member  of  x  "  is  non-predicative.  In  other  cases,  we  have  two  possibili- 
ties, and  it  may  often  be  difficult  to  decide  which  of  them  to  choose. 

When  we  have  a  pair  such  as  ^  and  /  above,  we  can  define,  in  terms 
of /alone,  without  introducing  ^,  a  series  ordinally  similar  to  that  of  all 
ordinals,  and  obtain,  as  regards  this  series,  a  contradiction  analogous  to 
Burali-Forti's,  provided  /  satisfies  certain  conditions.  We  do  this  as 
follows  : — Taking  any  class  x,  for  which  f'x  exists,  take  f'x  as  the  first 
term  of  our  series,  take  the  /  of  the  class  got  by  adding  f*x  to  x  as  the 
second  term,  and  so  on.  Generally,  the  successor  of  any  term 
is  the  /  of  the  class  consisting  of  that  term  together  with  all 
its  predecessors  and  x,  and  the  successor  of  a  class  u  of  terms 
having  no  maximum  is  the  /  of  the  class  consisting  of  the  whole  seg- 
ment defined  by  the  class  u.  This  gives  Cantor's  two  principles  of 
formation,  and  we  can  define  the  property  of  occurring  in  this  series   by 


*  This  supposition  can  be  disproyed  (by  the  generalized  form  of  induction  which  applies 
throu§^hout  any  well-ordered  series)  by  means  of  the  theorem  that  every  segment  of  the  series  of 
ordinals  is  well  ordered.  It  is  not  disproved  by  Jourdain's  theorem,  that  every  series  which  is 
not  well  ordered  must  contain  a  part  of  type  *«  ;  for  this  theorem  depends  upon  Zermelo's  axiom, 
of  which  the  truth  is  doubtful. 
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the  generalized  form  of  induotion.*  We  may  then,  subject  to  certain  con- 
ditions as  to  /,  substitute  for  ^  the  property  of  occurring  in  the  /-series 
starting  from  x.  If /has  the  property  that,  if  u  is  composed  of  terms  of 
the  above  series,  then  f*u  exists  and  is  not  a  member  of  u,  it  will  follow 
that  the  whole  series  does  not  form  a  class ;  for,  if  it  did,  its  /  would  both 
be  and  not  be  a  member  of  the  series.  In  the  particular  case  of  the 
ordinals,  if  t^  is  a  class  of  ordinals,  f*u  is  their  immediate  successor  ;  the 
whole  series  of  ordinals  can  be  generated  by  the  above  method,  starting 
from  0.  In  the  case  of  "  x  is  not  an  a;,"  /*«  is  x  itself :  if  we  start  from 
any  class  which  is  not  a  member  of  itself,  and  proceed  by  the  above  method, 
we  obtain  a  series,  like  the  series  of  all  ordinals,!  consisting  entirely  of 
classes  which  are  not  members  of  themselves,  and  the  series  as  a  whole 
does  not  form  a  class. 

The  above  considerations  point  to  the  conclusion  that  the  contradic- 
tions result  from  the  fact  that,  according  to  current  logical  assumptions, 
there  are  what  we  may  call  self-reproductive  processes  and  classes.  That 
is,  there  are  some  properties  such  that,  given  any  class  of  terms  all  having 
such  a  property,  we  can  always  define  a  new  term  also  having  the  property 
in  question.  Hence  we  can  never  collect  all  the  terms  having  the  said 
property  into  a  whole ;  because,  whenever  we  hope  we  have  them  all,  the 
collection  which  we  have  immediately  proceeds  to  generate  a  new  term 
also  having  the  said  property.  It  is  probable,  in  view  of  the  above 
general  form  for  all  known  contradictions,  that,  if  ^  is  any  demonstrably 
non-predicative  property,  we  can  actually  construct  a  series,  ordinally 
similar  to  the  series  of  all  ordinals,  composed  entirely  of  terms  having  the 
property  <f>.  Hence,  if  the  terms  satisfying  <f>  can  be  arranged  in  a  series 
ordinally  similar  to  a  segment  of  the  series  of  ordinals,  it  follows  that  no 
contradiction  results  from  assuming  that  ^  is  a  predicative  property.  But 
this  proposition  is  of  very  little  use,  until  we  know  how  far  the  series  of 
ordinals  goes ;  and  at  present  it  is  not  easy  to  see  where  this  series  begins 
to  be  non-existent,  if  such  a  bull  may  be  permitted. 


*  This  is  done  as  follows  : — A  property  is  inductive  in  the /-series  if  whenever  it  helong^  to 
a  class  u  it  belongs  to  the  class  got  by  adding /*»  to  w,  and  whenever  it  belongs  to  each  of  a  set 
of  classes  it  belongs  to  their  logical  sum,  t.^.,  to  the  class  of  members  of  members  of  the  set.  A 
term  belong^  to  the  ''/-series  starting  from  x^*  if  it  possesses  every  property  which  is  possessed 
by  X  and  is  inductive  in  the  /series. 

t  I  owe  the  proof  that  this  series  is  well  ordered  and  ordinally  similar  to  the  series  of  all 
ordinals  to  Mr.  Gr.  G.  Berry,  of  the  Bodleian  Library. 
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II. 

We  have  now  seen  the  nature  of  the  contradictions  which  beset  the 
theory  of  the  transfinite  :  we  have  seen  that  they  are  not  an  isolated  few, 
but  can  be  manufactured  in  any  required  number  by  a  recipe ;  we  have 
seen  that  all  of  them  belong  to  a  certain  definite  type,  and  we  have  seen 
that  none  of  them  are  essentially  arithmetical,  but  all  belong  to  logic,  and 
are  to  be  solved,  therefore,  by  some  change  in  current  logical  assumptions. 
I  propose,  in  this  section,  to  consider  three  different  directions  in  which 
such  a  change  may  be  attempted.  I  shall  endeavour  to  set  forth  the 
advantages  and  disadvantages  of  each  of  the  three,  without  deciding  in 
favour  of  any  one  of  them. 

What  is  demonstrated  by  the  contradictions  we  have  considered  is 
broadly  this :  '*  A  propositional  function  of  one  variable  does  not  always 
determine  a  class. "^ 

In  view  of  this  fact,  it  is  open  to  us,  prima  facie,  to  adopt  one  or  other 
of  two  theories.  We  may  decide  that  all  ordinary  straightforward  propo- 
sitional functions  of  one  variable  determine  classes,  and  that  what  is  needed 
is  some  principle  by  which  we  can  exclude  the  complicated  cases  in  which 
there  is  no  class.  In  this  view,  the  state  of  things  is  like  that  in  the 
differential  calculus,  where  every  commonplace  continuous  function  has  a 
derivative,  and  only  rather  complicated  and  recondite  functions  have  to 
be  excluded.  The  other  theory  which  suggests  itself  is  that  there  are  no 
such  things  as  classes  and  relations  and  functions  as  entities,  and  that 
the  habit  of  talking  of  them  is  merely  a  convenient  abbreviation. 

The  first  of  these  two  theories  itself  divides  into  two,  according  as  we 
hold  that  what  classes  have  to  avoid  is  excessive  size,  or  a  certain  charac- 
teristic which  we  may  call  zigzagginess.  Of  these,  the  second  is  the  more 
conBervative,  i.e.,  it  preserves  more  of  the  theory  of  the  transfinite  than 
the  first.  Both  preserve  more  of  it  than  does  the  theory  that  there  are 
no  such  things  as  classes.  I  shall  consider  these  three  theories  in  the 
following  order,  and  by  the  following  names  : — 

A.  The  zigzag  theory. 

B.  The  theory  of  limitation  of  size. 

C.  The  no  classes  theory. 


*  Here  it  is  to  be  understood  that  the  arguments  which  show  that  there  is  not  always  a 
olaas  also  show  that  there  is  not  always  a  separable  entity  which  is  the  propositional  function  (as 
opposed  to  its  value)  ;  also  that  some  propositional  functions  of  two  variables  do  not  determine  a 
relation  either  in  intension  or  in  extension,  if  we  mean  by  a  relation  a  separable  entity  which 
ctsk  be  oonsidered  apart  from  related  terms. 
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A.  The  Zigzag  Theory, 

Each  of  the  three  theories  can  be  recommended  as  plausible  by  the 
help  of  certain  a  priori  logical  considerations.  In  the  zigzag  theory,  we 
start  from  the  suggestion  that  prepositional  functions  determine  classes 
when  they  are  fairly  simple,  and  only  fail  to  do  so  when  they  are  com- 
plicated and  recondite.  If  this  is  the  case,  it  cannot  be  bigness  that  makes 
a  class  go  wrong  ;  for  such  prepositional  functions  as  '^  x  is  not  a  man  " 
have  an  exemplary  simplicity,  and  are  yet  satisfied  by  all  but  a  finite 
number  of  entities.  In  this  theory,  as  well  as  in  the  theory  of  limitation 
of  size,  we  define  a  predicative  prepositional  function  as  one  which  de- 
termines a  class  (or  a  relation,  if  it  contains  two  variables) ;  thus  in  the 
zigzag  theory  the  negation  of  a  predicative  function  is  always  predicative. 
In  other  words,  given  any  class  u,  all  the  terms  which  are  not  members  of 
u  form  a  class  which  may  be  called  the  class  noi-u. 

If  now  ^ !  a;  is  a  non-predicative  function,  it  follows  that,  given  any 
class  u,  there  must  either  be  members  of  u  for  which  f> !  x  is  false,  or 
members  of  not-w  for  which  ^!  a;  is  true.  (For,  if  not,  ^!  x  would  be  true 
when,  and  only  when,  a;  is  a  member  of  w ;  so  that  ^!  x  would  be  predic- 
ative.) It  thus  appears  that  ^!  x  fails  to  be  predicative  just  as  much  by 
the  terms  it  does  not  include  as  by  the  terms  it  does.  Again,  given 
any  class  Uy  the  property  ^ !  x  belongs  either  to  some,  but  not  all,  of 
the  members  of  u,  or  to  some,  but  not  all,  of  the  members  of 
not-w.  This  is  the  zigzag  property  which  gives  its  name  to  the  theory 
we  are  considering.  This  theory  is  specially  suggested  by  the  argu- 
ment of  Cantor's  proof  that  there  is  no  greatest  cardinal.  This  proof, 
as  we  have  already  seen,  constructs  a  would-be  class  w  by  the  norm  ''  x  is 
not  a  member  of  the  class  with  which  it  is  correlated  by  the  relation  iJ," 
where  i2  is  a  relation  which  correlates  individuals  with  classes.  Such 
would-be  classes,  as  we  saw,  are  very  apt  to  be  not  classes,  and  they  all 
have  a  certain  zigzag  quality,  in  the  fact  that  x  is  a  t^  when  x  is  not  a 
member  of  its  correlate,  and  is  not  a  w  when  a;  is  a  member  of  its 
correlate. 

The  full  development  of  this  theory  requires  axioms  as  to  the  kinds  of 
fimctions  that  are  predicative.  It  has  the  great  advantage  that  it  admits 
as  predicative  all  functions  which  can  be  stated  simply,  and  only  excludes 
such  complicated  cases  as  might  well  be  supposed  to  have  strange 
properties.* 

The  principal  objection  to  this  theory,  so  far  as  it  is  at  present  de- 


*  For  suggestions  of  a  solution  more  or  less  on  the  aboye  lines,  see  my  Frineiplu  of  Math«~ 
matiet,  {{  103,  104. 
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yeloped,  is  that  the  axioms  as  to  what  functions  are  predicative  have  to 
be  exceedingly  complicated,  and  cannot  be  recommended  by  any  intrinsic 
plausibility.  This  is  a  defect  which  might  be  remedied  by  greater  in- 
genuity, or  by  the  help  of  some  hitherto  unnoticed  distinction.  But 
hitherto,  in  attempting  to  set  up  axioms  for  this  theory,  I  have  found  no 
guiding  principle  except  the  avoidance  of  contradictions ;  and  this,  by 
itself,  is  a  very  insufficient  principle,  since  it  leaves  us  always  exposed  to 
the  risk  that  further  deductions  will  elicit  contradictions.  The  general 
postulate,  that  predicative  propositional  functions  must  have  a  certain 
simplicity,  does  not  lend  itself  readily  to  the  decision  whether  this  or  that 
propositional  function  has  the  requisite  degree  of  simplicity.  Nevertheless, 
since  these  difficulties  are  all  such  as  further  research  might  conceivably 
remove,  the  theory  is  not  to  be  rejected  wholly,  but  is  rather  to  be  re- 
tained as  one  of  those  that  are  possible.  Speaking  broadly,  one  may  say 
that  it  applies  better  to  cardinal  than  to  ordinal  contradictions :  it  deals 
more  readily  with  such  difficulties  as  that  of  the  class  of  classes  which  are 
not  members  of  themselves  than  with  such  difficulties  as  that  of  Burali- 
Forti. 

The  zigzag  theory,  in  some  form  or  other,  is  that  assumed  in  the 
definitions  of  cardinal  and  ordinal  numbers  as  classes  of  classes  (if 
numbers  are  supposed  to  be  entities).  For  all  these  classes  of  classes,  if 
they  are  legitimate,  must  contain  as  many  members  as  there  are  entities 
altogether ;  hence,  if  bigness  makes  classes  go  wrong,  as  we  suppose  in 
the  **  limitation  of  size  '*  theory,  cardinals  and  ordinals  so  defined  will 
be  illegitimate  classes.  Dr.  Hobson  has  various  criticisms  on  these  defin- 
itions of  cardinals  and  ordinals ;  but  on  the  zigzag  theory  his  criticisms 
can,  I  think,  be  all  satisfactorily  met. 

Dr.  Hobson  says^  :  ''It  has  been  seen  that  the  assumptions  that 
an  ordered  aggregate  possesses  a  definite  order  type  and  a  definite  cardinal 
number,  which  can  be  treated  as  objects,  lead  to  the  contradiction  pointed 
out  by  Burali-Forti."  This  statement  seems  to  me  somewhat  too  sweep- 
ing. It  is  quite  open  to  us  to  hold  every  ordered  aggregate  possesses 
a  definite  cardinal  number,  and  that  every  ordered  aggregate  which  is 
ordinally  similar  to  a  segment  of  the  ordinals  in  order  of  magnitude 
possesses  a  definite  ordinal  number.  All  that  Burali-Forti's  contradiction 
forces  us  to  admit  is  that  there  is  no  maxim/um  ordinal,  i.^.,  that  the  func- 
tion ''  a  and  )3  are  ordinal  numbers,  and  a  is  less  than  )8  "  and  all  other 
functions  ordinally  similar  to  this  one  are  non -predicative.  In  the  same 
way  the  difficulty  of  the  greatest  cardinal  is  met  by  denying  that  the 

♦  p.  176,  beginning  of  No.  6. 
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defining  functions  of  Cantor's  omitted  classes  are  predicative  in  certain 
cases.  Thus  we  conclude  that  in  this  theory  there  is  a  greatest  cardinal, 
but  there  is  no  greatest  ordinal ;  in  each  case  contradictions  are  avoided 
by  regarding  certain  functions  as  not  predicative. 

Dr.  Hobson  distinguishes  two  methods  of  establishing  the  existence 
of  a  class  of  mathematical  entities :  the  genetic  method  and  the  method 
by  postulation.  He  rejects  the  former,  as  regards  cardinals  and  ordinals ; 
but  he  seems  not  to  perceive  that  this  can  only  be  done  by  recognizing 
that  there  may  be  no  class  even  where  there  is  a  perfectly  definite  norm. 
From  his  No.  2  one  would  suppose  that  he  regards  the  norm  as  a 
sufficient  condition  for  the  class  ;  yet,  later  on,  he  refuses  to  admit 
classes  which  are  defined  by  unimpeachable  norms.  It  seems  hardly 
correct  to  say,  as  he  does :  ''  In  the  genetic  method,  as  applied  to  the 
construction  of  the  whole  series  of  ordinal  members,  this  notion  of 
correspondence  plays  no  part."  (No.  6,  p.  177.)  It  is  the  notion  of 
correspondence  which  defines  the  class  of  relations  constituting  an 
ordinal  number ;  this  class  consists  of  all  the  relations  which  are  like  *  a 
certain  given  relation.  "  The  existence  of  a  number,"  he  truly  says,  "  is 
constantly  inferred  from  that  of  a  single  unique  ordered  aggregate."  (lb.) 
But  there  can  be  no  objection  to  this  procedure,  unless  on  the  ground 
that,  when  P  is  given,  "  Q  is  like  P  "  is  not  predicative  in  respect  of  Q. 
It  is,  of  course,  very  easy  to  prove,  when  we  have  one  series  of  a 
certain  type,  that  there  are  an  infinite  number  of  series  of  the  same 
type.  To  do  this  we  need  only  substitute  other  terms  for  the  terms  of 
our  series.  Suppose,  e.g.,  our  series  is  composed  of  numbers.  We  may 
substitute  Socrates  for  any  terms  of  our  series ;  this  will  give  as  many 
new  series  of  the  same  type  as  there  are  terms  in  the  given  series.  If 
our  series  is  infinite,  we  can  obtain  Kq  series  of  the  same  type  by 
merely  knocking  off  terms  at  the  beginning  ;  and  so  on.  Thus,  if 
multiplicity  of  series  of  a  given  type  is  desired,  there  is  no  difficulty 
in  obtaining  as  many  series  of  the  given  type  as  there  are  entities 
altogether,  i.e.,  the  maximum  cardinal  number  of  series  of  the  given 
type.  (For,  instead  of  Socrates,  we  may  substitute  any  other  term  not 
occurring  in  our  series.)  Thus  it  is  not  the  case  that  the  genetic  method 
involves  ''the  setting  up  of  a  scale  of  standards,  to  which  standards 
no  aggregates  not  consisting  of  the  preceding  numbers  conform  "  (No.  6, 
p.  179),  though  I  do  not  see  what  harm  there  would  be  if  this  were  the 
case. 


*  I  use  like  to  mean  ordinally  nmilar  to.    For  the  predae  definition  of.  Hinciples  of  Mmthg^ 
matict,  §  253. 
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The  same  remark  applies  to  the  criticism  (No.  7,  p.  179)  of  the 
definition  of  a  cardinal  as  a  class  of  similar  classes.*  It  is  very  easy 
to  show  that  the  number  of  classes  similar  to  the  class  of  numbers 
from  0  to  n  is  as  great  as  the  total  number  of  entities;  and,  even 
if  no  other  class  were  similar  to  this  class,  that  would  not,  so  far 
as  I  can  see,  constitute  any  objection.  The  number  n+1  would,  in 
that  case,  be  the  class  whose  only  member  is  the  class  of  numbers 
from  0  to  n. 

Dr.  Hobson  explains  that  his  opinion  and  mine  are  at  variance 
as  to  the  definition  of  cardinals  because  I,  unlike  him,  ''regard  the 
activities  of  the  mind  as  irrelevant  in  questions  of  existence  of  entities " 
(No.  7,  p.  180).  This  is  a  philosophical  difference,  and,  like  all  philo- 
sophical differences,  it  ought  not  to  be  allowed  to  affect  the  detail  of 
mathematics,  but  only  the  interpretation.  Mathematics  would  be  in 
a  bad  way  if  it  could  not  proceed  until  the  dispute  between  idealism  and 
realism  has  been  settled.  When  a  new  entity  is  introduced.  Dr.  Hobson 
regards  the  entity  as  created  by  the  activity  of  the  mind,  while  I  regard 
it  as  merely  discerned ;  but  this  difference  of  interpretation  can  hardly 
affect  the  question  whether  the  introduction  of  the  entity  is  legitimate 
or  not,  which  is  the  only  question  with  which  mathematics,  as  opposed 
to  philosophy,  is  concerned. 

There  is  another  passage  in  No  7  (p.  179)  which  calls  for  explanations, 
namely,  the  following : — **  Eussell  objects  to  the  conception  of  a  number 
as  the  conmion  characteristic  of  a  family  of  equivalent  aggregates  on 
the  ground  that  there  is  no  reason  to  think  that  such  a  single  entity 
exists  with  which  the  aggregates  have  a  special  relation,  but  that  there 
may  be  many  such  entities.  The  mind  does,  however,  in  point  of  fact, 
in  the  case  of  finite  aggregates  at  least,  recognize  the  existence  of  such 
single  entity,  the  number  of  the  aggregates ;  and  this  is  a  valid  result  of 
our  mental  activity,  subject  to  the  law  of  contradiction." 

In  the  first  place,  it  is  not  merely  the  case  that  *'  there  may  be  many 
such  entities,"  but  that  there  demonstrably  are  as  many  as  there  are 
entities  altogether.  Given  any  many-one  relation  having  the  property 
that  when,  and  only  when,  u  and  v  are  similar  classes,  there  is  an 
entity  a  to  which  both  u  and  v  have  the  relation  S,  the  converse  domain 
of  S  (i.e.,  the  terms  to  which  classes  have  the  relation  S)  will  have  all 
the  formal  properties  of  cardinal  numbers,  t     Now,  if  there  is  one  such 


•  ThiB  definition  is  due  to  Frege.  See  his  Grundlagen  der  Arithmttiky  Brealau,  1884, 
pp.  79,  86. 

t  For  a  deyelopment  of  this  point  of  view  see  {2  of  '*La  Log^qne  des  Relations," 
lUvue  de  Mathematiques,  Vol.  vn. 
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relation  as  8,  it  is  very  easy  to  prove  that  there  are  as  many  as  there 
are  entities  altogether  ;  and,  if  there  is  no  such  relation  as  8y  then 
there  are  no  such  entities  as  cardinal  numbers.  (There  might  be'cardinal 
numbers  for  some  classes  and  not  for  others,  if  there  was  a  relation 
such  as  S  which  had  some  classes  in  its  domain,  but  no  relation  such 
as  S  which  had  all  classes  in  its  domain.) 

The  supposition  that  there  is  no  such  relation  as  S  is  disproved  by 
the  fact  that  the  relation  of  a  class  to  the  class  of  all  classes  similar 
to  it  has  the  properties  we  wish  S  to  have.  This  disproof  is  rejected  by 
Dr.  Hobson,  since  he  considers  that  it  involves  improper  classes.  His 
position  seems  to  be  that,  at  least  in  the  case  of  finite  aggregates,  ''  the 
mind  **  immediately  recognizes  a  certain  relation  of  the  sort  required. 
The  simplest  formal  statement  of  this  point  of  view  is,  roughly,  as 
follows  : — 

In  beginning  cardinal  arithmetic  we  introduce  a  new  indefinable  8^ 
concerning  which  we  lay  down  the  indemonstrable  properties  :  * 

(1)  S  is  a  many-one  relation  ; 

(2)  Every  finite  class  (and,  presumably,  some  infinite  classes) 
have  the  relation  8  to  some  term  ; 

(3)  When,  and  only  when,  two  finite  classes  (and,  presumably, 
some  pairs  of  infinite  classes)  are  similar  they  both  have  the 
relation  8  to  the  same  term  ; 

(4)  Things  which  are  not  classes  do  not  have  the  relation  8  to 
anything. 

The  reason  that  8  has  to  be  indefinable  and  the  above  propositions 
indemonstrable  is  that,  if  we  regard  the  above  propositions  as  giving 
a  definition  of  8  "by  postulates,"  they  do  not  determine  S,  since  an 
infinite  number  of  relations  (if  any)  fulfil  the  above  conditions,  and 
every  entity  will,  for  a  suitable  8,  be  the  cardinal  number  (in  respect 
of  that  8)  of  some  class  which  has  a  cardinal  number.  Moreover,  the 
recognition  by  "the  mind,"  which  Dr.  Hobson  speaks  of,  is  precisely 
the  process  of  introducing  an  indefinable.  It  is  a  process  of  which,  in 
certain  cases,  I  fully  recognize  the  validity  and  the  necessity  ;  but 
indefinables  and  indemonstrables  are  to  be  diminished  in  number  as  much 
as  possible,  t      Moreover,  in  the  case  supposed,  where  Dr.  Hobson  says 


*  It  is  probably  possible  to  simplify  the  statement  of  these  indemonstrablee. 

t  This  is  merely  the  truism  with  which  Dedekind  beg^ins  **  Was  sind  und  was  soIleiLdie 
Zahlen,"  namely :  *'  Was  beweisbar  ist,  soU  in  der  WisBensohaft  nioht  ohne  Beweis  geglaubi 
werden." 
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that  "  the  mind  "  recognizes  such  entities,  I  am  unable  to  agree :  if  he 
said  **  my  mind,"  I  should  have  taken  his  word  for  it ;  but,  personally, 
I  do  not  perceive  such  entities  as  cardinal  numbers,  unless  as  classes  of 
similar  classes. 

B.   The  Theory  of  Limitation  of  Size. 

This  theory  is  naturally  suggested  by  the  consideration  of  Burali- 
Forti's  contradiction,  as  well  as  by  certain  general  arguments  tending 
to  show  that  there  is  not  (as  in  the  zigzag  theory)  such  a  thing  as  the 
class  of  all  entities.  This  theory  naturally  becomes  particularized  into 
the  theory  that  a  proper  class  must  always  be  capable  of  being  arranged 
in  a  well-ordered  series  ordinally  similar  to  a  segment  of  the  series  of 
ordinals  in  order  of  magnitude ;  this  particular  limitation  being  chosen 
so  as  to  advoid  Burali-Forti's  contradiction.*  We  still  have  the  dis- 
tinction of  predicative  and  non-predicative  functions  ;  but  the  test  of 
predicativeness  is  no  longer  simplicity  of  form,  but  is  a  certain  limit- 
ation of  size.  In  this  theory,  if  i^  is  a  class,  "  x  is  not  a  member  of  u  " 
is  always  non-predicative  ;   thus  there  is  no  such  class  as  not  u. 

The  reasons  recommending  this  view  are,  roughly,  the  following  : — ^We 
saw,  in  the  first  part  of  this  paper,  that  there  are  a  number  of  processes, 
of  which  the  generation  of  ordinals  is  one,  which  seem  essentially  in- 
capable of  terminating,  although  each  process  is  such  that  the  class  of 
all  terms  generated  by  it  (or  a  function  of  this  class)  ought  to  be  the 
last  term  generated  by  that  process.  Thus  it  is  natural  to  suppose  that 
the  terms  generated  by  such  a  process  do  not  form  a  class.  And,  if  so, 
it  seems  also  natural  to  suppose  that  any  aggregate  embracing  all  the 
terms  generated  by  one  of  these  processes  cannot  form  a  class.  Con- 
sequently there  will  be  (so  to  speak)  a  certain  limit  of  size  which  no 
class  can  reach ;  and  any  supposed  class  which  reaches  or  surpasses  this 
limit  is  an  improper  class,  i.e.,  is  a  non-entity.  The  existence  of  self- 
reproductive  processes  of  this  kind  seems  to  make  the  notion  of  a  totality 
of  all  entities  an  impossible  one ;  and  this  tends  to  discredit  the  zigzag 
theory,  which  admits  the  class  of  all  entities  as  a  valid  class. 

This  theory  has,  at  first  sight,  a  great  plausibility  and  simplicity, 
and  I  am  not  prepared  to  deny  that  it  is  the  true  solution.  But  the 
plausibility  and  simplicity  tend  rather  to  disappear  on  examination. 

Let    us    first   recall    the    generalizations    of   Burali-Forti's    contra- 


*  This  view  has  been  adyocated  by  Jourdain,  *'  On  the  Transfinite  Cardinal  Numbers  of 
Well-oirdered  Ag^gregatee,"  No.  4,  Fhil.  Mag,,  January,  1904 ;  also  '*  On  Transfinite  Cardinal 
Numben  of  the  Exponential  Form,"  Phil,  Mag.,  January,  1905. 
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diction  which  we  obtained  in  the  first  part  of  this  paper.  The  funda- 
mental proposition  is  :  "  Given  a  property  ^  and  a  function  /  such 
that,  if  ^  belongs  to  all  the  members  of  any  class  u,  then  f'u  always 
exists  and  has  the  property  ^,  but  is  not  a  member  of  u,  it  follows  that 
either  </>  is  non-predicative  or,  if  ^  is  predicative  and  determines  the 
class  w,  then  f*w  does  not  exist." 

The  theory  of  limitation  of  size  neglects  the  second  alternative  (that 
f^w  may  not  exist),  and  decides  for  the  first  (that  <p  is  not  predicative). 
Thus,  in  the  case  of  the  series  of  ordinals,  the  second  alternative  is 
that  the  whole  series  of  ordinals  has  no  ordinal  number,  which  is 
equivalent  to  denying  the  predicativeness  of  **  a  and  fi  are  ordinal 
numbers,  and  a  is  less  than  )8."  The  adoption  of  this  alternative  would 
enable  us  to  hold  that  all  ordinals  do  form  a  class,  and  yet  there  is 
no  greatest  ordinal.  But  the  theory  in  question  rejects  this  alternative, 
and  decides  that  the  ordinals  do  not  form  a  class.  The  only  case  in 
which  this  is  the  only  alternative  is  when  f^u  is  u  itself ;  otherwise  we 
always  have  a  choice. 

A  great  difficulty  of  this  theory  is  that  it  does  not  tell  us  how  far  up 
the  series  of  ordinals  it  is  legitimate  to  go.  It  might  happen  that  co 
was  already  illegitimate :  in  that  case  all  proper  classes  would  be  finite. 
For.  in  thL  case,  a  series  ordinally  similar  to  a  segment  of  the  series 
of  ordinals  would  necessarily  be  a  finite  series.  Or  it  might  happen  that 
a?  was  illegitimate,  or  ccf^  or  coi  or  any  other  ordinal  having  no  immediate 
predecessor.  We  need  further  axioms  before  we  can  tell  where  the  series 
begins  to  be  illegitimate.  For,  in  order  that  an  ordinal  a  may  be 
legitimate,  it  is  necessary  that  the  propositional  function  ''  ^  and  y  are 
ordinal  numbers  less  than  a,  and  )8  less  than  y  "  should  be  predicative. 
(Here,  of  course,  "  less  than  a  "  must  be  replaced  by  some  property  not 
involving  a,  but  such  that,  if  a  is  legitimate,  the  property  is  equivalent 
to  being  less  than  a.)  But  our  general  principle  does  not  tell  us  under 
what  circumstances  such  a  function  is  predicative. 

It  is  no  doubt  intended  by  those  who  advocate  this  theory  that  all 
ordinals  should  be  admitted  which  can  be  defined,  so  to  speak,  from 
below,  i.e.,  without  introducing  the  notion  of  the  whole  series  of  ordinals. 
Thus  they  would  admit  all  Cantor's  ordinals,  and  they  would  only  avoid 
admitting  the  maximum  ordinal.  But  it  is  not  easy  to  see  how  to  state 
such  a  limitation  precisely :  at  least,  I  have  not  succeeded  in  doing  sol 
The  merits  of  this  theory,  therefore,  would  seem  to  be  less  than  they 
at  first  appear  to  be. 
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C.  The  No  Classes  Theory. 

In  this  theory  classes  and  relations  are  banished  altogether.*  It  is 
not  necessary  to  the  theory  to  assume  that  no  functions  determine 
classes  and  relations  ;  all  that  is  essential  to  the  theory  is  to  abstain 
from  assuming  the  opposite.  This  is  the  strong  point  of  the  theory  we 
are  now  to  consider :  the  theory  is  constituted  merely  by  abstinence 
from  a  doubtful  assumption,  and  thus  whatever  of  mathematics  it  permits 
us  to  obtain  is  indubitable  in  a  way  which  anything  involving  classes 
or  relations  cannot  be.  The  objections  to  the  theory  are  (1)  that  it 
seems  obvious  to  common  sense  that  there  are  classes ;  (2)  that  a  great 
part  of  Cantor's  theory  of  the  transfinite,  including  much  that  it  is  hard 
to  doubt,  is,  so  far  as  can  be  seen,  invalid  if  there  are  no  classes  or 
relations  ;  (8)  that  the  working  out  of  the  theory  is  very  complicated, 
and  is  on  this  account  likely  to  contain  errors,  the  removal  of  which 
would,  for  aught  we  know,  render  the  theory  inadequate  to  yield  the 
results  even  of  elementary  arithmetic. 

To  explain  fully  how  this  theory  is  to  be  developed  would  take  too 
much  space.  Some  of  its  main  points  may,  however,  be  briefly  set 
forth. 

Instead  of  a  function  <p !  x^  where  the  notation  inevitably  suggests 
the  existence  of  something  denoted  by  **</>,*'  we  proceed  as  follows: — 
Let  p  be  any  proposition,  and  a  a  constituent  of  p.  (We  may  say  broadly 
that  a  is  a  constituent  of  ^  if  a  is  mentioned  in  stating  p.)     Then  let 

**p  — "  denote  what  p  becomes  when  x  is  substituted  for  a  in  the  place 

or  places  where  a  occurs  in  p.  For  different  values  of  x  this  will  give  us 
what  we  have  been  accustomed  to  call  different  values  of  a  propositional 
function.     In  place  of  </>  we  have  now  two  variables,  p  and  a :    in  respect 

to  the  different  values  of  p  — ,   we  may  call  p  the  prototype  and  a  the 

origin  or  initial  subject.     (For  a  may  be  taken  as  being,  in  a  generalized 

sense,  the  subject  of  p.)     Consider  now  such  a  statement  as   **p —  is 

a 

true  for  all  values  ot  x.**     Let  6  be  an  entity  which  is  not  a  constituent 

b  X 

of  jp,  and  put  q  =^  p  — ;  then  **  g  -r-   is   true   for  all   values  of  x "    is 

a  0 


*  It  mnBt  be  understood  that  the  postulate  of  the  existenoe  of  classes  and  relations  is  exposed 
to  the  same  arg^oments,  pro  and  eon.,  as  the  existence  of  propositional  functions  as  separable 
entities  distinct  from  all  their  values.  Thus,  in  the  theory  we  are  considering',  anything  said 
about  a  propositional  function  is  to  be  regarded  as  a  mere  abbreviation  for  a  statement  about 
some  or  all  of  its  values. 
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equivalent  to   "^ —  is   true   for   all   values   of  x."      Thus,   subject   to 

a  certain  reservation,  the  statement  **  p  —  is  true  for  all  values  of  x  '* 

a 

is  independent  of  the  initial  subject  a,  and  thus  may  be  said  to  depend 
only  upon  the  form  of  p*  Statements  of  this  sort  replace  what  would 
otherwise  be  statements  having  propositional  functions  for  their  argu- 
ments. For  example,  instead  of  "^  is  a  unit  function"  (i.e.,  "There 
is  one,  and  only  one,  x  for  which  ^!  a;  is  true"),  we  shall  have  "  There 

or 

is  an  entity  b  such  that  p  —  is  true  when,  and  only  when,  x  is  identical 

with  6."  There  will  not  now  be  any  such  entity  as  the  number  1  in 
isolation ;   but  we  shall  be  able  to  define  what  we  mean  by  ''  One,  and 

or 

only  one,  proposition  of  the  type  p  —  (for  a  given  p  and  a)  is  true." 

CL 

Instead  of  saying  ''  The  class  i^  is  a  class  which  has  only  one  member," 
we  shall  say  (as  above)  **  There  is  an  entity  b  such  that  p  —  is  true  when, 


a 


X 

and  only  when,  x  is  identical  with  6."    Here  the  values  of  x  for  which  p  — 

is  true  replace  the  class  u ;  but  we  do  not  assume  that  these  values 
collectively  form  a  single  entity  which  is  the  class  composed  of  them. 

There  is  not  much  difficulty  in  re-wording  most  definitions  so  as 
to  fit  in  with  the  new  point  of  view.  But  now  the  existence  theorems 
become  hard  to  prove.  We  can  manufacture  enough  different  propositions 
to  show  what  is  now  equivalent  to  the  existence  of  <o  and  k^,  though 
the  process  is  cumbrous  and  artificial.  We  shall  be  able,  by  con- 
tinuing a  similar  process,  to  prove  the  existence  of  various  transfinite 
ordinal  types.  But  we  shall  not  be  able  to  prove  the  existence  of  all 
the  usual  ordinal  types.  I  do  not  know  at  what  point  the  series  begins 
to  be  non-existent;  but  I  cannot  at  present,  in  this  method,  prove  the 
existence  of  coi  or  Wj,  which  must  therefore  be  considered  for  the 
moment  as  undemonstrated. 

I  hope  in  future  to  work  out  this  theory  to  the  point  where  it  will 
appear  exactly  how  much  of  mathematics  it  preserves,  and  how  much  it 
forces  us  to  abandon.  It  seems  fairly  clear  that  ordinary  arithmetic, 
analysis,  and  geometry,  and,  indeed,  whatever  does  not  involve  the  later 


*  The  reseryation  is  merely  that  the  initial  subject  must  not  occur  in  the  prototype  except 
in  the  places  which  we  wish  to  be  variable.  For  example,  if  our  prototype  is  '*  3  >  2,"  and  our 
initial  subject  is  3,  the  substitution  of  x  for  3  gives  *';r>2."  But,  if  we  now  take  2  as  our 
initial  subject,  so  that  our  prototype  is  **  2>  2,"  the  substitution  of  x  g^ves  *^x>x,"  which  is 
not  the  propositional  function  we  want. 
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transfinite  numbers,  can  be  stated,  though  in  a  roundabout  and  difficult 
way,  without  the  use  of  classes  and  relations  as  independent  entities. 
A  certain  amount,  also,  of  transfinite  arithmetic  can  be  preserved  ; 
but  it  is  not  easy  to  discover  how  much.  The  theory  is  safe,  but 
drastic ;  and,  if,  in  fact,  there  are  classes  and  relations,  it  is  unnecessarily 
difficult  and  complicated.  For  the  present,  therefore,  it  may  be  accepted 
as  one  way  of  avoiding  contradictions,  though  not  necessarily  the 
way. 

III. 

I  come  now  to  the  second  of  our  difficulties,  namely,  the  doubt  as 
to  the  truth  of  Zermelo's  axiom.  This  is  dealt  with  by  Dr.  Hobson  in 
his  Nos.  10  and  11,  with  which  I  find  myself  in  complete  agreement.* 

All  that  I  wish  to  do  is  to  state  the  question  in  various  forms,  and  to 
point  out  some  of  its  bearings.  I  shall  assume  the  existence  of  classes 
and  relations,  for  the  sake  of  simplicity  of  statement.  The  difficulty  is 
of  a  different  kind,  and  is  more  easily  apprehended  by  this  form  of  state- 
ment. 

Zermelo's  axiom  asserts  the  possibility  of  picking  out  one  from  each 
of  the  classes  contained  in  a  given  class  (excepting  the  null  class) .  It  has 
hitherto  been  commonly  assumed  by  mathematicians,  and  Zermelo  has 
the  merit  of  explicitly  mentioning  the  assumption.  The  axiom  may  be 
stated  as  follows  : — "  Given  any  class  w,  there  is  a  function  f*u  such  that, 
if  t^  is  an  existent  t  class  contained  in  Wy  then  f*u  is  a  member  of  t^." 
That  is,  the  axiom  asserts  that  we  can  find  some  rule  by  which  to  pick  out 
one  term  from  each  existent  class  contained  in  w.  The  axiom  may  also  be 
stated  :  ''  Given  a  set  k  of  all  existent  classes  contained  in  a  certain  class 
iVf  there  is  a  many-one  relation  By  whose  domain  is  A,  which  is  such  that, 
if  i^  is  a  member  of  i,  the  term  to  which  u  has  the  relation  i2  is  a  member 
of  tt."  The  axiom  can  be  stated  in  a  form  which  does  not  involve  classes, 
functions,  or  relations,  but  I  shall  not  give  this  form  of  statement,  as  its 
complication  makes  it  almost  unintelligible. 

A  simple  illustration  may  serve  to  show  the  nature  of  the  difficulty  as 
regards  this  axiom,  and  to  introduce  the  analogous  *'  multiplicative  axiom." 
Given  Kq  pairs  of  boots,  let  it  be  required  to  prove  that  the  number 
of  boots  is  even.     This  will  be  the  case  if  all  the  boots  can  be  divided  into 

*  Though  I  do  not  agree  with  his  special  criticism  of  Mr.  Gr.  H.  Hardy  in  No.  12, 
according  to  which  the  second  fig^nre  in  Mr.  Hardy's  sequences  **  would  have  indefinitely  great 
Talues  for  all  numbers  fi  of  the  second  class,  and  thus  that  for  sufficiently  g^reat  ordinal  numbers 
of  the  second  class  the  corresponding  sequences  can  have  no  existence." 

t  An  existent  class  is  a  class  having  at  least  one  member. 
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two  classes  which  are  mutually  similar.  If  now  each  pair  has  the  right 
and  left  boots  different,  we  need  only  put  all  the  right  boots  in  one  class, 
and  all  the  left  boots  in  another :  the  class  of  right  boots  is  similar  to  the 
class  of  left  boots,  and  our  problem  is  solved.  But,  if  the  right  and  left 
boots  in  each  pair  are  indistinguishable,  we  cannot  discover  any  property 
belonging  to  exactly  half  the  boots.  Hence  we  cannot  divide  the  boots 
into  two  equal  parts,  and  we  cannot  prove  that  the  number  of  them  is 
even.  If  the  number  of  pairs  were  finite,  we  could  simply  choose  one  out 
of  each  pair ;  but  we  cannot  choose  one  out  of  each  of  an  infinite  number 
of  pairs  unless  we  have  a  rule  of  choice,  and  in  the  present  case  no  rule 
can  be  found. 

The  problem  involved  in  the  above  illustration  raises  grave  difficulties 
in  regard  to  many  elementary  theorems  about  multiplication  of  cardinals. 
Multiplication  has  been  defined  as  follows  by  Mr.  A.  N.  Whitehead : — * 

Let  A;  be  a  set  of  classes  no  two  of  which  have  any  common  terms. 
Then  we  define  the  "  multiplicative  class  of  k  "  (denoted  by  X  'k)  as  the 
class  formed  by  picking  one  and  only  one  term  out  of  each  class  belonging 
to  k,  and  doing  this  in  all  possible  ways.  That  is,  one  member  of  X  ^k  is 
a  class  consisting  of  one  member  of  each  class  belonging  to  k.  Then  the 
number  of  terms  in  X^k  is  defined  to  be  the  product  of  the  numbers 
of  the  various  classes  belonging  to  k.  This  definition  is  perfectly 
satisfactory  when  the  nimiber  of  classes  which  are  members  of  k  is  finite, 
and  also  when  each  class  which  is  a  member  of  k  has  some  peculiar  term 
(for  example,  if  each  is  given  as  a  well-ordered  series,  and  we  can  pick  out 
the  first  term).  But  in  other  cases  it  is  not  obvious  that  there  is  any  rule 
by  which  we  can  pick  out  just  one  term  of  each  member  of  k^  and  there- 
fore it  is  not  obvious  that  X  *k  has  any  members  at  all.  Hence,  as  far  as 
the  definition  shows,  the  product  of  an  infinite  number  of  factors  none 
of  which  is  zero  might  be  zero.  Thus,  in  the  case  of  the  boots,  we 
wished  to  pick  out  one  boot  from  each  pair,  but  we  could  find  no  rule  by 
which  this  was  to  be  done. 

What  is  required  is  not  that  we  should  actually  be  able  to  pick  out  one 
term  from  each  class  which  is  a  member  of  k,  but  that  there  should  be 
(whether  we  can  specify  it  or  not)  at  least  one  class  composed  of  one  term 
from  each  member  of  k.  It  there  is  one,  there  must  be  many,  unless  all 
the  members  of  k  are  unit  classes ;  for,  given  one  such  class,  if  t^  is  a 
member  of  A;,  and  x  is  the  member  of  u  which  is  picked  out,  we  can 
substitute  for  x  any  other  member  of  u — say  y — and  we  still  have  a 
member  of   X  *k.     Thus  the  axiom  we  need  may  be  stated :  *^  Given  a 


*  American  Journal  of  Mathetnatia,  October,  1902. 
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mutually  exclusive  set  of  classes  i,  no  one  of  which  is  null,  there  is  at 
least  one  class  composed  of  one  term  out  of  each  member  of  i." 

This  axiom  is  more  special  than  Zermelo's  axiom.  It  can  be  deduced 
from  Zermelo's  axiom  ;  but  the  converse  deduction,  though  it  may  turn  out 
to  be  possible,  has  not  yet,  so  far  as  I  know,  been  effected.  I  shall  call 
this  the  multiplicative  axiom. 

The  multiplicative  axiom  has  been  employed  constantly  in  proofs  of 
theorems  concerning  transfinite  numbers.  It  is  open  to  everybody,  as  yet, 
to  accept  it  as  a  self-evident  truth,  but  it  remains  possible  that  it  may 
turn  out  to  be  capable  of  disproof  by  redicctio  ad  absurdum.  It  may  also, 
of  course,  be  capable  of  proof,  but  that  is  far  less  probable.  A  class  of 
classes  of  which  this  axiom  holds  may  conveniently  be  called  a  multi- 
pliable  class  of  classes. 

The  above  axiom  is  required  for  identifying  the  two  definitions  of  the 
finite.     We  may  define  a  finite  cardinal  number 

(a)  As  a  cardinal  nimiber  which  obeys  mathematical  induction 
starting  from  0  ; 

(b)  As  a  cardinal  number  such  that  any  class  which  has  that 
number  contains  no  part  similar  to  itself. 

We  will  for  the  present  call  any  number  of  the  kind  (a)  an  indtictive 
number,  and  any  number  of  the  kind  (b)  a  finite  number.  Then  it  is  easy 
to  prove  that  all  inductive  numbers  are  finite ;  that  every  class  whose 
number  is  infinite  contains  a  part  whose  number  is  Ko  (where  Kq  ^^  defined 
as  the  number  of  inductive  numbers),  and  vice  versa;  and  that,  if  the 
number  of  classes  contained  in  a  finite  class  is  always  finite,  then  all  finite 
numbers  are  inductive  numbers.  But,  so  far  as  I  know,  we  cannot  prove 
that  the  number  of  classes  contained  in  a  finite  class  is  always  finite,  or 
that  every  finite  number  is  an  inductive  number.* 

The  multiplicative  axiom  is  also  required  for  proving  that  the  number 
of  terms  in  a  sets  of  j3  terms  is  aX)8,  i.e.,  for  connecting  addition  and 
multiplication.  We  cannot  even  prove,  without  this  axiom,  that  the 
number  of  terms  in  a  sets  of  ^3  terms  is  always  the  same.  Similarly,  we 
cannot  prove  that  the  product  of  a  factors  each  equal  to  j3  is  )3*  (taking 


*  Bnrali-Forti  has  shown  that  the  two  definitions  of  the  finite  can  be  identified  if  we  ajmninA 
the  foUowing  axiom :—  *'  If  u  is  any  class  of  existent  dasses,  the  number  of  members  of  »  is  less 
than  or  equal  to  the  number  of  members  of  members  of  m."  ('*  Le  Glassi  finite,"  Proceeding* 
of  the  Aeeademia  ReaU  delle  Seienze  di  Torino^  1896-7.)  This  axiom  leads  at  once  to  the  result  that 
the  number  of  classes  contained  in  a  finite  class  must  be  finite,  whence  the  conclusion  follows,  as 
above  indicated.  The  axiom  as  it  stands  is  untrue  :  it  is  necessary-  to  assume  that  the  classes  are 
mutually  exdusiye,  or  something  analogous.  Whether  it  will  then  g^ve  the  desired  result  I  do 
not  know. 

BXB.  2.    TOL.  4.     iro.  915.  B 
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Cantor's  definition  of  exponentiation),*  or  even  that  it  is  always  the  same 
number. 

And  in  the  case  of  the  ^q  pairs  of  boots  we  cannot  prove  that  the 
nimiber  of  boots  is  Nq  (i.«.,  No+Nq),  except  in  the  case  where  we  can 
distinguish  right  and  left  boots. 

The  existence  of  X  'k  can  be  proved  whenever  any  method  exists  of 
picking  out  one  term  from  each  member  of  k.  If,  for  example,  all  terms 
which  are  members  of  members  of  k  belong  to  some  one  well-ordered 
series,  we  get  a  member  of  X'k  by  picking  out  the  first  terms  of  the 
various  members  of  k  {k  being  assumed  to  be  a  set  of  mutually  exclusive 
existent  classes).  It  does  not  follow  that  X  'k  exists  when  every  member 
of  k  can  be  well  ordered :  for  there  will  always  be  many  ways  of  well 
ordering  each  member  of  4,  and  we  need  some  rule  for  picking  out 
one,  in  each  case,  of  the  various  possible  ways  of  well  ordering  each 
member.  That  is,  we  need  a  term  of  the  multiplicative  class  of  the 
class  of  which  a  single  member  is  the  class  of  relations  by  which 
a  single  member  of  k  is  well  ordered. 

If  k  is  any  set  of  mutually  exclusive  existent  classes,  and  if  we 
form  another  class  k'  by  substituting  for  every  member  u  ot  k  the 
class  (u')  of  all  existent  classes  contained  in  u,  then  i'  is  a  set  of 
mutually  exclusive  existent  classes,  and  X'A:'  exists,  since  A;  is  a  mem- 
ber of  X  *k'  (because  each  i^  is  a  member  of  its  u'). 

Assuming  that  A;  is  a  set  of  mutually  exclusive  existent  classes,  there 
are  certain  cases  in  which  the  existence  of  X  *k  can  be  proved,  because 
there  is  some  structure  which  enables  us  to  pick  out  particular  terms 
from  members  of  k.  Such,  for  example,  is  the  following  case  : — 
Suppose  there  is  some  one-many  relation  P,  such  that  each  term  of 
k  consists  of  all  the  terms  to  which  some  term  of  the  domain  of  P  has 
the  relation  P,  and  suppose  further  that  every  term  of  the  domain 
of  P  has  the  relation  P  to  itself :  then  the  domain  of  P  is  a  member 
of  the  multiplicative  class  of  k. 

If  A;  is  a  set  of  mutually  exclusive  existent  classes,  X  *k  exists  when, 
and  only  when,  there  is  a  one-one  relation  S  whose  domain  is  k,  and 
which  relates  each  class  u,  belonging  to  k,  to  a  member  of  u ;  for,  when 
this  condition  is  satisfied,  the  converse  domain  of  S  is  a  member  of 
X  *k ;  and,  given  a  term  of  X  'A,  the  relation  of  members  of  k  to  the 
corresponding  members  of  the  given  term  of  X' A:  is  an  S  fulfilling  the 
above  conditions.  Another  way  of  stating  the  same  thing  is  that  X*k 
exists  when,   and   only   when,   there   is   some    function  /*u   such   that, 


*  Math.  Annalen,  Vol.  xlvi.,  {  4. 
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if  u  is  a  member  of  A,  f'u  is  a  member  of  u ;  for  the  /'s  of  the  various 
members  of  h  make  up  a  term  of  A;.  A  sufficient  condition  for  the 
existence  of  X'A:  whenever  A;  is  a  set  of  mutually  exclusive  existent 
classes  is  that  there  should  exist  a  function  f'u  such  that,  if  u  is  any 
existent  class,  f'u  is  a  member  of  u.  This  is  equivalent  to  Zermelo's 
axiom, ^  and  it  is  not,  so  far  as  I  know,  a  necessary  condition  for  the 
existence  of  X  *k  in  all  such  cases. 

Zermelo*s  axiom  is  a  generalized  form  of  the  multiplicative  axiom, 
and  is  interesting  because  he  has  shown  f  that,  if  it  is  true,  then  every 
class  can  be  well  ordered.  Since  it  is  doubtful  whether  all  classes  obey 
Zermelo's  axiom,  we  may  define  a  Zermelo  class  as  one  which  does 
obey  the  axiom ;  that  is,  ii?  is  a  Zermelo  class  if  there  is  at  least  one 
many-one  relation  R  such  that  the  domain  of  R  consists  of  all  existent 
classes  contained  in  w,  and  if  u  has  the  relation  R  to  x,  then  rr  is  a 
member  of  u.  That  is,  a  class  t^  is  a  Zermelo  class  if  there  is  a  method 
of  correlating  each  existent  class  contained  in  w  with  one  of  its  mem- 
bers. Zermelo  proves  that  any  class  w  for  which  this  holds  can  be  well 
ordered.  The  converse  is  obvious ;  for,  if  w  is  well  ordered,  we  correlate 
each  existent  class  u,  contained  in  ?/?,  with  the  first  term  of  w,  which 
gives  a  relation  R  satisfying  the  above  conditions.  Hence  Zermelo's 
axiom  holds  of  those  classes  which  can  be  well  ordered,  and  of  no  others. 

By  applying  his  axiom  to  the  class  of  all  entities,  we  find  that,  if  it 
holds  universally,  there  must  be  a  function  f'u  such  that,  if  u  is  any 
existent  class,  then  f'u  is  a  member  of  u.  Conversely,  if  there  is  such  a 
function,  Zermelo's  axiom  is  obviously  always  satisfied.  Hence,  if  there 
is  a  class  of  all  entities,  his  axiom  is  equivalent  to :  ''  There  is  a  func- 
tion f^u  such  that,  if  i^  is  any  existent  class,  f'u  is  a  member  of  w." 

I  think  that  Zermelo's  axiom,  applied  in  its  functional  form,  and 
without  the  assumption  that  there  are  classes  or  relations,  leads  to  the 
result  that  any  propositional  function  only  satisfied  by  terms  of  one  type 
is  such  that  all  the  terms  satisfying  it  can  be  well  ordered.  If  it  should 
appear,  on  other  grounds,  that  this  is  not  always  true,  it  would  follow 
that  Zermelo's  axiom,  in  its  functional  form,  is  false.  Whether  or  not  it 
is  true  in  the  form  in  which  it  applies  only  to  classes  is  a  question  which 
requires  for  its  answer  a  previous  decision  as  to  what  propositional 
functions  are  predicative :  the  more  we  restrict  the  notion  of  class  the 
more  likely  this  form  of  Zermelo's    axiom  is   to  be  true,  and    the  less 


*  Assuming  that  there  is  a  class  of  aU  entities.     But,  if  there  is  no  such  class,  we  only  have 
to  adopt  the  statement  of  Zermelo's  axiom  which  does  not  assume  that  there  are  classes, 
t  Math,  Ann,t  Vol.  lix.,  pp.  514-516. 
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information  it  gives  us.  To  discover  the  conditions  subject  to  which 
Zermelo's  axiom  and  the  multiplicative  axiom  hold  would  be  a  very  im- 
portant contribution  to  mathematics  and  logic,  and  ought  not  to  be 
beyond  the  powers  of  mathematicians. 

It  is  easy  to  see  that,  if  w  is  any  Zermelo  class,  and  A:  is  a  set  of 
mutually  exclusive  existent  classes  which  between  them  contain  all  the 
terms  w  and  no  more,  then  A;  is  a  multipliable  class  of  classes.  For 
every  member  of  k  is  an  existent  class  contained  in  tc ;  hence,  if  we 
pick  out  one  term  from  each  existent  class  contained  in  tOy  we  incident- 
ally pick  out  one  term  from  each  member  of  k.  Thus  the  universal 
truth  of  Zermelo's  axiom  involves  the  universal  truth  of  the  multiplicative 
axiom.  The  converse,  so  far  as  I  know,  has  not  been  proved,  and  may  or 
may  not  be  true. 

It  should  be  observed  that,  both  in  the  case  of  Zermelo's  axiom  and  in 
that  of  the  multiplicative  axiom,  what  we  are  primarily  in  doubt  about  is 
the  existence  of  a  norm  or  property  such  as  will  pick  out  one  term  from 
each  of  our  aggregates ;  the  doubt  as  to  the  existence  of  a  class  which 
will  make  this  selection  is  derivative  from  the  doubt  as  to  the  existence 
of  a  norm. 

The  problem  concerned  in  such  cases  is  like  that  of  the  ''lawless" 
decimal,  which  reduces  to  the  problem  of  the  ''lawless"  class  of  finite 
integers.  If  we  consider  all  the  classes  that  can  be  formed  of  finite 
integers,  it  seems  at  first  sight  obvious  that  many  will  consist  of  a 
perfectly  haphazard  collection,  not  definable  by  any  formula.  But  this 
is  open  to  doubt.  It  would  seem  that,  as  Dr.  Hobson  urges,  an  infinite 
aggregate  requires  a  norm,  and  that  such  haphazard  collections  as  seem 
conceivable  are  really  non-entities.  In  the  case  of  Cantor's  "  proof  "  that 
there  are  more  classes  of  finite  numbers  than  there  are  finite  numbers,  it 
is  shown  that  no  one  denumerable  set  of  formulae  will  cover  all  classes  of 
finite  numbers ;  but  the  class  shown  to  be  left  over  in  each  case  is  defined 
by  a  formula  in  the  process  of  showing  that  it  is  left  over.  Thus  this 
process  gives  no  ground  for  thinking  that  there  are  classes  of  finite 
numbers  which  are  not  definable  by  a  formula. 

To  sum  up :  there  are  two  analogous  axioms — Zermelo's  and  the 
multiplicative  axiom — which  have  been  habitually  employed  by  mathe- 
maticians in  reasonings  about  the  transfinite,  but  which,  most  likely, 
are  not  true  without  some  restriction.  Without  them,  we  cannot,  so  far 
as  at  present  appears,  identify  the  two  definitions  of  the  finite,  or  establish 
the  usual  relations  of  addition,  multiplication,  and  exponentiation.  If 
Zermelo's  axiom  were  true,  every  class  would  be  well  ordered,  and  also,  I 
think,  every  aggregate  of  terms  possessing  some  property.     But  in  this 
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respect  the  problem  considered  in  our  second  part  is  dependent  upon  that 
considered  in  our  first  part. 

The  general  position  advocated  in  the  foregoing  paper  may  be  briefly 
stated  as  follows :  — 

When  we  say  that  a  number  of  objects  all  have  a  certain  property,  we 
naturally  suppose  that  the  property  is  a  definite  object,  which  can  be 
considered  apart  from  any  or  all  of  the  objects  which  have,  or  may  be 
supposed  to  have,  the  property  in  question.  We  also  naturally  suppose 
that  the  objects  which  have  the  property  form  a  class,  and  that  the  class 
is  in  some  sense  a  new  single  entity,  distinct,  in  general,  from  each 
member  of  the  class.  Both  these  natural  suppositions  can  be  proved,  by 
arguments  so  short  and  simple  that  they  scarcely  admit  a  possibility  of 
error,  to  be  at  any  rate  not  universally  true.  We  may,  in  view  of  this 
fact,  adopt  one  of  two  courses :  we  may  either  decide  that  the  assumptions 
in  question  are  always  false,  or  endeavour  to  find  conditions  subject  to 
which  they  are  true,  these  conditions  being  such  as  to  exclude  the  cases 
where  the  falsehood  of  the  assumptions  can  be  proved.  The  latter  course 
has  the  advantage  of  being  more  consistent  with  common  sense,  and  of 
preserving  more  of  Cantor's  work  ;  but  it  has,  as  yet,  the  disadvantage  of 
great  uncertainty  and  artificiality  in  detail,  owing  to  the  absence  of  any 
broad  principle  by  which  to  decide  a9  to  which  functions  are  predicative. 
The  former  course,  in  practice,  merely  involves  abstaining  from  the 
doubtful  assumptions,  and  does  not  commit  us  to  the  view  that  they  are 
false  ;  it  is  therefore,  so  long  as  any  doubt  subsists,  the  prudent  plan  to 
pursue  the  former  course  as  far  as  possible.  It  appears  on  examination 
that,  without  supposing  either  of  the  suspected  assumptions  to  be  ever 
true,  we  can  construct  ordinary  mathematics  and  most  of  the  theory  of 
the  transfinite  ;  and  in  this  development  we  meet  with  no  contradictions, 
so  far  as  is  known  at  present.  Whether  it  is  possible  to  rescue  more  of 
Cantor's  work  must  probably  remain  doubtful  until  the  fundamental 
logical  notions  employed  are  more  thoroughly  understood.  And  whether, 
in  particular,  Zermelo's  axiom  is  true  or  false  is  a  question  which,  while 
more  fundamental  matters  are  in  doubt,  is  very  likely  to  remain  un- 
answered. The  complete  solution  of  our  difficulties,  we  may  surmise,  is 
more  likely  to  come  from  clearer  notions  in  logic  than  from  the  technical 
advance  of  mathematics ;  but  until  the  solution  is  found  we  cannot  be 
sure  how  much  of  mathematics  it  will  leave  intact. 

[Note  added  February  5thy  1906. — From  further  investigation  I  now 
feel  hardly  any  doubt  that  the  no-classes  theory  a£Ebrds  the  complete 
solution  of  all  the  difficulties  stated  in  the  first  section  of  this  paper.] 
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ON    THE    HESSIAN    CONFIGURATION    AND    ITS    CONNECTION 
WITH  THE  GROUP  OF  860  PLANE  COLLINEATIONS 

By  W.  Bubnside. 

[Beoeived  Deoember  11th,  1905.— Read  December  14th,  1905.] 

The  Hessian  configuration  is  the  name  given  to  a  set  of  nine  points 
in  a  plane  which  lie  three  by  three  on  twelve  straight  lines.  Its  most 
familiar  form  is  that  given  by  the  nine  inflexions  of  a  real  cubic  curve. 
The  object  of  the  first  part  of  this  memoir  is  to  establish  the  existence  of 
the  configuration  and  to  deduce  its  principal  properties,  especially  the 
nature  of  the  group  of  collineations  for  which  the  configuration  is 
invariant,  from  a  purely  geometrical  point  of  view.  This  group  in  its 
abstract  form  and  in  its  analytical  form  as  a  group  of  linear  substitutions 
in  three  variables  has  formed  the  subject  of  several  investigations.  The 
earliest  is  due  to  M.  Jordan  (Traite  des  Substitutions ,  pp.  802-805) ;  while 
one  of  the  most  recent  is  given  by  Herr  Weber  (Lehrbuch  der  Algebra^ 
Vol.  II.,  pp.  400-410).  None  of  these  investigations  with  which  I  am 
acquainted,  however,  approaches  the  problem  from  the  point  of  view  which 
most  naturally  presents  itself,  namely,  as  a  question  of  pure  projective 
geometry.  This  is  the  point  of  view  here  taken,  and  it  is  contended  that 
both  the  properties  of  the  configuration  and  the  nature  of  the  group 
thereby  appear  in  a  clearer  light. 

In  the  second  part  of  the  memoir  it  is  shewn  that,  starting  from  the 
Hessian  configuration,  there  may  be  constructed  a  very  remarkable  con- 
figuration of  45  points  of  which  the  following  are  some  of  the  pro- 
perties : — 

The  line  joining  any  two  of  the  points  passes  through  either  one,  two, 
or  three  others.  The  points  lie  5  by  5  on  86  lines,  4  by  4  on  45  lines, 
and  8  by  8  on  120  lines.  From  the  45  points  just  10  Hessian  configurations 
can  be  formed,  each  two  of  which  have  just  one  of  the  points  in  common. 

Finally,  it  is  shown  that  such  a  configuration  is  invariant  for  a  group 
of  860  collineations,  which  is  simply  isomorphic  with  the  alternating  group 
on  six  symbols. 

The  existence  of  such  a  group  of  collineations,  which  was  established 
by  H.  Valentiner  {Die  endelige  Transformations-Gruppen  Theorie,  1889) 
on  analytical  grounds,  is  here  shewn  to  follow  from  purely  geometricid 
considerations. 
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As  regards  notation,  some  mode  of  representing  collineationa  in  a 
plane  is  necessary.  Any  sach  collineation  is  completely  determined  b; 
the  positions  of  the  points  A',  B',  C,  D'  into  which  it  changes  four  given 
points  A,  B,  C,  D,  no  three  of  which  are  collinear.     The  symbol 

(A,   B,    C,    D\ 

\A',  B',  C,  D'l 

therefore  completely  specifies  such  a  collineation.     If  the  collineation  is 

one  of  finite  order,  it  will  permute  sets  of  points  cyclically.     Its  effect  on 

such  sets  of  points  may  be  represented  in  the  usual  way  by  the  symbol 

{PQR  ...  D. 


1.  Take  four  points  B,  0,  B',  C,  no  three  of  which  He  in  a  line.  Let 
BC  and  B'C  meet  in  A.  Through  A  draw  Abe,  meeting  BB'  and  CC  in 
h  and  c.     Denote  by  j3,  and  y,  the  pointe  in  which  bC  and  cB  meet  BC 


and  CB'  reapectively ;  and  by  /3,  and  y,  the  points  in  which  bC  and  cB' 
meet  B'C  and  G'B. 
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To  the  pencil  of  lines  through  A,  of  which  Abe  is  one,  correspond  the 
two  projective  ranges  described  by  6  and  e  on  BB'  and  CC.  At  the  same 
time  fii,  Yi,  y8„  yj  describe  projective  ranges  on  BC,  GB',  B'C,  G'B 
respectively. 

Particular  positions  of  the  four  points  ^i,  yi,  )3],  y^  are  determined 
by  the  table : — 


ABC 

AB'C 

AI 


A 


B 
0 
C 


7i 

0t 

Tj 

e 

0 

0 

0 

B' 

C 

B' 

C 

B 

where  0  is  the  intersection  of  BC  with  B'C,  and  I  that  of  BB'  with  CC. 
The  projective  ranges  )8i,  yi  on  the  lines  BC  and  CJ3',  having  a  self- 
corresponding  point,  viz.,  0,  are  in  perspective.  Also  in  two  particular 
positions,  viz.,  those  corresponding  to  the  positions  ABC  and  AI  of  Abe, 
Avi  pftsses  through  A,  Hence  the  projective  ranges  /Sj,  yj  are  in  per- 
spective with  respect  to  A.  Similarly,  the  projective  ranges  fi^,  ya  are  in 
perspective  with  respect  to  A. 

Again  /3^  and  y^  give  projective  ranges  on  the  line  CB'.     To  the  three 
positions  0     B'      C 

of  /8a  there  correspond  the  three  positions 

C,     0,     B' 

of  yi.  Hence  the  projective  transformation  o£  CB'  which  changes  the 
first  of  these  projective  ranges  into  the  second  is 

\COB')* 
If  this  projective  transformation  is  repeated  three  times,  it  leads  to 


( 


OB'C\ 
OB'C) 


which,  leaving  three  distinct  points  of  the  line  unchanged,  leaves  every 
point  unchanged.  Hence  the  projective  transformation  is  a  projective 
transformation  of  order  8. 
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It  has  therefore  two  distinct  (imaginary  if  B,  C,  B',  C  are  real)  fixed 
points.  The  two  projective  ranges  /Sg,  yi  on  CB'  have  therefore  two 
distinct  self-corresponding  points  (which  are  imaginary  when  the  four 
original  points  are  real).  Denote  them  by  B''  and  £^'.  Similarly  the  two 
projective  ranges  ya,  )9i  on  C'B  have  two  self-corresponding  points  C" 
and  Cj.  Also,  since  A/3iyi,  Afi^y^  are  straight  lines,  to  each  of  B"  and 
^l  there  must  correspond  one  of  C"  and  (%',  such  that  the  lines  joining 
the  corresponding  pairs  pass  through  A  ;  say  AB"C  and  ^BjJCU. 

To  the  positions  JB",  C"  of  )8a,  yi  and  yg,  ^i  corresponds  a  definite 
position  AB''*C  ol  Abe:  and  to  the  positions  Bj,  CJ  there  corresponds 
another  definite  position  ABf^Cf^  of  Abe. 

Consider  now  the  nine  points 

^,  B,  C,  B\  C,  B\  C",  B'",  C". 
It  follows  immediately  from  the  figure  that 

ABC,     AWC\     AB"G\     AB'''C'\ 
BB'B''\     BB'^C",     BC'a\ 
CC'C"\     CC''B"\     CB'B'\ 

are  straight  lines.  In  other  words,  the  straight  line  joining  any  two  of 
these  nine  points  passes  through  a  third ;  or  the  nine  points  lie  three  by 
three  on  12  straight  lines.     The  same  is  also  true  of  the  nine  points 

A     Ti    n    nf    nf     7?"    /^'    x?'"    /v 

^,    X7,     U,    X5  ,    U  ,    X>o,    Oq,    X>o,    Oq  , 

where  the  last  four  points  are  distinct  from  the  last  four  of  the  previous 
set. 

2.  The  existence  of  a  Hessian  configuration  is  thus  proved,  and  it  is 
shown  that  the  given  construction  leads  to  one  or  the  other  of  two  distinct 
configurations.  The  next  point  to  consider  is  how  these  two  configura- 
tions are  related.  With  this  object,  consider  the  effect  of  the  projective 
transformation  of  order  2  defined  by 

fB  C  B'C'^ 


[CB'C  B I 


on  either  of  them.  This  transformation  permutes  the  five  points  -4,  B,  C, 
B\  C  among  themselves.  It  leaves  the  line  CB*  unchanged,  and  effects 
on  it  the  projective  transformation  of  order  2 

(OWC\ 
\OCB') ' 
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The  previously  considered  transformation  of  order  8  on  CB',  viz., 

\COB') ' 

of  which  B^  and  Bf^  are  the  fixed  points,  is  changed  into  its  inverse  by  the 
transformation  of  order  2 ;  for  obviously 

tOB'C\  (OB'C\  (OB'C\  ^  (OB'C\ 
\OCB')  \COB')  \OCB'J        \B'C0) ' 

Hence  B"  and  Bl  are  permuted  by  the  projective  transformation  of  the 
plane  of  order  2.  Similarly,  C"  and  Cj  are  permuted  by  it.  But  when 
seven  of  the  points  of  a  Hessian  configuration  are  known  the  remaining 
two  can  be  determined  by  drawing  straight  lines.  Hence  the  projective 
transformation  which  changes 

A,  B,  C,  -B',  C\  -B",  C" 
into  A,  B,  C,  B\  C\  B^',  Co 

necessarily  changes  the  pair  J5'",  C"  into  the  pair  Bj,",  (%". 

The  two  Hessian  configurations  are  therefore  transformed  each  into 
the  other  by  the  projective  transformation 

fBCB'a\ 
XCB'C  B  /  * 

Returning  now  again  to  the  construction,  it  involves  not  only  four 
points,  but  also  a  particular  pair  of  lines  through  them.  Three  such  pairs 
may  be  drawn,  viz.,  BC,  B'C\  meeting  in  A  ;  BB\  CC\  meeting  in  J;  J5'C, 
J3C,  meeting  in  0.  If  B,  C,  B\  C"  belong  to  a  Hessian  configuration  of 
nine  points,  either  ^,  I,  or  0  must  also  belong  to  the  configuration. 
Suppose,  in  fact,  that  neither  A  nor  I  belongs  to  it.  Then,  besides  J3,  C, 
B\  C\  the  configuration  has  one  distinct  point  on  each  of  the  lines  BGy 
B*C\  BB\  CC  ;  so  that  there  is  only  one  remaining  point.  Hence  0,  in 
which  B'C,  BC  intersect,  must  be  a  point  of  the  configuration.  Now  I 
and  0  do  not  belong  to  the  two  distinct  configurations  already  determined 
which  contain  A.  Hence  in  all  just  six  distinct  Hessian  configurations 
can  be  constructed  to  contain  any  given  four  points,  no  three  of  which  lie 
in  a  line.  Moreover  the  set  of  24  plane  collineations  which  permute 
among  themselves  the  four  points  B,  C,  B\  C  also  obviously  permute 
Ay  I,  0 ',  and  it  has  been  seen  that  one  of  these  collineations  which  leaves 
A  unchanged  permutes  the  two  corresponding  Hessian  configurations. 
Therefore  the  six  distinct  Hessian  configurations  which  can  be  constructed 
to  contain  four  given  points  (no  three  of  which  lie  on  a  straight  line)  are 
transitively  permuted  among  themselves  by  the  group  of  24  collineations 
which  permutes  the  four  points. 
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But  any  four  points  of  a  plane,  no  three  of  which  are  coUinear,  can  be 
projected  into  any  other  four.  Hence  any  one  Hessian  configuration  can 
be  projected  into  any  other.  It  follows  from  this  that  the  distribution  of 
the  nine  points  on  twelve  lines  given  on  p.  57  is  quite  general. 

[February f  1906. — The  six  Hessian  configurations  each  of  which  con- 
tains the  four  points  J3,  C,  J5',  C",  while  each  also  contains  either  ^,  7,  or  0, 
contain  in  all  just  12  other  points,  each  of  which  occurs  in  two  of  the 
configurations.  These  12  points  lie  three  by  three  on  8  lines,  two  of 
which  pass  through  each  of  the  four  points  B,  C,  B\  C.  The  two  lines 
through  By  containing  6  of  the  12  points,  are  the  two  (imaginary)  fixed 
lines  of  the  collineation  which,  leaving  B  unchanged,  permutes  B\  C,  C 
cyclically ;  and  the  6  points  are  the  points  in  which  these  two  fixed  lines 
of  the  collineation  meet  B'C,  CC\  and  C'B\  That  a  set  of  12,  and  not 
24,  points  arises  in  this  way  follows  from  the  fact  that  the  (imaginary) 
fixed  lines  of  the  collineations  which  leave  B  (or  J5')  unchanged  and  permute 
cyclically  B\  C,  C  (or  J3,  C,  C)  meet  CC  in  the  same  pair  of  points.] 

8.  From  the  twelve  lines  just  four  sets  of  three  may  be  formed  such 
that  each  set  contains  all  nine  points.     These  sets  are  : — 

ABC,  B'C'C"",  C'B''B''' 
AB'G\  J3J3"C'",  CJ3'"C" 
^JB"C",  BB'B"\  CC'C" 
AB'''C'\     BaC\     CB'B'\ 

The  lines  of  any  one  set  intersect  those  of  any  other  in  a  point  belonging 
to  the  configuration.     The  three  lines  of  any  one  set  intersect  in  three 
points  which  do  not  belong  to  the  configuration.     There  thus  arises  a  set 
of  twelve  points,  whose  relations  to  the  configurations  will  be  determined. 
The  collineation  of  order  2  defined  by 

(BCB'C\ 

\CBCB') 
is  a  perspective  with  A  for  its  vertex  (or  fixed  point),  and  10  in  the  figure 
for  its  axis  or  fixed  line.  Since  it  leaves  A  unchanged  and  permutes 
B,  C  B\  C\  it  must  either  leave  unchanged  or  permute  the  two  configura- 
tions which  have  these  five  points  in  common.  Now  neither  B'q,  CJ,  B^  nor 
Oq  lies  on  AB'^,  Hence  the  collineation  leaves  unchanged  each  of  the 
configurations.  It  therefore  permutes  B"  with  C"  and  B'"  with  C". 
Similarly,  there  is  a  collineation  of  order  2  with  any  other  one  of  the  nine 
points  for  its  vertex  which  permutes  the  remaining  eight  points  of  the 
configuration  in  pairs.     The  axes  of  these  perspectives  corresponding  to 

i4,  B,  C,  B\  C\  B",  C",  £"',  C", 
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as  vertices  will  be  denoted  by 

a,  6,  c,  b',  (f,  V\  c",  6'",  c'". 

The  perspective  of  order  2  with  A  for  its  vertex  and  a  for  its  axis — say  Aa 
—leaves  four  of  the  twelve  lines,  viz.,  ABC,  AB'C\  ^J3"C",  i4 JB'"C"",  un- 
changed,  and    permutes  the  remaining  pairs  which  belong  to  the  four 

sets,  VIZ.,  B'C'C"',  CB*'B''' ;     BB''C"\  CB'^'C  ; 

J3B'JB'",    CC'C'';     BaC\  CB'B". 

So  each  other  perspective  such  as  Bb  leaves  unchanged  one  of  the  twelve 

lines  in  each  of  the  four  sets  of  three  and  permutes  the  remaining  two. 

But  the  only  points  which  are  unchanged  for  a  perspective  other  than  its 

vertex  are  the  points  on  its  axis.     Hence  the  set  of  twelve  points  which 

arise  from  the  intersections  of  the  twelve  lines  lie  four  by  four  on  the 

set  of  nine  lines 

a,  6,  c,  b\  c\  b\  d\  6'",  c'". 

These  nine  lines  then  conversely  pass  three  by  three  through  the  twelve 
points.  In  fact,  each  of  the  three  perspectives  Aa^  Bb,  Cc  permutes 
B'C'C'"  and  CB^'B'"' ;  so  that  a,  6,  c  pass  through  that  one  of  the  twelve 
points  which  is  determined  by  the  intersection  of  B'CC'  and  C'B"B'*\ 
This  point  may  be  conveniently  denoted  by  a&c  ;  and  then  to  each  of  the 
twelve  lines  such  as  ABC  will  correspond  uniquely  one  of  the  twelve  points, 
viz.,  abc ;  just  as  to  each  of  the  nine  points  such  as  A  there  corresponds 
uniquely  one  of  the  nine  lines,  viz.,  a. 

4.  The  configuration  has  hitherto  been  regarded  as  consisting  of  the 
original  nine  points.  The  phrase  may  now  be  used  in  a  more  extended 
sense  as  including  : — 

(a)  a  set  of  nine  points,  (y)  a  set  of  twelve  points, 

(j8)  a  set  of  twelve  lines,  {S)  a  set  of  nine  lines. 

The  points  of  (a)  lie  three  by  three  on  the  lines  of  (/S).  The  intersections 
of  the  lines  of  08)  other  than  the  points  of  (a)  are  the  points  of  (y),  and 
these  lie  four  by  four  on  the  lines  of  (S).  Moreover  there  is  a  unique  one- 
to-one  correspondence  between  the  elements  of  (a)  and  {&),  and  also 
between  the  elements  of  (/3)  and  (y). 

5.  It  has  been  seen  that  the  configuration  is  unchanged  by  the  nine 
perspectives  of  order  2  of  which  Aa  i^  typical.  It  will  now  be  shown 
that  there  is  also  a  system  of  perspectives  of  order  8,  of  which  the  points 
of  (y)  and  the  corresponding  lines  of  (p)  are  the  vertices  and  axes,  for 
which  also  the  configuration  is  invariant. 
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Consider  the  collineation  defined  by 

This  collineation  changes  B'C  and  B"C'  into  B"C"  and  B'"C"" ;  and 
therefore  leaves  A  unchanged.  It  also  leaves  B*CC**'  and  C'B'^B'",  two 
lines  intersecting  in  abc,  unchanged.  Hence  it  leaves  every  line  through 
abc  unchanged  ;  i.e.,  it  is  a  perspective  of  which  abc  is  the  vertex.  Now 
b  is  a  Une  through  abc,  and  AB'''C"\  CB'B'' ;  AB'C\  CC'B"' ;  ^B"C", 
GC'C' ;  are  the  three  pairs  of  the  twelve  lines  which  intersect  on  b. 
But  the  collineation  in  question  changes  J5'B"  into  C"B'",  B'C  into 
B''C  J3"C"  into  JB'"C"".  Hence  it  permutes  cyclically  the  three  points 
in  which  the  above  three  pairs  of  lines  meet  b.  The  collineation,  when 
repeated  three  times,  leaves  therefore  every  line  through  abc  and  every 
point  on  h  unaltered ;  and  therefore  it  leaves  every  point  in  the  plane  un- 
altered. It  is  therefore  a  collineation  of  order  8,  and  changes  C"  and  B"' 
into  B'  and  C  respectively.  Since  it  leaves  A  unchanged  and  permutes  B', 
G\  B",  C\  £'",  C"  among  themselves,  it  must  leave  the  configuration  un- 
changed ;  and  therefore  it  must  leave  the  two  remaining  points  B  and  G  un- 
changed. The  collineation  is  therefore  a  perspective  of  order  8  of  which  abc 
is  the  vertex  and  ABC  is  the  axis.  Similarly,  the  configuration  is  invariant 
for  each  of  the  perspectives  of  order  8  for  which  one  of  the  twelve  points 
is  the  vertex,  and  the  corresponding  one  of  the  twelve  lines  is  the  axis. 

It  has  been  seen  that,  given  5  of  the  9  points  belonging  to  the 
configuration,  such  as  A,  B,  C,  B\  C\  they  determine  one  of  the  9  lines, 
viz.,  a ;  and  then  from  these  (which  may  be  all  real)  just  two  con- 
figurations may  be  formed. 

Suppose  now  that  three  coUinear  points  A,  B,  (7  of  the  9  are  given, 
and  the  corresponding  three  concurrent  lines  a,  b,  c.  These  again  may  be 
all  real.  Containing  these  an  infinite  number  of  configurations  may  be 
formed,  any  two  of  which  are  in  perspective,  with  abc  for  the  vertex  and 
ABC  for  the  axis  of  the  perspective. 

The  three  points  A,  B,  C  and  the  three  lines  a,  b,  c  are  permuted 
among  themselves  by  the  collineations  Aa,  Bb,  Cc,  as  also  must  be  every 
Hessian  configuration  containing  them.  Now  Aa  followed  by  Bb  is  a 
collineation  of  order  3  of  which  abc  is  a  fixed  point  and  ABC  a  fixed  line, 
A,  B,  C  being  permuted  cyclically  on  it. 

This  collineation  has  two  (imaginary)  fixed  lines  i,  j  through  abc. 
Since  B'CC^''  and  C'B^'B"'  are  invariant  for  it,  they  must  coincide  with 
i,  j.  Hence,  to  construct  the  configuration,  B'  may  be  taken  to  be  any 
point  on  i,  and  the  remaining  5  points  are  then  determinate.     Any  two 
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such  Hessian  configurations  which  have  A,  B,  C,  a,  b,  c  in  common  must 
clearly  have  either  all  the  rest  of  the  9  points  and  9  lines  in  common 
(i.6.,  be  identical)  or  have  none  of  them  in  common.  In  the  latter  case 
the  remaining  6  of  the  9  points  of  each  configuration  lie  in  threes  on  the 
lines  i  and  j\ 

6.  From  the  perspectives  of  order  3  arise  the  whole  of  the  col- 
lineations  for  which  the  configuration  is  invariant.  There  are  just  four, 
with  their  inverses,  which  leave  the  point  A  unchanged.     These  are 

abcABC,     ah'c'AB'C\     ab"(f'AB"C\     ab'"c'''AB'''C'\ 

The  permutations  which  they  give  of  the  eight  points,  other  than  A,  are 

respectively 

(B'C'Cn  (C'B''B'n,     {BB'^Cn  (CC'-B'"), 

{BB'Bn  {CG'Cn,     {BCO  {CB'B"h 

and  their  inverses,  the  unchanged  points  being  in  each  case  unwritten, 
those  written  being  permuted  cyclically. 

From  the  coUineations  written  it  is  clear  that  collineations  arise  giving 
all  possible  even  permutations  of  the  four  lines  ABC,  AB'C,  AB"C", 
AB*''C"\  It  remains  to  determine  whether  any  collineation  for  which 
the  configuration  is  invariant  can  give  an  odd  permutation  of  the  lines ; 
and,  secondly,  what  collineations  leave  the  configuration  and  each  of  the 
four  lines  invariant. 

Since  all  possible  even  permutations  of  the  lines  occur,  it  is  sufSicient 
to  consider  a  collineation  which  interchanges  ABC,  AB'C.  Such  a 
colUneation  must  be  either 

(BCB'a\        (BCB'C'\        (BCB'C'\  (BCB'C\ 

KC'B'CB/'      Kb'C'Bc)'      \B'C'Cb)'     ^^      \CB'BC/' 

Of  these  it  is  shewn  in  §  2  that  the  first  does  not  leave  the  configuration 
invariant.     The  second  arises  by  combining  the  first  with 

(BCB'C'\ 
\CBC'B') ' 

for  which  the  configuration  is  invariant.  The  configuration  therefore  is 
not  invariant  for  the  second.  The  third  and  fourth  are  inverses  of  each 
other,  and  it  is  sufficient  to  consider  one  of  them.  But  the  third  arises 
on  combining  the  two  perspectives  of  order  3,  (BJ3"C'")(CC"B'")  and 
(BC"C'){CB"B'),  of  which  ab'c',  aV^'c'"'  are  the  vertices  and  AB'C\ 
AB^^'C"^  the  axes.  It  therefore  gives  an  even  permutation  of  the  four 
lines.  There  are  therefore  no  collineations  for  which  the  configuration 
is  invariant  that  give  an  odd  permutation  of  the  four  lines. 
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A  collineation  which  leaves  each  of  the  four  lines  unchanged  must 

permute  or  leave  unchanged  the  members  of  each  B,  C  pair.     Consider 

then  the  collineation 

(BCB'C\ 

which  permutes  one  pair  and  leaves  unchanged  the  members  of  another. 
If  this  left  AB"C"  and  AB"'C^^^  unchanged,  it  would  leave  every  line 
through  A  unchanged,  and  would  be  a  perspective  with  A  for  its  vertex, 
which  it  is  not.  Hence  the  only  collineation,  other  than  identity,  which 
leaves  each  of  the  four  lines  and  the  configuration  unchanged  is  the  per- 
spective of  order  2,  Aa. 

The  number  of  even  permutations  of  four  symbols  is  twelve.  Hence 
the  order  of  the  greatest  group  of  coUineations  for  which  the  configuration 
and  the  point  A  are  invariant  is  24.  This  sub-group  contains  the 
perspective  of  order  2,  ^a,  as  a  self -conjugate  operation,  and  in  respect 
of  it  is  simply  isomorphic  with  a  tetrahedral  group.  Moreover,  it  con- 
tains no  coUineations  of  order  2  except  the  perspective  Aa.  Now  A  may 
be  changed  into  any  one  of  the  other  eight  points  by  coUineations  for 
which  the  configuration  is  invariant.  Hence  the  order  of  the  greatest 
group  for  which  the  configuration  is  invariant  is  216.  It  may  be  noticed, 
as  foUowing  obviously  from  the  present  point  of  view,  that  the  only 
colUneations  of  order  2  in  the  group  are  the  nine  perspectives  of  the 
set  Aa. 

7.  For  the  sequel  two  sub-groups  of  the  Ggig,  which  leaves  the  con- 
figuration invariant,  are  of  special  importance.  The  first  is  the  sub-group 
generated  by  the  9  perspectives  of  order  2.  Since  these  are  the  only 
perspectives  of  order  2,  this  sub-group  is  an  invariant  sub-group  of  the 
G216.  Its  order  is  18,  and  besides  the  perspectives  of  order  2  it  contains 
8  coUineations  (not  perspectives)  of  order  3  and  identity.  This  is  at  once 
verified  by  the  permutations  of  the  9  points  that  the  perspectives  of 
order  2  give  rise  to.  The  fixed  points  of  the  8  coUineations  of  order  3 
(each  occurring  with  its  inverse)  are  the  12  y-points  of  the  configuration. 
This  sub-group  will  be  called  the  Gig.  In  respect  of  it  the  G216  ^^^  been 
shewn  to  be  simply  isomorphic  with  a  tetrahedral  group.  The  latter  has 
three  sub-groups  of  order  2,  forming  a  conjugate  set.  The  G216  ^^s 
therefore  three  sub-groups  of  order  36  (each  containing  the  Gig)  which 
form  a  conjugate  set.  Any  one  of  these  will  be  denoted  by  G^.  They 
arise  by  combining  the  Gjg  with  any  one  of  the  coUineations  of  order  4 
belonging  to  the  G216.  Such  a  coUineation  of  order  4,  arising  by  com- 
bining the  two  perspectives  of  order  3,  aVc'AB^C*  and  ab"&'AB"C",  gives 
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the  permutation 

(BJ3"CC'0(B'B'"C"(7'") 

of  the  8  points  other  than  A  ;  and  the  particular  Gag,  which  is  made  use 
of  in  the  sequel,  is  the  group  that  is  generated  by  the  Gig  and  this 
coUineation  of  order  4. 

n. 

8.  I  consider  now  sets  of  points  which  are  permuted  by  the  Gjg  that 
arises  from  the  nine  collineations  of  order  2.  In  general,  such  a  set  of 
points  will  consist  of  18  members  ;  but,  if  one  of  the  points  is  on  one  of 
the  nine  lines  of  the  Hessian  configuration,  the  set  will  have  only 
9  members.     In  this  case  a  uniform  notation  will  be  used, 

-4i,  Bi,  Gt,  -B^,  Cj,  B^,  CJ,  JB^,  C7, 

denoting  the  set  of  9  permuted  points  lying  respectively  on 

a,  6,  c,  h\  c\  b'\  c",  6'",  c'". 

When  the  Hessian  configuration  and  one  point  of  such  a  set  is  given, 
the  others  are  determined  by  drawing  straight  lines :  e.g.^  Bj  is  the 
point  of  intersection  of  V  with  the  line  joining  Ai  to  C\ 

Four  such  sets,  with  suffixes  1,  2,  3,  4,  are  formed  as  follows: — 
Through  A  draw  ABiB^2y  meeting  i,  V  in  Bi  and  B\ ;  and  construct 
the  sets  1  and  2.  Join  A  to  B\,  and  let  it  meet  V  in  Bl^.  Form  the 
set  3.  Join  A  to  B^^  and  let  it  meet  b  in  JB^.  Form  the  set  4.  As 
ABiB[2  turns  round  A,  AB^  and  AB\  describe  superposed  projective 
pencils,  which  must  have  two  self-corresponding  rays.  Let  ABi^^  and 
AB1S2  be  the  positions  of  the  original  line  which  lead  to  the  self- 
corresponding  rays  in  these  two  projective  pencils.  Then  the  four  sets 
of  9  points  each  which  arise  from  A^,  A^,  A^,  A^  are  such  that 

ABiCiB.yV.^,     AB^CfiB^u^f     AB^C^B^C29     AB^Cf^B^C^, 

and  the  other  32  symbols  that  arise  from  them  by  the  collineations  of 
the  Gig  represent  straight  lines. 

The  same  statement  is  true  for  the  four  sets  of  9  points  each 
which  arise  from  Ai,  A^,  Zg,  A^. 

Moreover,  these  are  the  only  two  sets  of  36  points  (consisting  each 
of  4  sets  of  9  points  conjugate  in  respect  of  the  Gig)  for  which  the  state- 
ment is  true. 

The  Gig  is  contained  self -con  jugately  in  a  Gts  formed  by  combining 
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it  with  the  collmeations  of  order  4  denoted  by  the  permutations 

{BB"CG")(B'B'"C'Cn> 

{BB'CC'){B"C"'C"Bn, 

{BB'"CCn(B'G"aB''). 

Each  of  these  coUineations  then  must  either  leave  unchanged  or  permute 
the  two  sets  of  86  points.  It  is  easily  verified  that  the  second  and  third 
coUineations  permute  the  sets  ;  and  therefore  the  first  must  change 
each  set  with  itself.  If  io  be  used  to  denote  the  set  into  which  the 
collineation  {BB"CC")(B'B'''C'C''')  changes  the  set  i,  then  it  changes 
the  four  lines 

ABiCiB2^2>     ■^■^i^^i^s^^si     AB^C^BloO^y     AH^G^B^O^ 
into  the  lines 

-^■^10  ^10-^20  ^20»     ACiQBiQiJ^U^Qy     AB^kj^C/^H^q,     AG^B^kj^H^, 

and,  apart  from  sequence,  the  one  set  of  lines  is  identical  with  the  other. 
Hence,  on  comparison,  the  set  10  is  4,  40  is  1,  20  is  8,  and  80  is  2 ; 
in  other  words,  the  collineation  (BB"CC")(J3'J3'"C"C"")  permutes  the 
two  sets  1  and  4  together  and  the  two  sets  2  and  8. 

Considering  then  one  set  of  86  points,  in  respect  of  the  G^  that  arises 
on  combining  the  Gig  with  the  collineation  {BB"GO'){B'WG'G'"\  it 
consists  of  two  sets  of  18  points  each,  each  set  being  transitively 
permuted  among  themselves  by  the  6ge-  Moreover,  the  86  points  lie 
four  by  four  on  the  set  of  86  lines  given  in  the  following  table,  which 
themselves  are  permuted  transitively  in  two  sets  of  18  each  by  the  639. 
Through  each  of  the  nine  original  points  of  the  Hessian  configuration 
just  4  of  the  86  lines  pass.  Hence  the  original  9  points  and  the 
86  constructed  from  them  form  a  set  of  45,  which  lie  five  by  five  on 
a  set  of  86  lines  that  pass  four  by  four  through  each  of  them. 


Table  I. 


ABiGiBl^U^f 
BAiGiBl^Cfl^ 
GBiAiB^(j2t 

JdOi  Cj  ilg  Cf2n 

CfBfiBllB^A^, 

TVf/y  t/"  /-if  T> 

^B^lCf^Cf^C^, 
CTHiCiB^B'it 


AB^G^B^  C2, 
BA^  C4  C/2  C/2, 
GB^A^B^^i 

Ev^Cln^G^f 

X>   O4JD4O2XJ2, 

C  G\B^  C2B2, 

BrB^^C^A^C^f 

uBl^Cf^B^A^y 


AB!^(j[B^Cf^, 

BB^BiA^u^y 

B  Ai(^{Cf^BQ, 
Cf  B'lAiGsElf 

(ra.G^B^K 
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nr^  rf  T^  XJ" 

GG^GIB^CI, 
nA^ClG^B^^9 
(f  n^A^C^B^, 
B'^B^B'^A^CfJl, 
C/  U^  C4  B^A  ^4 

F 
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9.  Although  the  foregoing  geometrical  constmotion  is  formallj  sufficient  to  deten&iiie  the 
system  of  points  and  lines,  it  cannot  be  actually  carried  out.  Indeed,  of  the  nine  points  and 
nine  lines  of  the  Hessian  configuration  not  more  than  either  (i)  three  points  and  three  lines, 
(ii)  five  points  and  one  line,  or  (iii)  one  point  and  five  lines,  can  be  real.  An  actual  speoificatioii 
of  the  points  and  lines  is  necessarily  analytical.  The  formulae  are  as  follows.  Taking  A  BC^ 
ff(?^'(f\  CB"B'"  as  the  sides  of  the  triangle  of  reference,  the  nine  collineations  of  order  2  of  the 
G^is  with  their  fixed  points  and  fixed  lines  are  given  by  the  table : — 

(•»  -  1.) 


Substitution. 
{Xy  «,  y) 

Fixed  Point.         1 

Fixed  Line. 

Aa 

a:  =  0,      y  +  «  =  0 

y-«  «  0 

Bh 

r 

(x,  »t,  «V) 

a:  =  0,    y  +  ««  «  0 

y.-C»2  «  0 

1 

Cc 

(x,  •'s,  wy) 

ic  =  0,  y  +  «'s  =  0 

y-«A-  0 

B'V 

(•,  y, «) 

y«0,      s  +  a:-0 

c-a;  —  0 

(r"e" 

(«»««,  y,  tax) 

y  «  0,    z  +  wa:  -  0 

z-wx  =■  0 

Cc" 

(c«e,  y,  ««s) 

y  =  0,  c  +  otf'a:  «=  0 

c  -  ai^x  =  0 

Ce' 

(y,  *, «) 

«  =  0,      a?  +  y  =  0 

'        ar-y-0 

B"h" 

(«y,  «9x,  z) 

«  =  0,    d;-i-o»y  —  0 

x—tty  «  0 

B"'h"' 

(»V.  «J?,  s) 

«  -  0,  a:  +  «2y  =  0 

4?-o»V  =•  0 

With  this  table  there  is  no  difficulty  in  carrying  out  the  calculation,  which  presents  no  point 
of  interest.     The  result  is  that  the  four  points  Ai,  A^^  A^,  A^  are 

^'^'^»    / ixl i'^»^'     -^^\l,  1;    ««-.l  +  «A,  1,  1, 


where  X  is  an  assigned  root  of 


X*  +  (3  +  4«)X-2«*-  0, 


the  other  root  gfiving  the  four  points  Ai,  A^j  Aj,  A^.    From  the  coordinates  of  the  A*6  those  of 
the  3'8,  &c.,  can  be  calculated  by  the  previous  table. 

This  analytical  specification  of  the  points  may  be  used  to  verify  the  existence  of  farther 
collinearities  among  them  in  a  very  simple  manner.  The  fact  that  an  adequate  figure  cannot  be 
drawn,  owing  to  most  of  the  points  being  imaginary,  renders  a  geometrical  treatment  of  this 
point  very  difficult  to  carry  out. 

The  coordinates  of  ^«  ,  which  is  changed  into  A4  by  the  collineation  (j"(f"^  are 


and,  anoe 


«*,  1, 


«*,     1, 


Xor 


A,  («  —  «*)-  «' 


XC0 


1,       1,  -I 

A,     1,  1  ! 


«0, 


jft  -»*t 


B'i  lies  in  a  line  with  A  and  Ax,    Now  AB'i'Ci'  \b  a  line ;  and  heuoe  AAiB'i'C'i'  is  a  line.    The 
collineation  (BB'*CC"){B^fi'*'(rcr*') 


changes  A,  ^1,  B^  ,  Ci  into  A^  A^,  Ci,  b[  respectively.    Hence  AA^CiB'i  is  also  a  line.    It  may 
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be  similarly  verified  that  AA^B'^C'i  and  AA^B^C^  are  lines.  Since  B'i'  is  changed  into  c'^  by  Aa, 
which  leaves  A  and  -4,  unchanged,  B'i'c'i'  divide  AAi  harmonically  ;  and  similarly  B^C'^  divide 
^^2  harmonically.  It  also  follows  directly  from  the  coordinates  of  -4„  ^4,  -4j,  A^  that  -^i^j/^s 
divide  ^1^4  harmonically. 

10.  The  table  of  the  36  lines  containing  the  45  points  five  by  five  may 
now  be  supplemented  by  one  of  45  lines  which  contain  the  same  45  points 
four  by  four. 


B^B'lC.B',, 

craiBT^A,, 


AA,a,B!,, 
BB,(f;B![, 

cc,a[Br,, 

B%Cf,A,, 
G'C[A,B!,, 
B"B![B^ai, 

c"cfiBr,Ci, 

BTB^.C^Cfi 

craiB![B^, 


Table  II. 

BBzB^^B^f 
CC2C3C3, 

■t>  -02^53 iJg* 
B  H^A^U^y 

C  (72  ^8 -^8* 

IS  iXo -03/53, 
G  C2C3C3, 


BB^C^A^t 

Bt  13'  /^'  r^ 

^3/52-t)2» 

Ij    Ij^Lf^O^y 

U3U2-D2, 

wif  7V»r  tV'  W 
n  i53XJ2^2» 


BiB^BqBs, 
Ci  C^  G2  G^t 
IJ1B4B2-B3, 
Ci  (74  U2  Cs, 

r>/f  w'  iV'  r>" 

/V  W/  /nr''  r^f 

TjW  Tyff  Tyff  73/w 
-'^i -04-^2-03, 

^1^4^2^3- 


Each  line  of  this  table,  the  formation  of  which  from  the  previous  data 
is  obvious,  contains  4  of  the  45  points,  and  in  each  the  first  pair  divide 
the  second  pair  harmonically.  Further,  there  are  just  4  of  the  set  of  lines 
passing  through  any  one  of  the  45  points.  This  and  the  previous  table 
contain  implicitly  all  the  properties  of  the  configuration  of  45  points  which 
has  been  constructed. 


11.  An  inspection  of  the  two  tables  shews  that  the  set  of  45  points  is 
invariant  for  coUineations  which  do  not  belong  to  the  Gge  in  connection 
with  which  the  set  arises. 

Consider  in  particular  the  perspective  of  order  2,  defined  by 


(BGBl[a\ 

\^lC'BGr 


Since  ABGy  ABl^dl  BA^C^B^^Cf^y  CB^A^B^Cf^y  BA^C.G'^Cf^y  CB.A^B'^B"^ 
are  straight  lines,  Ay  A^y  A^  are  unchanged  by  the  perspective  ;  and  three 
lines  through  A-^y  being  imchanged,  every  line  through  A^  must  be  un- 
changed. Hence  ^^  is  the  fixed  point  and  AA^  the  fixed  line  of  the 
perspective ;  and  B^,  C^,  being  points  on  AA^y  are  unchanged.     Further, 

F  2 
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since  A^A^A^A^,  AA^B^CfH,  B'B\Cf^A^y  CC\A^:eI^  are  lines  in  each  of 
which  the  first  pair  of  points  divide  the  second  pair  harmonically, 
-4.2,  A^  are  permuted  by  the  perspective,  as  also  are  B^,  C4 ;  B\  B\\  and 
G\  C^.  The  perspective  therefore  leaves  A,  Ai,  A^,  B[,  C^  unchanged,  and 
gives  the  permutations 

M.^a)  {BB!!^  (cc^  (B'jb;)  (c'c;)  (b:o. 

Further  permutations  are  obtained  from  the  tables  by  taking  a  pair 
of  lines  intersecting  in  a  common  point  (belonging  to  the  45)  and  deter- 
mining the  lines  into  which  they  are  changed  by  the  perspective.  Thus 
BB^A^C^  and  C'C^CT^B^Cfl  become  B^B'UsCfi  and  B^C'^B^^C^B'^;  so  that 
Bq  and  JB"  are  permuted  by  the  perspective.  Continuing  in  this  way,  it 
may  be  very  easily  verified  that  the  whole  of  the  45  points  are  permuted 
by  the  perspective  of  which  Ai  is  the  fixed  point  and  AA^  the  axis,  the 
actual  permutations  being  : — 

A,   Aiy   A^,   JS'i,    C'l   unchanged, 

(B^i)  (CCo')  (B'Bi)  (C'C^)  (B"B8)  (C"C^  {B^'O^  {(fB'^, 

(/l,.l8)  (Bi^  (Ci  CD  (B'X)  (C/O  (B^B'^  (Ca  C^, 

(b;  q  (c;b4)  (BiB'i)  (c;  o  (btcd. 

Similarly,  it  may  be  shewn  that  the  perspective  of  order  2  of  which  A^ 
is  the  fixed  point  and  AA^  the  fixed  line  permutes  the  45  points  among 
themselves. 

Now,  for  the  Gas,  ^1  ^^^  ^2  ^^^  ®ach  one  of  a  set  of  18  conjugate 
points  ;  and  AA^,  AAq  each  belong  to  a  set  of  18  conjugate  lines.  From 
the  two  perspectives  of  which  Ai  and  A2  are  the  fixed  points,  and  AA^, 
AA^  the  fixed  lines,  there  thus  arises  a  set  of  36  perspectives  of  order  2, 
for  every  one  of  which  the  configuration  of  45  points  is  invariant.  These, 
with  the  original  nine  perspectives  of  order  2,  belonging  to  the  Gg^, 
give  a  set  of  45,  each  with  one  of  the  45  points  for  fixed  point  and  one  of 
the  45  lines  (of  Table  II.)  for  fixed  line.     A  set  of  five  is 

AiA^A.A^A^,     AMA^I,     AM^d.     ^U^a),     ^U^a). 

and  the  remainder  are  formed  by  replacing  A  by  B,  C,  B',  C,  B",  (7",  B'", 
or  C"\ 

An  inspection  of  the  permutations  of  the  45  points  given  by  Ai(AA^ 
shews  that  they  form  a  single  conjugate  set  with  respect  to  the  group  G 
of  collineations  generated  by  the  G^  and  the  perspective  of  order  2, 
Ai(AA^.  Hence  the  set  of  45  perspectives  of  order  2  forms  a  single 
conjugate  set  of  collineations  for  G.  For  a  group  of  plane  collineations  of 
finite  order  cannot  contain  two  distinct  perspectives  of  order  2  with  a 
common  vertex. 
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12.  The  four  lines 

ABC,    AB'C\    AB"C",    AB'^C'' 

are  changed  hy  Ai(AA^  into 

ABi^Cu    ABi^G^y    ABqGq,    AUiBi, 

Thus  the  16  points  of  the  configuration  which  do  not  lie  on  either  of  the 
4  lines  of  Table  I.,  or  of  the  4  lines  of  Table  II.,  that  pass  through  A,  lie 
by  pairs  on  8  other  lines  through  A.  Of  these  lines  which  contain  the 
46  points  three  by  three  there  are  120,  and  through  each  point  of  the 
46  eight  of  these  lines  pass.  From  this  it  follows  that  the  straight  line 
joining  any  two  points  of  the  configuration  passes  through  either  one,  two, 
or  three  others. 

Id.  The  Hessian  configuration 

J,  JB,  C,  J3',  C,  B\  0\  B'",  C", 
formed  of  9  out  of  the  45  points,  is  changed  by  A-^iAA^  into  the  Hessian 
configuration  j,  bI  C;  b;,  C„  JSg,  Cg,  C7,  B";, 

containing  only  one  point  in  common  with  the  previous  one.  Moreover, 
no  one  of  the  set  of  12  (/8)  lines  of  the  first  coincides  with  one  of  the  set 
of  12  of  the  second;  and  each  of  these  sets  of  12  belongs  to  the  set  of  120 
of  the  last  paragraph. 

Any  Hessian  configuration  into  which  the  first  is  changed  by  a 
coUineation  belonging  to  G  must  have  for  its  ifi)  lines  12  from  the  set 
of  120  just  mentioned.  If  two  configurations  have  one  of  these  lines,  say 
ABC  J  in  common,  the  three  points  A,  B,  C  on  it  belong  to  each,  and 
the  three  lines  a,  b,  c  are  (S)  lines  for  each.  But  then,  by  §  5,  the 
remaining  12  points  making  up  the  configurations  would  lie  on  two  lines, 
6  on  each.  Now  no  6  of  the  45  points  lie  on  a  line.  Hence  no  two 
Hessian  configurations,  formed  from  the  45  points  by  the  collineations 
of  G,  can  have  a  (/8)  line  in  common.  There  are  then  at  most  10  such 
Hessian  configurations.     On  the  other  hand, 

A,  B,  C,  B\  C\  J3",  C",  J3'",  C" 

is  changed  into  another  Hessian  configuration  having  any  single  one  of 
the  9  points  written  in  common  with  it,  by  a  suitably  chosen  one  of  the 
46  perspectives  of  order  2.  For  instance,  Bj  (B!'B"^  changes  it  into  one 
having  B"  in  common  with  it.  There  are  then  at  least  10  such  Hessian 
configurations.  Combining  the  two  results,  it  follows  that  from  the  original 
Hessian  configuration  just  10  Hessian  configurations  can  be  formed  by  the 
collineations  of  6,  having  for  their  (/3)  lines  the  lines  of  the  set  of  120.  Each 
two  of  these  Hessian  configurations  have  just  one  point  in  common  ;  and, 
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conversely,  each  point  of  the  45  enters  in  just  two  Hessian  configurations. 
Moreover,  the  10  Hessian  configurations  are  transitively  permuted  by  the 
coUineations  of  G ;  and  any  collineation  which  changes  each  Hessian  con- 
figuration into  itself  changes  each  of  the  45  points  into  itself,  and  is 
therefore  the  identical  collineation.  But  it  has  already  been  seen  that  the 
greatest  sub-group  of  the  G^q  for  which  a  Hessian  configuration  is  invariant, 
which  leaves  invariant  the  set  of  45  points,  is  a  G^.  Hence  the  order  of 
G  is  360.  It  follows  immediately  that  G  is  the  greatest  group  of  coUinea- 
tions for  which  the  45  points  are  invariant. 

14.  The  six  lines  in  the  upper  left-hand  corner  of  Table  I.,  viz., 
AB,C,B',C',,       AB,G,B!:(fl,     say     l,,    Z„ 

BA^C,B!'^ai      BA,C,Cf;Cf,,      say     k,    k, 

CB.A.B^a^,       CB,A,B[,Bl      say     ^,    Zg, 

contain  just  15  of  the  45  points,  which  constitute  their  complete  in- 
tersection. The  coUineations  Aa,  Bb,  Cc,  and  Ai{AA^  permute  these 
lines  among  themselves,  giving  in  fact  the  permutations 

{hl^iW.     iWikhh    ihl^ihl^.    HihKW' 
The  collineation  of  order  3,  abcABC,  gives  the  permutation 

and  therefore  this  coUineation  foUowed  by  the  perspective  Ai{AA4)  leaves 
^5  unchanged,  and  gives  the  permutation 

(li  I2  Iq  ^4  ^g) 

of  the  other  five.  The  six  lines  are  therefore  permuted  among  themselves 
by  an  icosahedral  group  of  60  coUineations,  and  they  hence  form  one  of 
not  more  than  six  such  sets  of  six  lines  which  are  permuted  transitively 
by  G.  Now  the  perspective  A^iAA^  leaves  A  unchanged,  and  changes  the 
lines  li,  l^y  l^f  I^t  Ifi,  Zq  into  another  set  of  six.  Every  point  of  the  45  then 
occurs  in  at  least  two  such  conjugate  sets  of  15,  which  constitute  the 
complete  intersection  of  a  set  of  6  lines.  Hence  there  are  not  less  than 
six  sets  of  six  lines  transitively  permuted  by  the  group.  The  icosa- 
hedral group  of  60  coUineations  is  therefore  the  greatest  sub-group  of  G 
for  which  the  set  of  lines  Z^,  l^,  l^,  l^,  l^,  l^  is  invariant  ;  and  by  the 
coUineations  of  G  just  six  such  sets  arise  which  are  permuted  transitively. 
Each  of  the  45  points  occurring  in  just  two  sets,  any  coUineation  which 
leaves  each  set  unchanged  must  leave  each  point  of  the  45  unchanged, 
and  is  the  identical  coUineation.     The  group  of  coUineations  G  is  therefore 
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simply  isomorphic  with  a  group  of  permutations  of  six  symbols.  Hence, 
the  order  of  G  being  360,  it  is  simply  isomorphic  with  the  alternating 
group  of  six  symbols. 

Of  the  eight  lines  which  pass  through  A  and  contain  just  three  of  the 
45  points,  two,  viz.,  ABC,  AB^l^O!,,  occur  in  connection  with  the  15  points 
which  form  the  complete  intersection  of  Zj,  Zj,,  ^,  Z4,  Z5,  Zg.  Two  more  must 
occur  in  connection  with  the  complete  intersection  of  the  six  lines  into 
which  Zi,  Zg,  /g,  Z4,  Zg,  Zg  are  changed  by  the  perspective  A^{AA^.  There 
cannot  therefore  be  more  than  one  other  set  of  six  lines,  containing  l^,  and 
having  15  of  the  45  points  for  their  complete  intersection.  An  inspection 
of  Table  I.  shews  that  there  is  just  one  other  such  set,  viz., 

AB^  Cin^  Cg,         AB^  C^i-^i  C3, 

BhlB^Cf  A^E2j        BiB  BiCf^A^f 

ft 

The  86  lines  can  therefore  be  divided  in  just  two  distinct  ways  into  six 
sets  of  six  each,  such  that  the  complete  intersection  of  any  set  of  six  is  15 
of  the  45  points  ;  and  each  of  these  two  sets  of  six  are  permuted  transi- 
tively among  themselves  by  the  coUineations  of  the  group. 
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ON    THE    REPRESENTATION    OF    CERTAIN    ASYMPTOTIC 
SERIES  AS  CONVERGENT  CONTINUED  FRACTIONS 

By  L.  J.  RoGBRB. 

[Reodyed  November  2lBt,  1905.— Read  December  14th,  1906.] 

1.  It  has  been  proved  by  Prof.  T.  Muir  {Edinburgh  Trans.y  Vol.  xxvn., 
667-671)  that,  in  general,  a  power  series  in  x,  ao+aia;+a^a;*H-...,  can  be 
represented  as  a  continued  fraction  of  the  form 

0        1  '^      s 


1-  1-  1-        ' 

and,  for  convenience  of  reference,  it  will  be  useful  to  indicate  the  proof 
of  the  determinant  expressions  which  give  the  e's  in  terms  of  the  a's. 

If  Pn  and  Qn  are  respectively  numerator  and  denominator  of   the 
n-th  convergent  left  unreduced,  so  that 

and  Qi  =1,      Q^=  l—CiX,      Qn  =  Qn-i— «n-iajQn-2, 

it  will  be  readily  seen  that  Pjn-i,  P211,  Q2n-i  are  of  degree  w— 1  in  x,  and 
that  Qn  is  of  degree  n, 

Moveover,  if  En  denote  ^-^  ^IT"  •  •  • '   ^^^^ 

^0  Qn — P%  =  EqEi  . . .  EnX^. 
If  n  =  2m,  we  get,  by  equating  coeflScients  of  x^,  x^"^^ 

where  a2»  =  la2i»,        asm-i,     ...,     a« 

i  fl««-l>       fl^m-2»       •  •  •  >       ^«-l 


(1) 


.,a;^,  the  relation 

(2) 


a 


m> 


fl^m-l> 


at 


which  is  a  determinant  of  a  type  called  persymmetric. 
Also,  by  considering  the  coeflScients  of  a;^"*"*"\  we  get 

«0^1  •••  ^2m(«i  +  «2H----H-^«m+l)  =  02™,  l/a2m-2,  (8) 

where  a2m,  1  denotes  what  asm  becomes  when  the  suffixes  of  the  first  row 
are  all  increased  by  unity. 
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Similarly,  by  making  n  =  2wH-l,  we  get 

CqCi  ...  62m+i  =  a2m+i/aai»-i 

and  CqCi  ...  C2m+i(CiH-esiH-...C2»n.2)  =  a2m+i,i/a2«-i, 


(4) 
(6) 


where 


a2w+i  — 


^^+i>     ^^> 


fl^mj 


fl^m-l* 


^+1 
Am 


» 


ttm+lj 


a 


HI) 


Ol 


and  asm+i,]  is  what  aam+i  becomes  when  the  suffixes  of  the  first  row  are 
all  increased  by  unity. 

The  converse  relations,  viz.,  the  expressions  giving  o^,  Ox,  ...  in  terms 
of  the  e*Qf  can  be  determined  successively,  but  apparently  not  generally. 
Por,  if  S  denote  an  operation  which  changes  an  into  an+u  we  get 
Son  =  On,  u  both  wheu  n  is  even  and  when  n  is  odd. 

Hence,  if  w  >  1 , 

Se,e,...en^-^h^--^^,     by  (2)  or  (4), 

an-2   \  On  Ck-2  / 

Sen  =  c»(e»+i— ^»_i) 

^0  ^  ^o> 

Og  =  ScqCi  =  60^1(61+62), 

(X3  ^  06061(61+63)  :=:  6061(61+63)  +60616363, 


by  (8)  or  (6), 


therefore 
while 
Thus 


The  2n-th  convergent  denotes  that  rational  algebraic  fraction  in  x,  of 
degree  in  numerator  n— 1  and  of  degree  in  denominator  n,  which  is 
identical  with  the  given  series  up  to  2n  terms,  i.e.,  as  far  as  x^^~^ ;  while 
the  (2w+l)-th  convergent  is  identical  with  the  given  series  up  to  2w+l 
terms,  and  has  numerator  and  denominator  both  of  degree  n. 

The  alternate  convergents  thus  form  a  series  of  fractions  which  may 
in  certain  cases  approach  a  finite  limit,  even  when  the  given  series  does 
not  absolutely  converge. 

Such  will  be  found  to  be  the  case  when  the  series  is  of  the  asymptotic 
type  derived  from  certain  definite  integrals  by  continued  process  of 
integration  by  parts. 

It  will  be  necessary  first  to  establish  certain  lemmata  which  will 
hereafter  be  found  important. 
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Lemma  I. — The  2m-th  convergent  of  the  fraction 


1-  1-  1- 

is  identical  with  the  m-th  convergent  of 

1— Ciic—  l  —  (e^-\'e^)x—  l  —  ie^+e^x  — 
For,  from  the  relation 

■Pirn  =  -Psm-l — ^2m-l^-P2m-2»       P2m-\  =  P'lm~2  —  ^2m-2^^ftii-8>        •••  > 

we  may,  by  eUminating  P2TO-1,  P2in-s,  obtain 

Pim   =    {1 — (^2m-2  +  ^2m-l)3:[P2m-2  —  ^2m-8^2in-23J  P2»-4> 

together  with  a  similar  relation  connecting  alternate  Q*s  ;  which  two 
equations,  since  the  necessary  initial  conditions  are  satisfied,  give  the 
required  result. 

Lemma  IL — If         e^    e^x        __       ,   f^x  f^x 
then      J I  =  ^o^i>    /a  ^^  ^1  1  ^a>    /a/a  ^^  ^a^s*    jQi/i  ^^  ^3  1  ^4>     •••  • 

i;  -^^^ 

while  El  =  - — 5i ,     Z"^"-^, ...      (by  Lemma  I.) ; 

therefore  ^„  =  e.+  ^^c^fj^  rq^^S^    - 

But  ^„=:e„+_^_^A^...      (by  Lemma  U 

whence,  by  comparing  the  two  expressions  for  Eq,  we  obtain  the  required 
relations  between  the  /'s  and  the  e's. 

Lemma  III. — If  in  a  continued  fraction  of  the  second  class 


1-  1-  1-       ' 

where  the  e's  are  all  positive,  the  convergent  denominators  are  all  positive 
and  the  fraction  is  known  to  be  convergent,  then  also  will  the  fraction 


^0       /l         fi 


2 


1-  1-  1- 
be  convergent,  provided  /n  <  en. 
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Let  Pnign   be  the  n-th  convergent  of  the  first  fraction,  and  PJQn 
that  of  the  second. 

Then,  smce  pn+i  =Pn—enPn-i,    ..,  we  have 


Now  it  is  evident  that,  if  •^^^"zii  <  Miizl   for  aU  values  of  n  above 

Vn+l  ?n+l 

some  fixed  integer,  the  second  continued  fraction  converges  more  rapidly 

than  the  first. 

Now  - 

^JtSn^  =  JJL.  ^l     and    ':^=^-i--^^...--^. 

qn+l  qn+1  ?n+l  1—    1—    1—  1—^1 

Since,  however,  /i  <  ^i,  /a  <  ^2» 

/a     ^     ^2 

and,  since  /s  <  eg^  ^  j^  <  j^  j^^* 

and  generally  j^^^  <  -2lL  , 

Vn+l  ?n+l 

which  is  the  condition  required  in  order  that  the  second  continued  fraction 
should  converge  more  rapidly  than  the  first. 

fi        fi        p 
Corollary. — If  ?%,  Wi,  rn^y ...  >  1,  then  — 2 1 ^ ...  converges 

more  rapidly  than    -r-^  r-^  — 

As  Lemma  IV.,  I  introduce  for  reference  the  well  known  condition  for 
fractions  of  the  first  class        ^       ^       ^ 

^0         ^1         ^2 


1+    1+    1+**" 

where  all  the  e's  are  positive ;  viz.,  that,  if  the  fraction  be  reduced  to  the 
form  -.1-1 


do+  di+  AjH- 

it   will    converge,   provided   at   least   one   of    the   series    d!o+daH-...    or 
di + dsH"  •  •  •  18  divergent. 

It  may  be  remarked  that  in  this  case  the  fraction 


1+  1+  1-f  ••• 

is  also  convergent  for  all  positive  values  of  x. 
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2.  Let  t^n  denote       Bii*te~^^*dt     Then,  if  n>  2, 
Un  =  [-x^-'^'sn^^T+a;  r  jBu'' t  e'*' dt  =  a:*  f^Bn^^e-'/'d^ 

If  n  =  1,  we  have 

t^  =  X  I  en ^ dn ^  e~*'dt 

=  [-x^entdnte-'f^T  +0^  T  e''''\  -(l+Ar^sn  t-2}^Bn^t}  dt 


x" 


Let  X  :=  l/u;  then 


_^^,  _  1 1.2^8^  8.4^5^ 


To  prove  that  this  fraction  is  convergent  for  all  real  valaes  of  u  and  k, 
where  A:  <  1,  let  us  write 

u^  =  {l'\-k^)v^     and     t-t-tq  ==  ^• 

1  +  ^'' 


00 


1+ft^  2».1.3.ft« 


_       1         »iM.3   2''m'.3.5 

»»+i-  »H8*-  uHe*- 

_       1 m"  2»m'  S'm'  .„. 

~  o«+l-  J(»«+3«)-  i(»H5*)-  KwHT'-O-'    ^' 


If  t)  =  0,  this  becomes 

1     m'  ^m^&'m'' 


(8) 


1_  3_   5_    7_ 
where  w  <  1. 

This  fraction  is  known  to  be  convergent  and  equal  to  m~^  tanh~^  m ; 
BO  that,  by  Lemma  III.,  the  right-hand  side  of  (2)  is  also  convergent. 
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It  k=  1,  the  identity  (1)  becomes 


r 


0  *^^  ^  ""''^'^^  ■"  1+2?^  1+2785^^  1+275^^^' 

,  .  ,    ,     T  T  ^    1.2a;2  2.8a;»  8.4a;«  ,., 

which,  by  Lemma  I.,       =  jx  "YIT  Xf"  T+~  *••'  ^^ 

The  convergence  of  this  fraction  may  be  established  also  from  Lemma  IV. 
From  considerations  similar  to  the  foregoing,  we  have  also 


£ 


_„9^--exj/ 2^  2.3  .4A?^ a;  ^^v 


of  which  the  convergency  is,  by  Lemma  IIL,  more  rapid  than  that  of 

r —  ...,  which,  again,  is  more  rapid  than  that  of  (3). 

z —    4 —    o  — 

8.  If  Vn  denote  I  Gn^te''^'dtf  we  shall,  as  in  the  last  section,  obtain  a 

general  linear  relation  connecting  v^-i,  v^  and  v^+i. 

By  Lemma  I.,  it  will  be  found  that  the  integral  may  be  expressed  in 
the  form  ^  ^  2W  SV  4W  ... 

1+  1+     1+    1+     1+    •••'  ^^^ 

the  convergency  of  which  can  be  established  by  Lemma  lY* 
Similarly,       £ dn t e"'/' dt  =  ^^^  5^  . . ., 

and,  by  putting  k=  1, 

4.  If  Landen's  theorem  be  applied  to  the  results  of  §  2,  (1)  and  (5),  we 
get  from  (1),  after  some  reductions, 


r 


^Bl^Ble-'i'dt 
0      dnt 

_  3? 1.2».8feV 3.4".  5^V 

~  H-2(l+ft'^x'-  1+ 2. 3" (1 +*'*)«»-  1+2.5»(1+A:'»)a^-... 

_  3? 1.2''.8feV  3.4''.5^V 

~  H-2V-2ft*x-'-  H-2*.8V-2.3«;fc'x»-  H-2^5V-2.5''A»^»-...' 

, .  ,     ,      _         3»         X.ITc^x'    2.8^'a^    8.4A:'ic»       4.5^a!' 
wmcn  aiBo  -  ^^^^^_  -^Z-  i+eV-  T^  l  +  10»a^-... 
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by  Lemma  I. ;  the  x  of  the  lemma  being  the  J^  of  this  section.     So,  too. 


0        dn*<  ~  1+2.2»(1+A:'^x«-  l+2.4'-'(l+A;"0ar'-...' 


I 

whence         1    — r-s-; — g-'/'d^  =  ic-f- 

Jo       dn'f 


A^a; 


8 


1+2. 2^(1+*'^  a:^-../ 


The  right-hand  side  of  this  equation  may  be  treated  by  Lemma  II., 
where  1^  is  the  x  of  the  lemma  ;  and,  transforming  the  elUptic  function  at 
the  same  time,  we  have 


r 

Jo 


^e-'^"    at=z    ^        ^^^^      2.3*^x2      3. 4^:^x2 


0  l+dn2^  1-  1+4V-      1-      1+8V~...' 

5.  A  very  general  theorem  relating  to  the  conversion  of  a  definite 

integral  of  the  form   I   f{t)e~^^^dt   may  be  obtained  from  the  following 

Jo 
considerations.  < 

Suppose /(x)  to  be  represented  by  a  power  series  in  x  with  positive 

integral  indices,  and  that  the  number  of  terms  is  indefinite.     Then  it  is 

not   difficult  to  see  that  we  have  sufficient   arbitrary  constants  at  our 

disposal  to  assume  that 

f(x+y)  =  Aof{x)f(y)+A,Mx)/,(y)+AJ^{x)f^(y)  +  ...  (1) 

where  Aq,  A^^  A^  are  independent  of  x  and  y.  Also  the  leading  power 
of  X  in  fn{x)  may  be  assumed  to  be  x'\  the  leading  coefficient  being  at 
present  arbitrary.  If  f{x)  consists  of  a  finite  number  of  terms,  the 
functions  /i,  /a,  ...  are,  of  course,  finite  in  number ;  otherwise  the  number 
of  these  functions  is  indefinite,  but,  as  we  are  only  concerned  with  the 
manner  of  deducing  successively  the  constants  A^,  Ai^  A^,  ...  and  the 
coefficients  in  /j,  /g,  ...  from  those  in  /,  we  need  not  consider  the  question 
of  convergency  of  any  of  the  series. 

We  shall,  moreover,  assume  that  the  constants  A^,  Ai,  A^,  ...  do  not 
vanish  identically,  which  assumption  includes  the  supposition  that  /(O)  is 
not  equal  to  zero. 

Differentiating  (1)  n  times  for  y,  and  putting  y  =  0,  we  have 

^/(«)  =  linear  function  of  /,  /j,  ...,  /n. 

Using  all  such  deductions  for  values  of  n  from  1  to  n,  we  see  that  fn  is 
a  linear  function  of  /  and  its  first  n  derivatives,  and  that  the  condition 
that  the  leading  power  of  x  shall  be  x^  makes  this  representation  of  fn 
unique. 
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Hence  Lfn^i+  M-^  fn-i+Nfn-2,  where  L,  AT,  N  are  constants,  is  a 

ax 

linear  function  of  /  and  its  first  n  derivatives,  and  in  general  its  leading 
power  of  X  is  a:*"^. 

But  we  may  so  choose  L,  M,  and  N  that  the  coefficients  of  x*"^  and 
x*^^  are  zero,  and  in  this  case  the  function  can  be  none  other  than  a 
constant  multiple  of  /*.     We  may  write  then 

fn  =  Lfn.l  +  M£fn-,+Nfn^2.  (2) 

Now,  let  [  fn(t)e-^f'dt  =  x''''^<Pn{x). 

Jo 

Then     j^^/n-i(«6-'/'d<  =  [fn^i{t)e'''J^  +  ^^^^ 

Assuming  that  the  integrated  part  vanishes  at  both  limits,  we  see  that  (2) 
reduces  to  2^         r    ^       i  nr^       1  \t^ 

Since  the  leading  coefficients  in  the  ^'s  are  still  arbitrary,  we  may  write 
this  relation  in  the  form 

0n-2  =  (1  —  an  X)  <f>n-i  +fin  X^<f>n-  (8) 

The  integrated  part  in  the  above  equation  will  not,  however,  vanish  at  the 
lower  limit  when  n  =  1 ;  so  that  this  case  will  require  special  con- 
sideration. 

We  have  £f{t)  =  Af  {0)/(t)+Bf[(0)f, {t) ; 

therefore 

If  /(t)  =  ao+(ht+f^/+  f^  ^+..., 

then,  still  assuming  that  ^  =  oo  gives  a  zero  value  torfifje"^'*,  we  have 

-^0+^0  =  xAaii>o+Bf[(0)x^i>i 
or  (1 —xa^  ^0  =  »o+^i^Vi» 

while,  by  (8),  ^o  =  d— aaa^)^i+/8aaJ^0a> 

4>i  =  (1— aga?)  ^a+^s^Vs* 
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Hence  <f>Q  =  aQ'\-aiX+a^a^+... 

5Eo 

1  —  aiic —  1  —  Ojic —  1 — Qgic — ...* 

It  may  be  noticed  that  the  terms  independent  of  x  in  all  the  functions  <f> 
are  the  same  and  equal  to  Uq.  Moreover,  it  should  be  mentioned  that  (4) 
fails  if  any  of  the  /3's  are  zero,  i.e.,  if  any  of  the  |persymmetrical  determ- 
inants called  a2n  in  §  1  vanish. 

d^ 
We  may  now  easily  deduce  the  value  of  An.    For  '^-^/(x)  =  a  linear 

function  in  /,/i,  -^^fny  where  the  coeflScient  in  fn  is  An-^fniy)^  when 
y  =  0.     But  ^ 

n\ 
therefore  this  coefficient  is  AnO^^     Thus 


/,(y)=^H....; 


dx' 


fix)  =  Anao/n{x)+teTmB  in  fn-\{x) ... . 


^+1 
Similarly,     ^I5rri/(^^  =  -^«+i ^o/n+i  (a:)  + . . .  . 

Hence,  equating  coefficients  of  /n+i(x),  we  have 

We  see,  then,  that,  if  0o(^)  ^^  known  as  a  continued  fraction 

e^x 


1-  1-...' 

or,  by  Lemma  L,  as  ,     "^         ,     ^^^'        , 

•^  l  —  aiX—  1  — aaX  —  ... 

we  may  obtain  a  series  of  functions  ^i,  02,  . . . ;  so  that  an  identity 

f(x+y)  =  AJ(x)f{y)+AJ^{x)f,{y)+... 

may  be  obtained,  where  the  leading  power  of /»(«)  is  aj*. 

Conversely,  if  the  relation  (1)  is  known,  we  may  convert  ipo(x)  into  a 
continued  fraction. 
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The  connection  is  simpler  when  f{x)  is  an  even  function  of  x  ;  for  then 

Qi  :=  02  •••  =  0, 
For  instance,  the  ''  addition  "  theorem  in  Bessel's  function 

is  connected  with  the  chain-fraction  form  for  (l+x^"*,  which  is  obtained 
from  Gauss's  formula  for  converting  the  quotient 

F{a,/3+l,y+l,a:}/F{a,i8,y,ir} 
into  a  continued  fraction.     Again,  the  relation 

is  connected  with  the  chain-fraction  form  for  e*,  also  obtainable  from 
Gauss's  formula. 

A  very  general  relation  of  the  type  of  the  Bessel  formula  may  be  got 
from  Gauss's  by  putting  /3  =  0,  so  that /(a;)  is  of  the  form 

■     g        ,    a(a+l)    x^    .   a(a+l)(a+2)    X^    ,        . 
■^y  y(y+l)   2!  ■^y(y+l)(y+2)   8!"^-' 

but  is  not  of  sufficient  importance  to  work  out  here.  The  functions 
/i,/a,  ...  have  all  factorial  coefficients  and  are  absolutely  convergent ;  but 
the  relation  (1)  would  not  be  valid  unless  the  series  of  functions  on  the 
right-hand  side  were  also  convergent. 

It  is  perhaps  interesting  to  note  that,  if  f(x)  is  not  algebraic,  the  series 
in  (1)  cannot  be  finite  unless  the  fraction  in  (4)  is  algebraic.     It  then  can 

be  expressed  as  a  series  of  partial  fractions  of  the  form  -rzT —  >  ^^^  ^^^ 

corresponding /(x)  would  consist  of  a  finite  series  of  exponential  functions 
of  Xf  the  simplest  cases  of  (1)  being 

^-^y  =  e'.e^      and      coB{x-\-y)  =  goqx  cosy— sin  x  siny. 

The  elliptic  functions  en  x  and  dn  x  lend  themselves  to  the  formula  of 
this  section  in  a  very  elegant  way.     We  have 


.    ,    V  __  en  X  en  y  —  sn  a;  dn  a;  sn  y  dn  y 

1 — A;  sn  a;  sn  v 


y 

=  en  a;  en  y— snaj  dna;  sny  dny+A:^  sn^a;  en  a;  sn*y  dny— ... ; 
so  that  the  series  fi,  f^,  ...  are 

— sna^dna:,       -^sn^a;dnx,       —  ^sn®a;cna:,       jj  sn® a;  dn  a?,     ...  ; 

2.    TOL.  4.     NO.  917.  O 
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80  that   Ai  =  -1,    ^  =  2«A:»,    ^  =  -(8!)'^,     ^4  = -(4!)'**,    .... 
and         j8i  =  -l,    )8j  =  -2''A",    fi^-S^    fit  =  -4*}^,    ..., 

•  •    ^    m 

while  the  a's  of  (4)  are  all  zero,  since  en  x  is  even.     Hence  we  obtain  the 
formula  (1)  of  §  8. 

Similarly,        sec*  (a; + y)  =  (cos  x  cos  y — sin  a;  sin  y )  "* ; 

so  that  the  functions  /i,  /g,  ...  are 

sec*"*"^  X  sin  x^       -^  sec*"*"*  x  sin'  «,       ^^  sec*"*"*  x  sin'  ic,      . . . , 

while     Ai=n,      A^  =  2\n{n+1),      Ao  =  S\(n+l){n+2),     ..., 
and  i8i  =  w,      i83  =  2(n+l),.     )S8  =  8(n+2),      ..., 

whence  T  sec~  ^e-/'  d^  =  ^  ^  ^^^±^  . 

Jo  1 —   1 —      1  —  ••• 

This  formula  is,  however,  obviously  absurd,  since  the  integrand  will 
pass  through  an  infinity  of  infinite  values.  We  may  correct  the  formula 
by  taking  the  hyperbolic  secant,  and  derive  the  relation 

Jo  1+    1+  1+  1  +  ... 

The  convergency  of  the  fraction  is  readily  established  by  Lemma  lY. 


The  identity 


1+x+y     ]  ""^  f.  xy         ) 

((l+x)a+y)\  \        (l+x)(l+y)i 


— n 


gives  a  formula  of  the  type  §  4  (1),  but  the  corresponding  integral 

0 

i.e,,  the  asymptotic  series 

x  —  fu^+n{n+l)x^'—  ..., 


J 


may   be  represented  as  a  continued    fraction    more  simply  by  Gauss's 
formula 

-F{a,  ^+1,  y+1,  x\IF{a,  /8,  y,  x\ 
7 

^     1     a(y--i8)g  {fi+l){y-a+l)x  (a+l)(y-/8+l)g  ^ 
y—    y+1—  y+2—  y— 3— ... 

by  making  x  and  y  infinite,  while  x/y  remains  finite.     If  /8  =  0,  we  have 

i-L«^a-«r/,j-iw2j-      ^    1      ax      X    {a+l)x    2x    {a+2)x      Sx    . 
l  +  aX'f-a(a+l)x  +...  —  r—    -—  — -  — — —  r—  t^ — , 
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80  that 


i: 


a+«-.-»<i«  =  j£-  ^  j£-  ^'  ^ 


X,  na^  2(n+l)3^      3{n+2)a^ 


l+nx—  lH-(nH-2)a;—  l+(n+4)x—      1  +  ... 


If  we  put  m  for  —  and  — n  for  n,  we  have 
'^  X 


r 


n.-mt^,-        1  n  2(n+l)  8(n+2) 


(l  +  O"*-"*^*  =  X   XoX  XXX  X«X      • 

0  m — n+  m — ra+2+  m—n+i+  m — n+o+... 

This  integral  =  r  {l+O'e-'^dt—?   il+t)*e-^dt 

=  I    u* e-"** e* du—  \  u*e~'**e''du 
Jo  Jo 

_    e*    J,,    i<\_j»(_l m        ,        m* 

-^»+i^vn-|-i;     «    i^^j       l(n+2)"^2!(n+8) 

=  4TTr(»+l)-  — i^|a,  j8+l,  y+1,  x}lF{a,  fi,  y,  x\, 

lib  jf 

where  y  =  n+1,     a  =  y,     j8  =  oo ,     u;j8  =  —  w. 

This  ratio  of  hypergeometrio  series  is  therefore 

1        (n+l)m       m       Jn+2)m_. 
n+1-    wH-2+    n+3—  n+4+...' 

80  that  we    have       ^^^  r(n+l)  expressed  as  the  sum  of  two  continaed 
fractions. 

An  alternative  form  of  the  identity  is 

g*r(n+l)  _     1      ,  1  ,  m^  . 

w'^^^  nH-l"^(n+l)(n+2)"^(n+l)(n+2)(nH-8)"^*" 

1  n  2(w+l)  8(wH-2) 


+ 


m— w+  m— n+2+  m— n+44-  m— nH-6+"- 


6.  The  integral  I      .  ,  ^  e"'^d^  may  be  expressed  as  an  asymptotic 

Jo  Sinn  t 

series   in   odd  powers   of   2;   so  that  we  may  assume  it  equivalent   to 
a  continued  fraction  of  the  form 


X      €\C^X^   ^B^A ^ 

1^   1-     1-   ■  ■• 

o  2 
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Calling  this  ^x,  we  may  notice  that 

^  1— X      ^  l+OJ      Jo  smb  ^  ^  Jo 

Hence      ,    ^       ^ifofl  ^sfi^L       -  2x^+ ,  .^        «i£a^    ^^^  d) 

1— x—  1— x—  1— «—  1+a?—  !+«— 

Dividing  by  x^  and  using  Lemmas  I.  and  II., 

—a;—  1 — a;—  1 —  1  — 

where  «i  =  1,     62+63  =  ^4+^6  =  ••• 

and  fi  ^  Cj,    yjj  ^  ^ii^a*    ya/s  ^  ^a^s*    JstjA  ^  ^a  •  ^4  •••  • 

But  now  l~^--'  =  2- A-^-- 

from  (1) ;   so  that,  by  Lemma  II., 

f,+f,  =  0  =/4+/5  =A+A  =  ...-. 

Hence  «i  =  1,    /a  =  ^i+^g,    /^^  =  ^3(63—1), 

and  therefore  6a(^a"~l)  =  (l+^a)^  or  Scg  =  —  1 ;  so  that  Cj  =  —  J,  eg  =  f, 
while  /a  =  — /g  =  ej+eg  =  §.     Again,  74/5  =  5465;   therefore 

-//  =  .4(1-^4). 

But  /4  =  68+^4—/,  =  ^4  +  1+1  =  ^4+2  ; 

therefore  («4+2)^  =  «4(c4— 1)  or  564=  — 4,  and  e^  =  ^. 

In  this  way  all  the  successive  6*s  can  be  found,  and,  by  induction,  we 

''''^"       27?  +  r         ^'"^'""2n+l' 

ran-      •^^'^-^^  ~    2n+l  ' 

XT  r      i        -tiz^,         «     IV  2V  8V 

Hence  .  ,   ^  e  ''*d<  =  :;-p  ;r-p  t-t-  ^tt  •••  • 

Jo  smh  t  1+  8+  6+  7  + 

Changing  x  into  — t-t  ,  and  t  into  i^,  we  have 

x-\-^ 


1 


"     <     ,-</.  j^  _      2x  IV  2V 


,„  e'-l  a+2+  3(x+2)+  6(x+2)+    ■" 

From  this,  by  application  of  Lemmas  I.  and  II.,  we  get 

1     1.2».8x»  2.8''.4«' 8.4«.5a?' 


Bj— B^x'+fijx*— ...  = 


6+      10+         14+         18+ 
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7.  The  fraction j-  ^r-; r-r-  tttz tt   •  •  >  which  we  shall  write 

1— a;+  2(1— a;)+  2(1— x)+ 

fix),  has  been  discussed  by  Prof.  Muir  {Phil.  Trans.,  1877).     It  may  be 

reduced  to  a  definite  integral  form  in  the  following  manner :  — 

By  Lemma  I.,  we  may  write  the  fraction  in  the  form 

1     e^x  e^x 
1^  1-  1-    •" 
where 

-1         -       1        _L     -1  -       S""        J.. -1  ~     6* 

$1 — 1,   63 —       ^,  c^-j-e^ — 1,   €364 —      — ,  ^i'T'o^ — 1,  ^565 —      ^,  ..., 

i.e.,  ^8  ^^  "jr*     ^4  ^^^      !r>     ^6  ^  Tr»     ^6  ^      a* 

lioreover,  by  Lemma  I., 

•'^  '~  1-  l-e^a;-  l-(c8+cjx-  •"• 
Bat  evidently  C2n-i+«»»  =  0;  therefore 

1  X 


Ax) 


1-  1+^x+u' 
where  u  is  an  even  function  of  x. 

and  therefore  /(«)/(—«)  =  1,  as  ia  shewn  by  Prof.  Muir  in  PMl.  Trans., 
1877. 

If  weput'log/(«)  =  <p(x),  we  have  <p(,x)+<p(—x)  =  0 ;  so  that  ^{x)  is  an 
odd  function,  while,  since 

f(_x_\  _  l±x  ^  8V 
^\l+x)~   1+    2+  2+    ••' 

we  see  that  —-, —  f\T-, — )  is  an  even  function  and  = f\—i )• 

Hence  ^  (j^)-log(H-a;)  =  ^(- j^)-log(l-x), 

and  therefore    ^  (j^)  +^  (j^^)  =  2(x+  ^  +  y  +  •.•). 

Assume  ^(x)  =  |   yfr(t)e~*l*dt,  where  evidently  ^(0  is  even.     Then 

r  V'(0(«'+«-')e-'"d<  =  2(x+  ^  +...), 


which  series  =  ^  f  ('"•■  ll  "*■  It  "^ ' ' ')  *~*"'^*' 
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Hence  ^  (()  cosh  t  =  —  sinh  t, 

and  ^(x)=['^^e-'l'dt. 

Jo       * 


8.  A  fraction  -^  ^  j^  (1) 

cannot  in  general  be  reduced  to  the  form 

but  it  may  be  shewn  that  this  reduction  is  possible  if 

«a+^8  =  0  =  e^+Cfj  =  in  general  e4n+2+«4n+3. 

Now,  it  can  easily  be  seen  that  the  first  convergent  of  (2)  implies 
neglect  of  x*  and  higher  powers  in  equating  (2)  to  the  equivalent  power 
series  ;  in  other  words,  this  first  convergent  of  (2)  is  the  fourth  convergent 
of  (1).  The  second  convergent  of  (2)  implies  the  neglect  of  x^,  and  is 
therefore  the  eighth  convergent  of  (1). 

Again,  by  Lemma  I.,  if 

we  have 

4n-th  convergent  of  (1)  =  2?i-th  convergent  of  jr^  ^1^      ..., 

IJi      x/8 

0         1    3  "^      8    4  •*' 

which  _A.m;^^; 

1-  1-    1- 

therefore  the  4n-th  convergent  of  (1)  ^  n-th  convergent  of 
A DfJD. A^^A 

This  fraction  should  be  identical,  convergent  by  convergent,  with  (2). 
Hence  Dg  =  1,  i.e.,  eg+eg  =  0,  and  (3)  becomes 

1    3    8    4 

«o 3 

3 


(3) 


x^2 *~" 6j gg 3/  "^    ^        e^e^X  BkCoX^ 


-D5      AA 


This  second  constituent  mast  be  simplified  by  multiplying  numerator  and 
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denominator  by  D^D^,  but,  in  order  to  be  equivalent  to  the  second  con- 
Btitaent  of  (2),  we  mast  have  D7  =  1,  i.e.,  e^+e^  =  0. 
Finally,  1)^  =  1)15  =  -D4»+8  =  1,  and  (3)  becomes 

vQ  0|  Sq  So  O4  X 

^6  ^6  ^7  ^8^ (4) 

^^^         JoCOSh^  1-    1-    1-...  l-/iX^-    l-(/2+/8)«*-...' 

then  d>  (    ^   \  = '^ /lA^ 

which  is  a  fraction  of  the  type  just  discussed. 

Hence,  if  <p  (-3-)  =  J^"  f^  t^, 

we  have  «2+^8  =  0  =  e^+Cj  =  ejo+^u  =  ..., 

while  Ci  =  ^4+^5  ^  «8"t"^9  =  ...  =  2. 

Bat  ^(jA.)  +  ^(^J=2J%.-..  =  2:^; 


therefore  ^^  :^  ...  +  ,-^  |^  ...  =  2. 

1—  1—  1+  1  + 

By  Lemma  II.,  this  implies   Cj+^a  =  0  =  e^+e^  =  e^+e^  =  ... .     Thus 

^5    =    4    =  Cg    =    Ciy    =  6q, 


'9  —   V  —  «^10  —  ^11  —  ^12f 


,         /      g      \    _  3^ 2V 4V 

^    ^  U-«/       l-2a;+2V-  l-2a;+(2H4")x*-  l-2ic+(4«+6V-  ' 
fo  that  <l>{x)  -  ^^(2^_^)^,_  i+(2^+4i_i)^i^- 

Let  3^/(1— a^  =  y;  then 

.  .  _  __]^ 2y 4V 

^_2_  2^^4^  4^6^  6^ 
1+  1+  1+  1+  1+  1+  1+* 

If  2  <  1,  y  is  positive,  and,  by  Lemma  lY.,  the  condition  for  con- 
vergency  is  satisfied. 
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9.  If  ylr(x)  denote  2a^+r  ^rZi^~"'^*' 

which  may  be  repreeented  by  the  asymptotic  series 

then  V  (iX^)  =  >/'(-^)-  (1) 


x« 


If.  then.       VW  =  ^  1^  1^  =  i_,^_^;»_y^_... . 


we  have 


x^ 


X) 


and  evidently  y  =  0,       a  =  1. 

Let  then  yfrix)  =  ; s 9"^ —  , 

^  l^eiX—eie^x^—x^YiX 

80  that,  from  (1), 
il+x)^-'eix{l+x)  -eie<iX^--x^yi\j^j  =  l+eiO-— 61^32:*— a:Vi(— 

and  "^Urf^/  ^'/'i^""^^- 

2 
Again,  if  f  »(x)  =  i_,^;!!'^';^f  ^a^^^ . 

we  shall  have         ^9  f     ,     1  =  ^2(""^)     and     Xi  =  1. 

Proceeding  in  this  way,  we  see  that  yfr  (x)  takes  the  form  (4)  in  §  8,  where 

and  «2+«8  =  ^6+^7  =  •••  =0. 

The  actual  calculation   of    the  e's  may  he  effected  hy  considering  the 

80  that  JEo_  £1^  ...  =  2x+-^  ^ 

1—  1—  1+  1  + 

By  using  Lemma  II.,  and  putting 


•  •  •    • 


Cn        CiX 


•  •  •  —  ^ti        t  9 


i_  i_  •      ■  i_  i_... 

we  have  A"  ^  -  +  Ar  t4^=  1- 

1 —  1 —  1-r  i-r... 
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•••> 


whence  /i  =  1,     /j+Za  =  0,     /i+A  =  0, 

■where      /i  ^  *o*i»    ys  ^  ^iT^sj    ys/s  ^~  *a*8>    ys "Km  ~^  *8  i  *4>     •••  • 
The  general  values  of  the  e's  may  be  deduced  inductively,  viz., 

_(«+!)'  -      n+l_  _      («+!)' 

"*"■"  ~  271+1  '     **"*'  ~         2~  ~  ~  **"**'     "*"**  ~  ~  a^T+s  ■ 

Since  V'W  =  -, 5-  -, <'i^y4'g*     , 

we  get,  by  writing  a^lil—x)  =  y, 

^(x)  = ^ eMe.f 

^_^^M^      (by  Lemma  I.) 

1+  2+  8+  2+  5+   2+  7+  2+...* 
Moreover  I  find  that 

SB  x'^5B  x'+      -^  l!i2^  L2V  2^8^^  2_^ 

The  types  of  definite  integral  to  which  the  methods  of  this  memoir  are 
applicable  are  evidently  very  limited  in  number.  Those  treated  of  in  §  2 
to  §  5  depend  apon  the  fact  that  each  integral  is  the  leader  of  a  series 
of   functions  connected  by    a  difference    equation    of  the  second  order. 

Such  integrals  as  I    (l-\-^^e''^^'dt  depend  on  difference  equations  of  the 

third  order,  and  would  not  be  readily  adaptable  to  the  above  methods,  but 
it  is  not  impossible  that  some  form  of  convergent  approximation  may 
exist,  depending  on  algebraic  fractions  in  x. 

The  integrals  treated  of  in  the  later  sections  depend  upon  relations  of 
the  type  §  9,  (1)  and  (2),  and  may  have  an  analogue  of  the  general  form 

f^e~^^^(ef—l)dt,  but  I  have  not  succeeded  in  finding  a  general  law  for 

0 

the  form  of  continued  fraction  when  n  is  greater  than  2. 


r 

Jo 
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I,  Sketch  of  tlie  Subject. 

Although  equations  involving  definite  integrals  are  to  be  found  in  the 
works  of  Abel  and  Gauss,  it  was  not  until  quite  recently  that  a  general 
theory  of  the  subject  began  to  be  constructed. 

1.  In  the  solution  of  a  dynamical  problem*  Abel  found  it  necessary  to 
determine  a  function  <l>{t)  such  that,  for  a  given  arbitrary  function /(s), 

This  he  succeeded  in  doing,  showing  that  the  more  general  equation 

f(8)  -  [  <t'{t){S''tydt     (0<n<l) 
Jo 

is  satisfied  by  taking 

''T         Jo 

This  equation  has  lately  been  examined  by  Goursat,t  who  gives  the  solu- 
tion for  the  case  in  which  /(O)  is  not  zero.  Abel's  formula  was  generalised 
by  Sonine,!  but  it  was  left  for  Yolterra§  to  give  the  complete  solution  of 


♦  **  Solution  de  quelques  problemes  h  Paide  d^integrales  definies  *' :  Magazinfor  JfaturvitUns- 
kabeme^  Aargang  1,  Bind  n.,  Christiania,  1823  ;  ColL  Works  (Sylow  and  Lie),  Vol.  i.,  p.  11. 

t  Acta  Math.,  1903. 

X  Ibid,,  1884  ;  see  also  ibid,,  1879. 

f  Ann,  di  Mat,,  [2],  xxv.,  1897.  The  first  result  is  also  given  by  LeBoux,  Ann.  e'e,  norm., 
[2],  xn.,  1896,  p.  293. 
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the  general  equation 

f(y)-Aa)  =  j^  </>(x)  H(x,  y)  dx.  (1) 

His  results  are  as  follows. 

It  f{y)  and  /'(^)  remain  finite  and  continuous  for  values  of  y  lying 

3Jff 
between  a  and  a +-4,  and  H{x,  y)  and  -jr— ,  ^H^ix^  y),  are  always  finite  for 

y>  x>  a,  a'\-A>y  >  a,  and  are  integrable,  and  if  the  lower  limit  of 
the  absolute  value  of  h(y)  =  J?(^,  y)  is  different  from  zero,  there  will 
exist  one,  and  only  one,  finite  and  continuous  function  0,  which  satisfies 
the  functional  equation  for  values  of  y  between  a  and  a+^^y  and  this 
function  will  be  given  by 

where  So  {x,y)  =  H^{x,y)lh  (x)  (2) 

an<l  Sdx,  y)  =  r Si-i(x,  $) Sj-i (I  y)  di, 

Jy 

the  term  ''  integrable  "  being  understood  to  include  the  conditions  for  a 
change  in  the  order  of  integration  in  the  multiple  integrals  which 
occur. 

If    the  function    H{x,  y)    becomes    infinite    for  y  =  x,   so  that  the 
equation  may  be  written 


f(y)-fM  =  li>(x)^^,dx   (x<i), 


(8) 


and  if  the  function  G(x,  y)  satisfies  the  same  kind  of  conditions  as  H{x,  y), 
and  the  functions  G^i^x,  y)  and  g{y)  are  defined  as  before,  then  there  exists 
one,  and  only  one,  finite  and  continuous  function  <f>  which  satisfies  the 
functional  equation  for  values  of  y  between  a  and  a-^A,  and  this  will  be 

given  by  '    \       ^    r  ^ 

^(z)=^-^^\  f'{x)^T{x,z)dx, 

To(x,  z)  =  {z-xy^-\ 

Tdx,  z)  =  £  So  a,  z)  r,_i  (X,  i)  di. 
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v^ 


2.  The  equation  f{s)=      k{s,  f)^{t)dt. 


(4) 


which  also  dates  back  from  Abel/  has  been  called  by  Hilbert  an  integral 
equation  of  the  first  kind.  The  functions /(«)  and  k{s,  t)  are  supposed  to 
be  known,  and  the  function  0(Q  is  to  be  determined.  The  process  of 
passing  from  0(^)  to/(^)  may  be  regarded  as  a  transformation,  and  the 
function  k{s,  t)  may  be  called  the  generating  function!  of  the  transforma- 
tion ;  the  theory  has  been  developed  from  this  point  of  view  by 
Pincherle.  I 

An  important  case  in  which  a  solution  of  the  equation  can  be  found  is 
furnished  by  Fourier's  double  integral,  which  states  that,  if 

g(s)  =        f(t)  COB  ^dt, 

then  /  (s)  =       g  (t)  cos  ^  dt ; 

but  the  function  g  (s)  must  be  subject  to  certain  restrictions,  and  this  is 
usually  the  case  for  an  integral  equation  of  the  first  kind. 

The  beautiful  simplicity  of  the  above  formula  and  of  a  number  of 
others  of  a  similar  character  §  led  mathematicians  to  seek  a  general  theory 
of  such  recurrence  formulae.      An  analogous  reciprocal  formula  for  the 


*  '*  Sur  lee  fonotions  g^n6ratricee  et  leun  d^terminantes  *'  :  ColUcted  Work*  (Sylow  and  Lie), 
tome  n.,  xi. 

t  In  Germany  the  word  Kern  is  used. 

X  *'  Sur  oertaines  operations  fonctionnelles  *'  :  Acta  Math,,  x. 

\  For  example,  if  y  (»)  =  f    ^  (*)  x^~'dx, 

then  2irt  h  (y)  =«  ["**'  g  (»)  y«  dt 

(Riemann,  **  Ueber  die  Anzahl  der  Primsahlen  unter  einer  gegebene  Grosse,*'  1859  :  OtaammeUe 
Werke,  Weber,  p.  140). 

then  h  {t)  «  2»t  r  *-**y  (»)  dt 

(Pincherle,  Mem,  delta  Aeead,  delta  Se,  deWIst.  di  Bologna,  Serie  4,  t.  Tin.). 

then  ^  (»)  =  r  /„  (8t)f{t)  t  dt 

(Hankel,  Math,  Ann.,  Bd.  Tin.,  p.  482,  1876  ;  Sonine,  Math.  Ann,,  Bd.  XYi,,  p.  47,  1880). 
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Laplace  transformation  was  found  by  Fetzval/  and  accordingly  the 
integral  equation  of  the  first  kind  was  studied  in  connection  with  the  solu- 
tion of  linear  differential  equations  by  means  of  definite  integrals.! 

The  connection  with  differential   equations   depends  upon  the  possi- 
bility of  constructing  a  relation 

Ps{K(s,t)}  =Qt{g{8,t)},  (6) 

where  P«  is  an  operator  such  that 

pS  k{s,  t)i/>(t)dt  =  j  P,k{s,  t)(p(t)dt 

and  P.lfis)]  =  0. 

The  function  ^(t)  must  then  be  such  that  the  integral 


^^Qt{9{s,t)\il>{t)dt 


can   be   directly   evaluated   to  the   value   zero.      If    Qt    has    the    form 

^Orit)^,  the  function  ^  is  a  solution  of  the  equation  adjoint  to  Qi  =  0 ; 

for  then  the  quantity  under  the  integral  sign  is  a  perfect  differential.  It 
appears  to  be  generally  true  that,  if  a  definite  integral  (4)  exists,  then 
there  is  a  corresponding  relation  of  the  form  (5) ,  but  the  operators  P,  and 
Qt  will  not  always  contain  differentiations  only  :  indeed  P  may  contain  a 
number  of  integrations,  and  either  operator  may  contain  the  operator 

Af(x)=f{x+l)-f{x). 

Another  method  of  treating  the  equation 


f(s)=^^K(S,t)i/>(t)dt 


was  suggested  by  Volterra.t  If  a<s<&  and  K{s,t)  is  symmetrical  in 
s  and  t^  the  solution  for  an  arbitrary  /  can  be  found  if  it  is  possible  to 
determine  a  function  X{t,z)  such  that,  for  a<Ct<z<,b,  the  integral 


i: 


X(t,z)K(s,t)dt 

Ja 

is  independent  of  z. 

We  shall  return  to  the  discussion  of  the  integral  equation  of  the  first 


*  IfUegratum  der  Hnearen  Differ entialgleiehungen,  pp.  472,  473. 

t  A  list  of  references  is  g^ven    in   Pincherle's   book:    Le  operoMioni  dittribuHve  $  le  loro 
appliauioni  alV  analui,  Bologna,  1901. 

t  "  Sopra  una  problema  di  elettrostatica,"  Bom.  Line,  Drans,,  Ser.  3,  Vol.  vm. 
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kind  in  §  2,  and  shall  pass  on  now  to  the  equation  which  owes  its  origin 
to  Neumann's  method  of  solving  the  problem  of  Dirichlet.* 

The  form  in  which  Neumann's  problem  is  presented  by  Foincar6t  is 
as  follows  : — 

Let  S  be  a  closed  plane  curve  without  double  points.  We  propose  to 
find  a  double  layer  of  moment  ^,  such  that  its  potential  W  satisfies  the 
following  conditions : — 

It  is  ha;rmonic  inside  and  outside  S,  and  its  values  V  and  V  at  two 
points  inside  and  outside  S  and  very  close  to  it  are  connected  by  the 

relation  y-V'  =  X{V+r)+ 2*,  (6) 

where  $  is  a  given  function. 

If  we  put  X  =  —  1,  we  obtain  Neumann's  problem,  but  it  is  convenient 
to  retain  this  parameter,  as  it  gives  additional  clearness  to  the  subsequent 
work. 

If,  now,  x  =  xis),  y  =  y  (s)  are  the  equations  of  the  curve,  the 
potential  theory  gives  us  the  equations 

<p{t)  being  the  strength  of  the  double  layer. 

Substituting  these  values  in  (6),  we  are  led  at  once  to  an  equation 

of  the  form  r 

f(s)  =  0(s)  +  mJ  K(sJ)i>{t)dt,  (7) 

which  has  been  called  by  Hilbert  an  integral  equation  of  the  second  kind. 
Many  other  problems  in  mathematical  physics  lead  to  equations  of  a 
similar   character ;    so   that   we   are   justified    in    devoting   considerable 
attention  to  their  study. 
If  we  write  the  equation 

f(s)  =  ^(s) -  X  [  k(s,  t)  <p(t)dt  (7  bis) 

in  the  symbolical  form  f(s)  =  (l—XS^)<f>{s),  and  apply  the  method  of 


*  **  Ueber  die  Metbode  dea  arithmetischen  Mittels  ** :   Leipzig.  Abh.,  Bd.  xm.,  1887. 
t  *'  La  methode  de  Neumann  et  le  probl^e  de  Diricblet  **  :  Acta  Math,^  Bd.  zx.,  1896-97  ; 
'*  Sot  les  ^nations  de  la  pbysique  matb^matique  "  :  JUnd.  del  eireolo  FalermOf  t.  Tin.,  1894. 
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Neumann,*  we  are  led  to  the  expansion 

^(8)  =  [l+XS.+X«Si!+. ..]/(«). 

If  /($)  and  k{8,  {)  are  finite  and  integrable,  the  above  series  will  have 
a  finite  radius  of  convergence  different  from  zero,  and  will  therefore  give 
the  solution  for  certain  values  of  X.  Performing  the  operations,  and 
ehanging  the  order  of  integration,  the  solution  becomes 

i>{s)  =  f(s)  +  \^^K{8,0f(t)dt,  (8) 

where 

K(8,fi  =  K{8,{)+\[K{s,r)K{r,f)dr+\^[[K{s,r)K{r,i)K{iJ)drdi+.... 

Ja  JaJa 

(9) 

The  function  K  («,  t)  is  called  the  solving  function  of  the  integral  equation. 
The  similarity  of  the  equations  (7)  and  (8)  shows  that  the  relation  between 
it  and  k  {s,  t)  is  a  reciprocal  one,  and  it  also  follows  that 


{s,t)  =  K{s,t)''\^  K(8,r)K{r,t)dr; 


(10) 


80  that  K(8f  t)  is  the  solution  of  (7)  corresponding  to  f{s)  =  k{s,  t). 

It  is  noteworthy  that  the  function  K  {s,  t)  is  also  the  solving  function 
for  the  equation!  ^ 

({{)  =  ^(^)-Xj  K(s,t)rlr{s)ds,  (11) 

the  solution  of  this  equation  being  given  by 

ylr(£)  =  i{0  +  X^^K{8,t)i{s)ds.  (12) 

The  disadvantage  of  the  series  obtained  by  Neumann's  method  is  that 
it  only  converges  for  certain  values  of  X.  This  diflBculty  may  be  sur- 
mounted, as  Plemelj  shows,  by  the  method  of  continuation ;  but  a  much 
better  method  was  discovered  by  Fredholmt  in  1900,  in  which  the 
function  K  («,  f)  is  exhibited  as  the  ratio  of  two  power  series  which  are 
convergent  for  all  values  of  X. 

•  Of.  Kellogg, «'  Zur  Theorie  der  Integralgleiohiing  A  («,  t)  -A  (»,  0  -  M  [  -^  (*»  »•)  A  (r,  t)dr**: 
Gottinger  Naehrichtm,  1902,  pp.  165-176.  ° 

t  J.  Plemelj,  '*  Znr  Theorie  der  Fredholmschen  Fimktionalgleiohung  "  :  MonaUhefU  fwr 
Maihmnatik  und  Fhynk,  Bd.  xv.,  1904. 

{  Ivar  Eredholm,  '*  Sur  une  nouvelle  m^thode  pour  la  resolution  du  probl^me  de  Dirichlet  *' : 
Oe/ptrnfft  irfkongL  v$t,  akad.  Fork,  Stockholm,  1900 ;  also  Acta  Math,,  1903. 
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In  this  method  the  equation  (7)  is  treated  as  the  limit  of  a  series  of 
linear  equations 

n  n 

/l  ==  ^1  —  ^2)lfir^r»  /a  =  <p2  —  X2lC2r^,  ..., 

and  similarly  for  equation  (10).     The  formula  obtained  for  K  is  then 


where     A  (X;  s,  t)  =  -^(s,  ^)+\Ai(s,  0— X^Aa(5,  O+X^AgC^,  0~..., 

J(X)  =  l-^jX+^aX^-..., 

i  IC  (S,  ^)        /C  (S,  Sl)        . . .  /C  (S,  Sfc) 

A\(5,  ^)  =  T-|]    ...       tZSi...dSA     /c(Si,  f) 

^fc  =  -^     Afc_i(s,  s)cfo,     Ao(s,  e)  =  ^ (s,  t), 


(18) 

(14) 
(15) 

(16) 


m  =  I 


A  (X ;  s,  s)  ds. 


(17) 


(18) 


If  the  last  formula  is  combined  with  the  previous  one  for  K(8,  t),  viz., 

K(s,  t)  =  k{s,  t)+XKi{s,  t)+X\{s,  t)+..,,  (19) 

where     /cj  (s,  Q  =  I  /c  (s,  r)  ^  (?•,  ^)  dr,         Kn  {s,  t)  =  \  k  {s,  r)  /Cn-i  (r,  0  dr, 

we  get  —log  ^(X)  =  aiX+iaaX^+Ja8X^+...,  (20) 

where  a^  =  I  ir  (s,  s)  ds,  Un  =  I  /Cn-i  (s,  s)  ds. 

Plemelj  has  used  this  result  to  obtain  simpler  expressions  for  S(X)  and 

A(X;s,0, 

%     1      0 


^(X)  =  i-Aa,+  |! 


aj     1 


A! 

3! 


a2    di     2 

^8     ^     ^ 


I  •  •  •> 


(21) 


A(X;5,«  =  -^(s,0  +  ^ 


Ki  (5,  0      »! 


2! 


K  {s,  t)     2     0 


+  ....     (22) 


Ki  {s,  t)    ai     1 
!  K^is,  t)    tta    ttj 

If  the  quantity  ^(X)  which  corresponds  to  the  determinant  of  the 
system  of  linear  equations  does  not  vanish,  there  will  be  a  unique  solution 
of  the  integral  equation,  and  this  is  given  by  the  formul©  (8)  and  (18) ; 
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bat,  if  j(X)  =  0,  the  homogeneous  equation 

0  =  0W  — X|  ic(s,^)^(Qd^  (28) 

will  possess  a  solution  different  from  zero,  and  then  certain  conditions 
have  to  be  satisfied  by  the  function  f(s)  in  order  that  the  equation  (7)  may 
possess  a  solution.*  If  Xq  is  a  ^-fold  root  ot  SQs),  it  can  be  shown  that  in 
the  neighbourhood  of  Xq  the  function  K  (s,  t)  has  the  form 

K(8,t)  =  ^^  +  F(s,t),  (24) 

where  F  (5,  t)  is  finite  f or  X  =  Xq  and  P  (s,  0  has  the  form 

P(s,  t)  =  *i(5,  Xo) ^i(^,  Xo)  +  ...+*p(5,  Xo)*p(^,  Xo).  (25) 

The    functions    $1,  ...,  $p ;    '*'i,  ...,  "^p    are    linearly    independent 
solutions  of  the  homogeneous  equations 


0(«)-Xo£ic(5,0)0(e)d0 

ylf{t)-\J^jz{8,t)ylr{s)ds 
respectively,  and  are  connected  by  the  orthogonal  properties 


(26) 


I 


*r(^,Xo)*,(e,Xo)(Z^=   ^°    ^""^^^^ 


(27) 


1   (r  =  «) 
It  is  useful  to  write  the  equation  (7)  in  the  symbolical  form 

/(«)  =  S«0(s); 

it  can  then  be  shown  that  the  operations  S.  form  a  group,  the  law  of 
multiplication  being  S^Si  =  Sg,  where 

g{s,f)  =  \k  («,  t)  +\l  (s,  t)  -X*  Tic  (s,  r)  I  (r,  f)  dr,  (28) 

When  the  function  k(8,  t)  is  symmetrical t  in  8  and  t,  many  develop- 
ments are  suggested  by  the  theory  of  the  quadratic  form  'EKpqXpXq,  which 
becomes  in  the  limit  the  double  integral 


JaJa 


k(5,  t)x(8)x{{)d8dt. 


The  function  8(K)  then  corresponds  to  the  determinantal  equation  of  the 
quadratic  form,  and  Sylvester's  theorem  that  the  roots  of  such  an  equation 

*  QeoFTedho]m,  Acta  Math,  f  zxyn. ;  also  ErhaidSohimdt,  Inaugural  DiB8ertation,Gdttingen, 
1905,  p.  18. 

t  HQbert,  Oottinger  Naehriehtm,  1904. 
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are  all  real  still  remainB  tme.  The  fact  that  a  qnadraiie  form  can  be 
expressed  as  a  sum  of  squares  also  gives  an  important  resolt,  which  may 
be  stated  as  follows  : — 

Let  z($)  and  yis)  be  two  arbitrary  f mictions  such  that  i  {2(1)}*^ 
and  I  \y(8)}^d$  remain  less  than  fixed  qmmtities ;  then  there  exists  an 
expansion 

??K(8,f)x{8)x{i)dsdt  =  ^^[yfrn(s)Xn{s)ds[ylrMyniB)ds.      (29) 

JaJa  n  ^Jm  J  a 

The  function  ^«M  is  a  solution  of  the  homogeneous  equation 

0  =  ylrn{s)-\n[ic{8,  0^,(0d^,  (80) 

and  may  be  defined  by  the  equation* 

Vr,(5)^,(0=^<?^*;^;^L  (31) 

These  functions  also  possess  the  important  orthogonal  property 

[ylrr(s)ylrA8)d8  =  jj    i^^^^li.  (82) 

Jo  11   (r  =  s)) 

It  can  be  shown  that  every  symmetrical  function  must  possess  at  least 
one  function  \fr,\  and  that  a  new  solution  of  equation  (7)  may  be  obtained 
in  terms  of  these  functions  in  the  formt 

i>(8)  =  f(s)  +X  2  ^^  [fiO  VrnCO  dt  (88) 

The  definitions  of  the  corresponding  functions  for  an  unsymmetrical 
Kern  are  given  by  Schmidt  (Lc.) :  they  are 


^«(»)  =K\  K{s,t)  ^,  «)  dt 
V'»(s)  =K\  K{t,s)^n{t)dt 

Ja 


(84) 


*  For  an  m-fold  multiple  root 

The  fimotionB  ^ni*)  are  called  by  Hilbert  the  '*  Eig^nfunktionen  "  of  the  *'Eero**  ic(«,  <)>  <^^ 
the  corresponding  quantities  An  the  **  Eigenwerte.*' 

t  If  ic  is  such  that  no  solution  of  T  «c  («,  t)ff(t)  ^  0  exists,  there  are  an  infinite  number  of 
functions  ^  (Hilbert). 

X  Erhard  Schmidt,  Ue. 
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The  quantities  X»  are  shown  to  be  all  real,  and  the  following  important 
expansion  theorem  is  given : — 

If  K  (s,  t)  is  such  that  to  every  function  a  (s)  and  to  every  small  quantity 
e  there  corresponds  a  function  fi{s)  such  that 


r  [aW-  r  k{s,  i)l3{t)dty  ds 


<e, 


then  every  function  g{s)  which  can  be  defined  by  an  integral  of  the  form 

g{s)  =  ?  K(s,t)h{f)dt  (85) 

oan  be  expanded  in  an  absolutely  and  uniformly  convergent  series  of  the 
form  ^An<l>n{s),  and  a  corresponding  theorem  holds  for  the  functions  ^. 

Another  theorem  for  a  quadratic  form  which  has  its  analogue  in  the 
present  theory  is  Gauss's  variation  problem,  and  Hilbert  shows  that  the 
variation  of  the  double  integral 


Ja  Ja 


k(s,  {)x{s)x{()d8dt, 


subject  to  the  condition  I   {x{s)}^  =  1,  (86) 

leads  to  the  integral  equation 

0  =  x{s)—  I   K{s,t)x(()dt 

J  a 

The  theory  of  integral  equations  has  an  important  application  to  the 
theory  of  linear  differential  equations  of  the  second  order.*  If  the  Green's 
function  corresponding  to  a  given  set  of  boundary  conditions  for  the 
differential  equation 

^<")  =  1(^1) +«(«>  =  «  ^«^> 

is  taken  as  the  generating  function  of  an  integral  equation,  the  equation 


/(x)=  [G{x,i)^{i)di, 

Ja 


(88) 


in  which  f(x)  is  a  function  which  can  be  differentiated  twice,  and  which 
satisfies  the  given  boundary  conditions,  will  be  given  by 

4>(x)=-L{f{x)\;      .      _  (39) 

*  Hilbert,  "Ghmndziig^  einer  allgemeineii  Theorie  der  linearen  Integralgleiohungen  *' 
(Zwelte  Mitteilung) :  Qbttinger  Naehriehten,  1904 ;  Mason,  Inaugural  Disaertation,  GNittingen, 
11K)3  ;  Andraa,  Inaug^ural  Dissertation,  Gotting^n,  I903i. 
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also  the  Green's  function  for  the  differential  equation 

A{u)  =  L(u)+\u  =  0  (40) 

is  the  solving  function  for  the  integral  equation  of  the  second  kind 


fix)  =  4>(^)-\^G(x,i)<i>(i)di. 


The  functions  ^»(a;)  corresponding  to  the  function  G{x,  $)  are  solutions  of 
the  equations  Iy(t^)+X«^  =  0,  and  so  the  well  known  expansions  in  terms 
of  trigonometrical,  Legendre,  Bessel,  and  other  functions  are  found  to 
be  particular  cases  of  the  general  expansion  theorem  given  above. 

Another  important  application  of  integral  equations  is  connected  with 
Biemann's  problem  in  the  theory  of  functions  of  a  complex  variable,  but 
for  this  I  must  refer  to  the  papers  of  Hilbert*  and  Kellogg,  t 

The  theory  of  integral  equations  depending  on  several  variables  and 
involving  multiple  integrals  can  be  treated  in  a  similar  way  and  have 
similar  applications.  The  formulae  are  given  in  the  dissertation  of 
Andrae. 

Fredholm  has  shown  that  the  system  of  equations 


4>k{x)+  \   2^  A„(x,  y)</>^{y)  =  ylr^ix) 


can  be  reduced  to  one  integral  equation  of  the  second  kind  by  the  follow- 
ing artifice : — 

We  define  a  function  F{x,  y)  for  the  values  between  0  and  n  by  the 
}\^  conditions 

F(a:,»)=/A.|x-X+1,  y-v+1]     for  0  <  ^""^+1  <  1, 

and  a  function  "^  by  the  n  conditions 

>F(^)--^^(a._X+l)     for   0<a:-X+l<l. 
If  then  the  determinant  of  the  equation 


{X) 


is  different  from  zero,  the  solution  is  given  by 

0A(ic-X+l)  =  *(a;)     for  0<a;-X+l<l. 

*  **  Ober  eine  Anwendung'  der  Integralgleiohungen  auf  ein  Problem  der  Fnnktionentheone," 
Heidelbergr  GongresH,  1904,  p.  233  :   Oottinger  Ndehriehten,  Dritte  Mitteilmig,  1905. 

t  **UnBtetigkeiten  bei  der  linearen  Integralgleiohiiiigen  xait  Anwendung  anf  ein  Pkoblem 
von  Riemann  "  :   Math,  Ann,y  Bd.  lx.,  p.  424. 
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This  remark  is  of  some  importance  because  an  integral  equation  of  the 
second  kind  in  which  the  integral  is  taken  along  a  complex  path  can  be 
reduced  to  two  equations  of  the  above  type  by  equating  the  real  and 
imaginary  parts,  and  so  can  be  solved  by  means  of  Fredholm's  formula. 
Another  equation  which  can  be  reduced  to  an  integral  equation  of  the 
second  kind  is  the  equation 


Ja 


which  has  been  solved  by  Yolterra*  by  the  method  of  Neumann.  In  order 
to  reduce  it  to  Fredholm's  form,  we  define  a  function  /(«,  Q  which  is 
equal  to  ic(«,  f)  for  8  >  t  and  equal  to  zero  for  b  >  t  '^  s.  When 
Fredholm's  formula  is  applied  to  the  equation,  it  is  found  that  the 
quantity  d(X)  =  1,  and  the  solution  reduces  to  that  given  by  the  method 
of  Neumann :  since  S(K)  is  never  zero,  this  solution  will  hold  for  all 
values  of  X.  The  above  equation  is  of  importance  in  connection  with 
the  theory  of  linear  differential  equations,  as  will  be  shown  in  §  8  of 
this  paper. 

II.  Solution  of  the  Integral  Equation  of  the  First  Kind. 
The  integral  equation 

f{s)   =^  K{8j)<p{t)dt  (1) 

is  not  in  general  soluble  for  a  perfectly  arbitrary  function  /:  thus,  if 
k{s,  t)  is  a  polynomial  in  S,  the  function  f{s)  given  by  an  equation  of 
this  kind  can  only  be  a  polynomial. 

In  order,  therefore,  that  the  above  equation  may  be  soluble,  we  must 
restrict  f(s)  to  belong  to  a  special  class  of  functions  associated  with  the 
generating  function  k.  There  are  two  cases,  however,  in  which  the 
equation  can  be  reduced  to  an  integral  equation  of  the  second  kind,  and 
then  fis)  can  have  a  high  degree  of  arbitrariness. 

1.  Kellogg  1^  has  shown  that  the  integral  equation 


f{s)  =  ]  <l>{t)  [a  cot  ^{s— ^)+S(«,  t)]  dt. 


(2) 


where  8{8,  t)  is  finite  for  «  =  ^  and  the  integral  is  supposed  to  have 


*  Annali  di  Matematica,  25],  1897. 
t  Math,  Ann,,  Bd.  Lym. 
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its  principal  value,  can  be  solved  by  means  of  Hilbert's  formula 

^(s)  =      ^  fit)  cot  iris— t)dt+\t/>{t)dt 

f{s)  =  -  \<h{t)  cot  iris- t)dt+  \f(t)dt 
Jo  Jo  / 

For,  if  we  multiply  the  above  equation  by cot  irir—s)   and  integrate 

from  0  to  1,  we  get  /^ 

f,{r)=z^ir)+^^K{r,t)it>{t)dt, 

where  /i  W  = I  /(«)  cot  Tr{r  —  s)tfo, 

a  Jo 

K(r,  t)  =  —1—  —  I  S(s,  ^)  cot  ^(r— s)efa. 

a  Jo 

Now  this  is  an  integral   equation  of  the   second   kind,   and  so  can   be 
solved  by  means  of  Fredholm's  formula. 

2.  When  the  function  k{s,  t)  has  a  finite  discontinuity  at  the  point 
s=^  t.     If  we  integrate  the  equation 

f{s)  =  ^(s)+  j\(s,  t)i>{t)dt  (4) 

between  a  and  5,  it  may  be  written 

f{s)-f(a)  =^'^B(s,t)</>(t)dt, 

where  the  function  B  (5,  t)  is  such  that 


E{Sf  t)  =  1+  I  k(s,  t)ds    when  t 

Ja 


S 


=  y^' 


()  ds  when  t>  s. 


n 


Accordingly,  the  integral  equation 

F(8)  =  ?B(s,t)<f>{t)dt, 


(6) 


in  which  F{a)  =  B{a,  t)  =  0,  where  Fis)  possesses  a  finite  first  derivate 
between  a  and  b,  and  B  (5,  0  has  a  discontinuity  + 1  at  the  point  s  =  ^,  but 
possesses  a  finite  first  derivate  for  all  other  values  of  a  and  b,  can  be 
reduced  to  equation  (4)  and  so  solved  by  means  of  Fredholm's  formula." 
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8.  We  will  now  consider  the  equation 

f{s)  =  ?K{8,f)  </>{{)  dt,  (6) 

•'a 

supposing  that  K{s,t)  remains  finite  and  integrable  for  all  values  of  t 
between  a  and  by  and  for  values  of  s  within  a  certain  range. 

We  shall  first  examine  the  case  in  which  k{s,{)  is  a  symmetrical 
function  of  its  arguments,  and  shall  write  the  equation  in  the  symbolical 

^''™  /is)  =  S.<l>{s).  (6  bis) 

The  problem  before  us  is  to  discover  the  inverse  operation 

Now  we  know  that  for  an  arbitrary  f{s)  this  can  have  no  meaning,  but 
for  a  function  f{s)  which  can  be  expanded  in  absolutely  and  uniformly 
convergent  series  of  the  functions  \frn{s)  associated  with  k{s,  ()  it  has,  and 
we  may  prove  the  following  theorem  : — 

Theorem. — If  f(s)  can  be  expanded  in  an  absolutely  and  uniformly 
convergent  series  of  the  functions  yf^nis)  that  satisfy  the  homogeneous 
equations  p 

V^n(5)-Xn     k(s,  t)yfAn{t)dt  =0      (n  =  1,  2,  ...), 

then  it  is  possible  to  determine  a  function  </>{t)  such  that 

f{s)^[  K{s,t)4>{t)dt 

may  be  less  than  any  arbitrary  small  quantity  e. 

This  may  be  regarded  as  the  converse  of  the  expansion  theorem 
quoted  in  §  1 :  the  proof  is  as  follows  : — 

Let  fis)  and  xis,  Q  be  finite  and  integrable  for  values  of  8  and  t 
lying  between  a  and  b  :  then  the  series 


•C       rvft    j»/  t\     I      OC 


F(t,  X)  =  xSJiO-  li  Slf(t)+  |y  SiM-... 

and  H{8,  X)  =  /is)-  ^  Si/{s)  +  ^  S*/(s)- ... 

are  absolutely  and  uniformly  convergent  for  all  finite  values  of  x.  For, 
if  /  is  the  maximum  value  of  |/(0 1  and  k  the  maximum  value  of  \K{s,{) \, 
the  quantity  |  ^.^^^  |  <  ( J  _  a)»/fc» ; 

and  80  each  series  becomes  less  than  an  exponential  series. 
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Now  consider  the  function 

'M 

F(t,  x)  dx, 

'0 


where  M  is  very  large.     We  have 


\K{8,€)i>{{idt  =  ^\K{B,€)dt\   F{t,x)dx  =  2\    dx\  K(8,{iF{t,x)dt. 

Now  the  series  F{t,x)f  being  uniformly  convergent,  can  be  integrated 
term  by  term  :    accordingly  we  have 

K{8,t)F{t,x)di  =  22(-l)"-^  Sr*V(«  =  -^H{8,x); 
therefore 

^K{s,{)i>{{)dt  =  -{''  -^lH{8,x)]dx  =  f(s)-H{8,  M). 

We  must  now  find  another  expression  for  H{8y  M)  which  will  indicate 
its  value  for  large  values  of  M.     Since 

and  this  series  is  uniformly  convergent,  we  have 

[k(8,  t)f{{)dt  =  San  Tie (s,  t)ylrn{Odt  =  2^  V^n(5), 

Ja  Ja  An 

and  this  series  is  also  uniformly  convergent,  since  the  X's  are  all  real  and 
arranged  in  ascending  order  of  magnitude.  Operating  again  with  S.,  we 
have  «> 

1-1  ^% 


"  a 


(s). 

n 


sinularly,  «:/(«)=  2  ^V„ 

n=l  A, 

Substitnting  in  the  series  for  H(8,  x),  we  have 


H{8,  X)  =  i(-lY^S:A8)  =  i(-ir^  2  ^^n{8). 
0  ^J  0  ^i     1    An 


Now  2 


"'^V-.Cs) 


1      " 

■3-q2|anV^»(5)|, 
Ami  « 


00 


and,  since  the  series  ZanV^n(5)  is  absolutely  convergent,  we  can  find  a 

0 

00 

number  m  such  that  2 1 an^nC^)!  <  « ;  therefore 


00 


^yknis) 


\K\' 
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and  80 


where 


,2r    m 


H{8,x)  =  2(-l)'^  2  ^>A«(«)+.». 
0  r!    1  A^ 


0    ^5 


2  ^V'.W 


CO 


re 


2r 


^»-'. 


e«^/*i. 


Bearranging  the  terms,  we  have 

His,  X)  =  2  a»«-'''*V«(s)+,  ; 

1 

and,  making  e  zero,  we  have  finally 

1- 

Now,  all  the  quantities  X«  are  real ;  therefore  it  will  be  possible  to  find 
a  number  p  such  that 


ione-'^l'iylrAs) 


00 


2a»^»(s) 


e 
2' 


ia,e-^/*iV»(») 


2' 


and,  by  choosing  M  large  enough,  we  can  make 

p 
2 
1 

therefore   |£r(5,  Jlf)|  will   be  less  than  ^e+^e,  i.6.,  less  than  e.     The 
integral   I  K{Syf)  </>{()  dt  will  then  differ  from  /(s)  by  a  quantity  less  than 

€,  and  so  we  should  expect  the  solution  of  the  integral  equation  to  be 

given  by  r« 

^(0  =  2     F(t,x)dx. 


(7) 


Next  consider  the  case  in  which  k  {s,  0  is  not  necessarily  symmetrical : 
we  shall  assume  that  it  is  finite  and  integrable  for  values  of  s  lying 
between  c  and  (2,  and  for  values  of  t  lying  between  a  and  6. 

Let  the  integral  equation  be 


f{s)=^^K{8,t)</>{t)dt, 


(8) 


and  consider  the  function 


9(s,r)  =\  K  (5,  t)  K  (r,  t)  dt. 


(9) 


It  is  evidently  finite  and  integrable  within  the  range  c  to  d,  and  is  a 
symmetrical  function  of  r  and  s.    Accordingly,  the  integral  equation 


i^is)  =  x|  g{8,r)ylr{r)di 
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will  possess  a  number  of   solutions  ^»(«),  and  we  may  enunciate  the 
following  theorem : — 

If  f{s)  can  be  expanded  in  an  absolutely  and  uniformly  convergent 
series  Zan^nC^)*  then  a  function  <f>{t)  can  be  determined  so  that 


£ 


jc(s,  t)<f>{{)dt 


shall  differ  from  f(s)  by  as  small  a  quantity  as  we  please. 
To  prove  this  we  construct  the  functions 

Fit,  X)  =  x'  f  k(s,  t)ds  [  k{8,  r)dr  \\{i,r)f{i)di 

Je  Ja  Je 


(  )  +^(T  - 


H{s,x)  =J{s)-^\y{s,  r) dr^yir,  ^)/(^ di 


^4  rd  rd  rd  rd 
I  ^r^  I    1    I    1   V. . ./  V'  •  •/  •  •  •      •  •  •  > 

^'JejG  Je  Je 


t/>{t)  =  2\    F{t,x)dx. 
Jo 


The  proof  then  proceeds  as  before ;  for  it  is  easy  to  see  that  these  series 
are  absolutely  and  uniformly  convergent  for  all  finite  values  of  x^  and  are 
connected  by  the  relation 


£.(., 


t)  F{U  x)dt  =  —  4'^is,  x). 

ax 


The  method  just  given  is  really  of  a  much  wider  application ;  for  it  will 
sometimes  apply  to  equations  in  which  the  integrals  are  taken  along  a 
complex  path,  or  to  integrals  in  which  the  limits  are  infinite,  as,  for 
instance,  in  the  case  of  Fourier's  theorem, 

As)  =  ^^j'''</>{t)dt, 

<l>(t)  =^£    e''^f(x)dx. 

If  either  of  the  functions  /{s)  or  k{s,  0  become  infinite  for  a  value  of  8 
independent  of  t,  we  may  mleike  both  sides  'finite  by  multiplying  by  a  suit- 
able function  of  s,  and  our  method  will  still  apply. 

It  should  be  noticed  that,  if  the  equation  (8)  can  be  solved  for  the 
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generating  function  k(8,  (),  it  can  also  be  solved  when  the  generating 
function  is  the  solving  function  K{s,  t)  of  the  equation 


i^(s)  =  xW-^  r  f^is,  t)x{t)dt. 


For,  since  x(s)  =  "^W+X     K{s,  t)ylr{t),cU, 


Ja 


we  have  j  k(s,  t)x(t)dt=:  \  K (s,  t)\lr{{)dt. 

m 

Accordingly,  if  a  function  x  (t)  can  be  determined  so  that 

/(«)=  LK{s,t)x(t)dt, 

Ja 


the  solution  of  f{s)  =  f  K(8,{)\}r{t)dt 

will,  at  the  same  time,  be  given  by 


III.  Reduction  of  the  General  Linear  Differential  Equation  of  the  n-th 
Order  to  an  Integrdl  Equation  of  Volterra's  Type. 

Let  it  be  assumed  that  the  coefficients  in  the  differential  equation 
P.(y)  =  g  +C,{x)  ^^  +  ...  +  C,(x)y  =  0 

are  such  that  for  a  given  range  of  values  of  x  lying  on  a  curve  joining  the 
points  a  and  a+A  in  the  complex  x  plane  the  function  Ctix)  can  be 
differentiated  n^s  times  with  regard  to  x,  and  that  all  the  quantities 
Ctips)  and  the  derivatives  assumed  are  finite  and  integrable  for  these 
values. 

If,  then,  we  multiply  the  equation  by  x^  (r  <  n),  and  integrate  along 
the  curve  from  a  to  an  intermediate  point  x,  the  result  of  the  integration 

will  be 

j  B,[y(«)«']  [V  [  y(x)p,  \x'}  dx  =  0, 

where  Pm(u)  =  0  is  the  equation    adjoint   to  Pxiy)  =  0,  and  i2«  is  the 
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bilinear  ooncomitant.     This  result  follows  at  once  from  the  relation* 

Giving  r  the  values  0,  1,  2,  ...,  n— 1,  we  obtain  n  equations  from  which 
the  quantities  ,  ^Ji,  "*^  a  ^^^  ^®  eliminated.  The  elimination  may 
be  performed  by  multiplying  the  equations  by 

7--\    -(n-l)x-«,    (^-lKn-2)^._.^      ^^    ^_^^._, 
respectively  and  adding.     For,  if  this  is  done,  we  get 

and,  since  Bt  {v,  w)  is  of  the  form 

all  the  terms  except  those  arising  from  v  ,  ^  will  vanish  when  t  =  x, 
and  so  the  equation  takes  the  form 

(n-1)!  y{x)^Qn^i(x)+^y{{)p,  { {t-x)--'\  dt  =  0 

or  Q^^iix)  =  y(a^)+^^3i^j  {^Pi{it-x)*''\  y(t)dt,  (2) 

where  Q^-i  is  a  polynomial  of  degree  n-1. 

This  is  an  equation  of  Yolterra's  type,  and  is  exactly  equivalent  to  the 
given  differential  equation ;  for  the  polynomial  depends  on  the  value  of 
the  n— 1  derivates  of  y  at  the  point  a,  and  so  contains  n  arbitrary  con- 
stants. An  equation  of  a  more  general  character  had  previously 
been  obtained  by  Dini,!  but  it  is  not  so  simple  as  the  one  just 
given. 

If  the  path  of  integration  and  all  the  coefficients  are  real,  we  may 


♦  Forayth'fl  Theory  of  Difertntial  Equationt,  Vol.  iv.,  p.  262. 

t  Arm,  di  Mai.,  Ser.  3,  t.  n.,  1899,  pp.  297-324  ;   ib.,  t.  m.,  1899,  pp.  125-183 ;  ii.,  t.  xi., 
Ser.  3,  p.  386. 


+ 


f(s-0 


«-i  \ 


(n-D! 


Qn-i(Odt-.... 


(8) 
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apply  the  method  of  Neumann  and  obtain  a  converging  series* 

The  series  may  also  be  written  in  the  form 

y  (x)  =  Qn^i  ix)  ~  r  S {X,  t)  g».i  (0  dt, 

where  S{x,  t)  =  8q{x,  0— Si(a;,  f)+«2(aJ>  t)—,,,. 

Si  {Xy  0=1    Si_i  («,  ^  So(^»  ^)  ^f  » 

'o(x.t)=^^^Pt{{t^xr-'\. 

The  series  for  S  is  certainly  absolutely  and  uniformly  convergent ;  for  it  is 
what  we  should  obtain  by  the  application  of  Fredholm's  formula,  the 
determinant  being  in  this  case  unity. 

If,  on  the  other  hand,  we  want  to  pass  from  a  point  a  to  any  other 
point  in  the  complex  plane,  we  must  choose  a  path  of  integration  which 
does  not  pass  through  a  singularity  of  one  of  the  coefficients.  We  shall 
consider  then  the  general  equation 

fiz)  =  4>(^)  +  {'  K{z,^</>(S)dC.  (4) 

Let  z  and  ^  be  expressed  as  functions  of  the  arcs  s,  or  of  the  curve  joining 
a  to  the  two  points  z  and  ^  respectively,  and  write 

'c{z,OdC=^[,Fi(s,cr)+iF^{s,<r)]d^, 
<f>{z)  =  0i(«)+i^(s), 

We  then  have 


(6) 


/i(5)  =  0i(«)+ri^i(5,o-)0iWd(r---rFa(s,a-)^3(a-)d(7^ 

*  The  Bfiries  ift  pzoyed  to  be  conyergent  for  the  general  integral  equation  of  this  kind  in 
Volterra's  paper. 
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We  now  adopt  Fredholm's  artifice  and  define  a  function  F(s^  <r)  for  values 
of  $  and  o-  between  0  and  2a  as  follows  : — 


F{8,  a)  = 


0 

0 

i^a(s— a,  a) 
0 


{s>cr)\ 

(s  ^<r— a) 
(s— a>  a) 


F^{8—a,(r—a)   {8><r) 
0  (s  <  <r)  ^ 


{<r<a) 


{(r>a) 


{(r<a) 


((r>a) 


(8<a) 


(8  >  a), 


and  two  functions  g  (8)  and  h  (s)  such  that  g  (s),  h  (5)  =  /j  (s),  ^^  (s)  or 
/aC*— a),  02  (s— a),  according  as  a  is  greater  or  less  than  s;  the  two 
equations  may  be  replaced  by  the  single  equation 


g{s)  =  h{s)+^F{8,<r)h{a')da, 


(6) 


and  this  may  be  solved  by  means  of  Fredholm*s  formula. 

When  we  proceed  to  calculate  S  (\)  by  means  of  formula  (21)  it  is  found 
that  all  the  quantities  Qt  are  zero ;  for  in  the  integral 


On 


-i-i 


I     jP(s,  81)  F{8i,  8^  ...  F{8n~u  S)  dSj  . . .  ^n-i 


one  at  least  of  the  factors  F  will  be  such  that  its  second  argument  is 
greater  than  its  first,  and  will  therefore  be  zero  from  the  definition  of  F. 
The  quantity  S{\)  reduces  to  unity,  and  so  the  method  will  certainly 
succeed.  The  solving  function  as  given  by  formula  (22)  now  reduces  to 
the  series  obtained  by  applying  the  method  of  Neumann  to  equation  (6), 
and,  if  we  write  down  the  series  separately  for  8  greater  and  less  than  a. 
multiply  the  first  by  >>/(— 1),  and  add,  we  are  led  to  a  result  exactly 
analogous  to  formula  (3).  Accordingly  we  may  apply  the  method  of 
Neumann  directly  to  equation  (4),  and  the  series  obtained  will  certainly 
converge. 

The  theorem  just  proved  is  an  existence  theorem  of  a  very  general 
character.  It  states  that  a  solution  involving  n  arbitrary  constants  exists 
at  any  point  in  the  plane  which  can  be  reached  by  means  of  a  curve  at 
every  point  of  which  the  quantity  pt  { (x—t)^"^}  dt  is  finite  and  integrable. 
Thus  it  is  not  necessary  for  all  the  coefficients  in  a  linear  differential 
equation  to  be  continuous  in  order  for  a  solution  to  exist. 
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Ill 


rV.  The  Effect  of  Varying  the  Limits  m  an  Integral  Eqtuiiion  of  the 

Second  Kind. 


The  quantities  which  occur  in  the  integral  equation 


f{s)=fpi8)-\^^i>(t)K{8,t)dt 


(1) 


(2) 


may  be  regarded  as  functions  of  b.     Now,  if  /(«)  is  independent  of  b,  this 
equation  may  be  written 

^(s,  6)  — ^  («,  a)  =  X  I   k(s,  t) i> {t,  b)dt ; 
hence  the  solution  of  the  equation 

V^(6)-V^(a)  =£x(0^(^.6)d< 

for  ^  (6)  =  0  (s,  6)  is  given  by  x  (^)  =  X'^  (*>  ^)' 

The  equation  (2)  is  similar  to  equation  (1)  of  §  1,  and  so  can  be  solved 
by  the  method  of  Vol  terra.  We  can  therefore  construct  a  function  «(«,<), 
such  that  a  given  function  ^  (s,  b)  may  be  the  solution  of  equation  (1)  for 
a  certain  range  of  values  of  6. 

Again,  if  k(8,  t)  and  ^(^,  b)  are  supposed  to  be  known,  we  may  solve 
the  equation  (2)  for  any  function  ^  {b)  given  by  an  equation  of  the  form 


^(6)=  p^(«,  6)0(s)(fo. 


For,  since  the  equation  is  linear,  the  solution  will  be 


X{t)  =:i\^  K(s,t)e{s)d$. 


(8) 


Next,    consider  the    effect    of    varying    6  in    equation  (1).      If   we 
differentiate  the  formula  (17)  of  §  1,  viz., 


^""^wSa-l^'"^' 


K  {Si    Si)      K  («i,  B^      ...      K  («i,  Sn) 
K  (Sj.  Sj) 


we  find  that 


d4 
dh 


=  (A=l)!l/-f.'^"-*" 


K  (6,  b)    K  (6,  8^ 
K  (sa,  6) 


(i,  Sn) 


=  A,-i(6,6). 
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Accordingly     ^  [S (\)]  =-Xk (6,  6)+X»Ai (6,  6)-... 

=  XA(X;  b,b)=^-XS(\)K{b,b) 

or  ^  [log  (J  (\)]  =  -  XJT  (6,  b).  (4) 

If  we  substitute  in  formula  (19)  of  §  1,  and  integrate  with  regard  to  by  we 
shall  obtain 

log5(X)  =  — xl   K{s,8)ds—\^\  ds\  K{s,r)K{r,8)dr 

Ja  Ja        Ja 

— X' I  dt\       K{t,r)K{r,s)K(s,f)drd8^.,.,  (6) 

which  may  be  identified  with  formula  (20). 

Again,  if  we  differentiate  the  formula  (19),  since 


tCn(Sf  t)  =\    k{8,  r)  Kn^i  (r,  t)  dv. 


we  have 


^  fCn  (S,  f)  =:  K  («,  6)  Kn^i  (6,  ^)  +  I     K  {s,  r)  ^  JCn-l  (r,  t)  dt 

=  K («,  6)  jch-1  (6,  t)+\  K (s,  r)  jc (r,  6)  jc^.j (6,  <)  dr 
hence 

^/Cn(«,  0   =  ^(«,  i)  iCn-l  (6,  0  +  'Cl(«,  6)/Cii_2(6,  ^)+ ... +iCn-l  («,  6)  ic(6,  f). 

Therefore  ^^(*'  ^^  =  ^^*  |2^r(s,  i) iCn-r+i(i,  ^)} 

=  \K(s,b)K{b,0.  (6) 

We  can  now  find  the  effect  on  a  solution  of  equation  (1).     If  /(«)  is  inde- 
pendent of  b,  the  formula 

if>{8)=f(s)  +  \\j^^K{8,t)f{t)dt 

will  give       ^  0(s)  =  X^(s,  6)/(6)+X«rZ(«,  6)^(6,  t)f{t)dt 

=  XK{s,b)</>{b).  (7) 
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V.  A  certain  Linear  Partial  Integral  Eqimtion. 

It  was  remarked  in  §  1  that,  if  the  function  k{s,  t)  is  the  Green's 
function  for  the  linear  differential  equation  I/,(u)  =  0,  the  functions 
ylfn  {s)  connected  with  k  (s,  t)  will  be  solutions  of 

L,(i^)+Xnt*  =  0, 

and  80  the  product  ^«(5)^»(^)»  and  the  functions  k(8,  0,  Kn{s,  Q,  K{s,  {), 
which  can  in  general  all  be  expressed  as  a  series  of  products  of  this  kind, 
will  be  solutions  of  the  partial  differential  equation 

LM  =  Lt{u).  (1) 

In  the  general  case  when  the  function  Kis,  t)  is  no  longer  symmetrical, 
the  functions  K{s,t)y  Kn{Syt)  and  K(s,{)  are  all  solutions  of  the  partial 
integral  equation 

r  k{s,  x)f(x,  t)dx  =  [k(x,  t)f{s,  x)dx,  (2) 

Ja  Ja 

which  bears  a  striking  analogy  to  (1). 

To  prove  this  we  recall  the  fact  that  the  relation  between  the  functions 
k{8,  t)  and  E{s,  f)  is  a  reciprocal  one ;  so  that,  since  by  formula  (10)  of  §  1 
we  have  -j, 

k{s,  {)  =  K{s,  t)—\     k(8,  r)  KiXy  t)  dr, 

we  must  also  have 

K{8,  t)  =  k{8,  t)+\  [  E{s,  r)  K(r,  t)  dr; 

for  K  {s,  €)  is  the  solving  function  for  the  equation  (8)*  Combining  these 
two  equations,  we  get 

j    k{8,  r)K{r,  t)  dr  =  ^K{8,  r)  K{r,  f)dr ; 

so  that  K{8,  t)  is  a  solution  of  (2).  Equating  the  coefficients  of  \*^  in  this 
equation,  we  see  that  Knis,  t)  is  also  a  solution  of  (2). 

If  we  seek  a  solution  of  the  form  <f>{x)\lA(t)  =f(x,  Q,  we  are  led  to  the 
equation  ^  ^ 

^(Q     K{s,x)if>{x)dx=  if>^A  K{Xyt)\lr(x)dx, 

which  requires  that      0(s)— X  I  k  (5,  j;)  <t>(x)dx  =  0, 


yfr(t)—\  \  k{x,  t)yfr{x)dx  =  0. 


8BB.    2.      TOL.    4.       HO.   919. 
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Now  these  equations  can  be  satisfied  for  the  same  valae*  of  X,  if  X  is  a 
root  of  the  equation  o  (X)  =  0.  Accordingly  to  each  root  of  i  (X)  =  0  there 
corresponds  a  harmonic  solution  of  the  form  ^{s)  ^(0- 

If  we  can  obtain  a  solution  of  (^)  involving  an  arbitrary  constant  fi, 
then  the  function  obtained  by  multiplying  by  an  arbitrary  function  of  /i 
and  integrating  will  also  be  a  solution.  The  solving  function  Kis^  t,  X) 
of  the  iiltegral  equation 

/(«)  =  0W-x£c(<,«0(Od[^ 
is  such  a  solution.     Accordingly  (2)  is  satisfied  by 

'*Z(s,/,X)x(X)rfX. 


J  A, 


If,  however,  another  such  function  can  be  readily  obtained,  it  may  some- 
times be  used  to  obtain  a  convenient  expression  for  K{8,f). 
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ON  THE  MONOGENEITY  OF  A  FUNCTION  DEFINED  BY  AN 

ALGEBRAIC  EQUATION 

By  H.  F.  Bakeb. 

[Read  Jannary  11th,  1906.~ReoeiTed  February  8rd,  1906.] 

1.  The  present  note  offers  a  proof  that,  if  Pj,  ...,  P»  be  (single- 
valued)  integral  functions  of  a  single  variable  x,  and  the  equation 

have  no  root  in  common  with  an  equation  of  the  same  form  and  lower 
degree,  then  all  the  roots  are  capable  of  derivation  by  analytical  con- 
tinuation of  any  one  of  them,  so  that,  according  to  Weierstrass's  use  of 
the  word,  the  various  roots  constitute  together  a  single  monogenic 
function.*  The  statement  implies  a  certain  form  for  the  roots  of  the 
equation,  the  nature  of  which  will  appear  in  the  course  of  the  proof ; 
and  it  is  sufficient  to  exclude  common  roots  of  the  two  equations  for 
every  point  of  any  two-dimensional  area. 

It  may  well  be  that  a  proof  of  this  proposition  has  been  published 
already  ;  but,  even  in  the  case  when  Pj,  ,..,Pn  are  integral  polynomials  in 
X,  I  am  not  aware,  among  the  various  proofs  given,  of  any  which  seems  to 
have  quite  the  simplicity  of  this  one ;  in  particular,  the  proof  given  in 
Weierstrass's  lectures  is  based  upon  the  theory  of  rational  functions 
whose  poles  are  all  at  one  place.  The  theorem  includes  clearly  the 
similar  result  when  P^,  ...,  Pn  are  single-valued  functions  having  only 
poles  for  finite  singularities  ;  we  have  only  to  replace  y  by  tijix,  where  fi  is 
a  certain  polynomial  in  x. 

2.  We  assume,  what  is  a  particular  case  of  Weierstrass's  implicit-function 
i\iQorevcL(yorbereitungssatz),  that,  if  /(«,  y)  be  a  convergent  power  series 
in  X  and  y,  vanishing  when  2;  =  0,  ^  =  0,  there  being,  when  x  alone  is 
put  zero,  a  series  remaining  beginning  with  a  term  in  y^,  then  all  the  roots 
y  of  f(Xj  y)  =  0  which  vanish  when  a;  =  0  are  given  by  an  equation 

'srC^,  y)  =  y''+Piy''^^+'+Pn  =  o. 


*  The  theorem  is  stated  and  used  in  a  proof  that  functions  of  one  yariable  with  an  sdgebraical 
addition  theorem  are  elliptio  functions  (or  particular  cases  of  such) :  Proc,  Gamh.  Phil.  Soc.^ 
Vol.  xn.,  1903,  p.  236. 
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wherein  jpi,  p^,  ...,  p*  are  power  series  in  x  vanishing  for  ^  =  0.  A 
particular  case  is  the  result  that  the  ^-equation 

arising  when  n  =  1,  has  one,  and  only  one,  solution  vanishing  when 
j;  =  0,  expressible  in  a  form 

y  =  '-aiX+a^x^+a^ix^-i'.... 

8.  We  give  also,  for  the  sake  of  the  nature  of  the  proof,  a  demonstra- 
tion of  the  well  known  form  possible  for  the  roots  of  an  equation 
w  («,  y)  =  0  for  the  neighbourhood  of  the  origin  x  =  0.  For  this  there  is 
no  loss  of  generality  in  assuming  that  vf  (x,  y)  is  incapable  of  being  written 
as  a  product  of  factors  of  the  same  form  (i.e.,  with  converging  power  series 
coefficients  vanishing  for  x  =  0) ,  since  otherwise  we  could  deal  with  each 
factor  in  turn.     We  have  then 

-Oyix,  y)  =  dm{Xy  y)ldy  =  ny''-^+{n'-l)piy''-^+...+pn-i ; 

form  the  Sylvester  ^-resultant  of  vF{x,y)  and  vTyix^y),  which,  being  a 
rational  integral  polynomial  in  pi,  ...,  p^,  is  a  power  series  ;  if  this  power 
series  vanish  identically,  vr(x,  y)  and  zTy{x,  y)  have  a  factor 

y^+qiy^''+^"+qk, 

obtainable  by  the  rational  method  of  greatest  common  divisor,  wherein 
ji,  ...,  gji  are  rational  in  pi,  ...,pn,  and  therefore  all  of  the  form  x~^P{x)^ 
where  P(x)  is  a  convergent  power  series  in  x ;  as,  however,  all  the  roots 
of  zj{x,y)  =  0  vanish  with  x,  and  the  roots  of  y*+Jiy*"^+...+yji  =  0 
are  chosen  from  those  of  vr  {x,  y)  =  0,  this  can  only  be  so  if  X  =  0  and 
P(x)  vanish  with  x.  We  have,  however,  assumed  that  tsr(ar,  y)  is  not 
divisible  by  any  factor  of  the  form  then  arising.  The  Sylvester  ^-resultant 
is  therefore  not  identically  zero.  It  vanishes  for  x  =  0,  since  both  m{x,  y) 
and  m'y  {x^  y)  vanish  for  a;  =  0,  ^  =  0 ;  but  a  region  can  be  put  about 
:c  =  0  within  which  no  other  zeros  of  this  resultant  are  found  :  this  region, 
taken  circular,  we  call,  momentarily,  the  domain  of  the  origin.  If  x^ 
be  a  point  within  this  domain  other  than  the  origin,  and  y^  any  one  of 
the  corresponding  roots  of  or  (x^,  y)  =  0,  we  have  m'y  (x^,  y)z^O;  put 
then  X  =  XQ+i,  y  =  yo+n  in  rsr{x,  y),  so  obtaining 


^ (^of  yp)^  I  ^ Ogo> yo) 


^^r^^~^ 


fi+...  =  0, 


0 


and  hence,  by  the  assumed  theorem  of  §  2  above,  a  power  series 

y  =  yo+^i(a?— i»o)+^2(«— ^o)^+...,  (A) 
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converging  in  a  certain  region  about  Xq,  this  representing  the  only  function 
satisfying  vr{x,y)  =  0  and  reducing  to  y^  when  a:  =:  Jq.  A  precisely 
similar  form  is  possible  for  each  of  the  other  roots  of  vr  {Xq,  y)  =  0.  Let 
r  be  the  least  of  the  n  radii  of  'Convergence  of  these  n  series  belonging  to 
Xq.  Putting  a  small  circle  about  the  origin  and  another  circle  just  within 
the  outer  circumference  of  the  domain  of  the  origin,  and  considering  the. 
closed  annulus  so  determined,  and  the  value  of  r  for  each  point  Xq  of  this 
annulus,  we  say  that  a  real  number  greater  than  zero  exists  such  that  r  is 
everywhere  greater  than  this  real  number. 

For  let  the  circle  about  Xq,  of  radius  r,  be  called  the  proper  region  of 
Xq  ;  the  statement  is  that  the  lower  limit  p  of  the  radii  of  the  proper 
regions,  for  points  x^  within  the  closed  annulus,  is  greater  than  zero.  Let 
an  area  contained  in  the  closed  annulus  be  called  suitable  if  it  be  con- 
tained in  the  proper  region  of  some  point  within  or  upon  the  boundary  of 
itself ;  the  statement  will  be  justified  if  it  can  be  shown  that  the  closed 
annulus  can  be  divided  into  a  number  of  finite  areas  each  of  which  is 
suitable.  Let  the  annulus  be  divided,  for  example,  by  means  of  n 
concentric  circles  and  n  equidistant  radii,  into  equal  sub-regions ;  if  all 
these  n(7i+l)  sub-regions  are  not  suitable,  let  an  unsuitable  one  be 
again  sub-divided  by  n  concentric  circles  and  n  equidistant  radii;  and 
so  on  continually.  The  statement  is  that  this  subdivision  will  not  need  to 
be  continued  indefinitely  in  order  that  all  the  sub-regions  may  be  suitable. 
For  an  indefinitely  continued  sequence  of  regions,  each  contained  in  the 
preceding,  and  a  definite  sub-multiple  of  its  area,  must  have  a  limiting 
point,  and  the  proper  region  of  this  limiting  point  will  contain  all  of  the 
sequence  of  sub-regions  which  arise  beyond  a  certain  stage  in  the  process 
of  subdivision.* 

Returning  then  to  the  series  (A)  expressing  the  root  of  tj{x,y)  =  0, 
which  reduces  to  y^  when  x  =  Xq,  let  Xi  be  a  point  within  the  closed 
annulus  spoken  of  above,  and  within  the  circumference  of  convergence  of 
(A),  but  at  a  less  distance  from  it  than  the  lower  limit  p  established  above 
for  the  distance  r ;  let  y^  be  the  value  of  the  series  (A)  at  a:  =  ajj ;  there 
exists  then  one  root  of  or  (a;,  y)  =  0,  reducing  to  yi  when  x  =  ajj,  ex-  , 
pressible  by  a  power  series  in  x—x-^,  converging  for  |a;— a:i|</>,  and 
therefore  forming  a  continuation  of  the  series  (A)  beyond  the  circle  of 
convergence  of  {A). 

It  is  thus  clear  that  any  root  (y^  of  ct  {x,  y)  =  0  can  be  continued 


*  I  have  used  this  phraseology  for  some  time  in  expounding  Gk>ur8at'8  proof  of  Ganohy's 
fundamental  theorem  for  complex  integfrsds,  and  in  other  of  the  many  appUoations  ai  t^ 
principle.  £.ff.t  in  the  Froc.  Lond,  Math.  Soc,  Vol.  i.,  1903,  p.  24.  The  principle  is  nearly 
identical  with  that  called  in  the  theory  of  aggregates  the  ';*  Heine-Borel  Theorem.*' 
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completely  round  the  closed  annulus  referred  to  above,  ba^ck  to  the  neigh- 
bourhood of  Xq  ;  it  may  not,  however,  after  one  circuit,  resume  its  value  ; 
it  may  change  into  another  root  of  or  (Xq,  y)  =  0;  let  it  resume  its  original 
value  after  fi  circuits.  Put  then  x  =  ^,  so  that  the  phase  of  t  increases 
by  ^ir  when  the  phase  of  x  increases  by  2'7r/x,  and  consider,  just  as  we 
have  considered  the  equation  zt(x,  y)  =  0,  the  equation  isrC^,  y)  =  0,  and 
the  root  of  this  reducing  to  y^  when  t  =  t^,  where  ^  =  x^.  By  precisely 
the  above  reasoning  this  root  is  a  single-Valued  function  of  t  within  the 
annulus,  and  developable,  as  a  power  series  in  t—tQ,  about  any  point  t^. 

Thus  (by  Laurent's  theorem)  it  is  capable  of  a  representation  ^a^f", 

—  00 

valid  for  the  whole  of  the  annulus.  If,  however,  M  be  greater  than  the 
modulus  of  this  series  f or  |  ^  |  =  iJ,  we  have  |  a^^  \  <  ME^  ;  as  all  the  roots 

« 

of  Ts(x^  ^)  =  0  vanish  for  a;  =  0,  it  follows  that  the  negative  powers  of  t 
(and  the  zero  power)  are  absent  from  the  series.    Consider  now  the  /x  roots 

of  tr  (x,  y)  =  0  given  by  the  series  2  o^  ^**  for 

1 

denote  them  by  ^i,  ...,  y^  ;  if  ^  be  a  positive  integer,  the  sum 

(or,  indeed,  any  rational  integral  symmetrical  polynomial  in  ^j, ...,  ^^  arises 
as  a  convergent  power  series  in  t,  which  is,  in  fact,  a  single-valued  function 
of  Xj  and  is  therefore  a  converging  power  series  in  x,  manifestly  vanishing 
for  a;  =  0  ;  thus  i/i,  ...,  y^  are  the  roots  of  an  equation 

whose  left  side  therefore  divides  tsr(2;,  ^),  and  is  therefore,  as  we  have 
assumed  rsf{x,  y)  not  to  have  such  factor  for  /x  <  w,  identical  with  it.  All 
the  roots  of  ct(j;,  y)  =  0  in  the  neighbourhood  of  the  origin  are  thus 
shewn  to  be  expressible  by  a  single  series  in  t,  with  x  =  V\ 

4.  Consider  now  an  expression 

wherein  Pj,  ...,  P»  are  (single- valued)  integral  functions  of  x.  We  first 
prove  a  lemma  similar  in  form  to  one  given  by  Gauss  in  the  Disquisitiones 
ArithmeticcB,  that,  if  a  decomposition  be  possible, 

y"+Piy"^*+...+Pn  =  (j/'^+ffijr-'+...+^,J(y+^iJ^''"'+.-+^J. 
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in  which  H^, ...»  J9^,  Ki^  ...,£,  are  rational  functions  of  integral  functions 
(and  therefore  are  single-valned  functions  with  no  finite  singularities  other 
than  poles),  then  such  a  decomposition  is  possible  in  which  Hi,  ...,  fi),, 
Ki,  ...,  Ky  are  integral  functions.  For  the  assumed  decomposition  can  be 
put  into  the  form 

where  22,  i2i, ...,  22^,  S,  Si, ...,  S,  are  integral  functions,  and  C  is  an  integral 
polynomial.  Consider  any  simple  factor  of  C  ;  from  GPn  =  Bf^S,  it 
follows  that  this  factor  must  divide  12^  or  S^ ;  from 

CPn-l  ==  22^  Sr_i  +  S^  22^-1 

it  follows  that,  if  this  factor  divide  22,^,  it  must  divide  8y  or  £^.i ;  and  so 
on.     Suppose  this  factor  divides 

22^,  22^-1,  ...,  22^-k+i    and     o„  Sr-i,  ...,  Sy^k+i  I 

then  compare  the  coefficients  of  y*"*^*,  giving  CP^+^-i^-k  =  B^_i^iSr-k+ terms 
in  which  the  22  factor  has  a  suffix  greater  than  /jL^h,  or  the  S  factor  has  a 
suffix  greater  than  v^k;  this  factor  of  C  must  then  divide  either  22^.]^  or 
Sy^k ;  proceeding  thus,  we  see  that  this  factor  of  C  either  divides  every 
one  of  22,  22i,  ...,  22^  or  every  one  of  S,  Si,  ...,  S„ ;  it  may  then  be  divided 
out ;  and  so  for  every  factor  of  C.    We  thus  obtain  an  equation  of  the  form 

yn^p^yn-i^    ^p^  =  (22y'^+...+22^)(Sj^*'+...+S.), 

in  which  every  one  of  22,  ...,  22,4,  S,  ...,  S„  is  an  integral  function;  and 
BS  =  1  implies  that  the  inverse  of  each  of  22,  S  is  an  integral  function  ; 
they  may  then  be  divided  throughout.  We  thus  obtain  an  equation  of 
the  form  first  put  down,  with  every  one  of  ffj,  ...,  fl^,  2^1,  ...,  Ky  an 
integral  function. 

5.  If  now  the  equation 

P{x,y)  =  y^+Piy''''+...+Pn  =  0, 

wherein  Pi,  ...^Pn  are  integral  functions,  has  a  root  common  with  an 
equation  of  the  same  form  and  lower  degree 

Qix.y)  =  /+gi/-'+...  +  Q;i  =  0, 
this  common  root  will  satisfy  H(x,  y)  =  0,  where 

H(aj,y)  =  jr+ffijr-'+...+ffM 

is  the  highest  common  factor  of  P(x,  y)  and  Q  {Xy  y),  and  Hi,  ...,  H^^  are 
rational  functions  of  the  integral  functions  Pi,  ...,  P»,  Qi*  ...»  Q\.     The 
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existence  of  such  a  factor,  however,  implies  another,  and  an  equation 

wherein  Ki,  ...,  f^  are  also  rational  functions  of  integral  functions.  We 
have  shewn  that  the  existence  of  such  an  equation  requires  an  equation  of 
the  same  form  in  which  Hi,  ...,  J7^,  Ki,  ...,  K,  are  actually  integral 
functions. 

6.  We  consider  then  an  equation 

P{x,y)  =  y"+Piy*-^+...+Pn  =  0, 

Px,  ...,  P»  being  integral  functions,  in  which  the  left  side  is  incapable  of 
being  written  as  a  product  of  factors  of  the  same  form  ;  it  has,  therefore, 
no  root  common  with  an  equation  of  the  same  form  and  lower  degree. 

Then  the  Sylvester  y-resultant  of  P{x,  y)  =  0  and  dP{x,  y)ldy  =  0 
does  not  vanish  identically.  This  resultant  is  a  rational  polynomial  in  the 
integral  functions  P^,  ...,  Pn,  and  therefore  also  an  integral  function; 
therefore  no  two  of  its  zeros  are  within  an  unassignable  nearness  of  one 
another,  and  the  number  of  them  within  any  assigned  finite  portion  of  the 
plane  is  finite.  Taking  then  any  circle  not  including  any  zero  of  this 
resultant,  there  exists  about  any  interior  point  of  this  circle  a  power  series 
development  for  any  root  of  P  {x,  y)  =  0,  just  as  in  §  8,  and,  as  there,  this 
development  for  any  one  root  can  be  continued  over  the  whole  of  this  circle. 
It  follows  that  the  root  is  representable  over  the  whole  of  the  circle  by  a 
single  development  about  its  centre.  Taking  next  a  circle  whose  centre  is 
at  one  of  the  points  x^  where  the  resultant  vanishes,  but  not  including  any 
other  such  point,  the  equations  Pix^^y)  =  0,  dP{xQ,y)ldy  =  0  have  at 
least  one  root  in  common.  If  y^  be  a  root  of  the  former  equation  which  is 
not  a  root  of  the  latter,  there  exists,  as  before,  a  root  of  P  {x,  y)  =  0  which 
reduces  to  yi  when  x  =  Xq,  and  is  representable  as  a  power  series  in  x^-Xq. 
If  ^0  ^^  ^  ^^^^  0^  ^^^  former  equation  which  is  also  a  root  of  the  latter 
equation,  put  x^Xq  =  $,  y— ^o  —  */•  The  roots  of  P(x,  y)  =  0  which 
reduce  to  ^q  when  x  =  Xq  are  then  given  (by  Weierstrass's  theorem,  §  2) 
by  an  equation        ^^^^  ^^  ^  ^+^^^-,+...^.^^  =  0, 

-wherein  j?i,  ...,  j?^  are  power  series  in  i  vanishing  for  ^  =  0,  the  number /i 
being  the  exponent  of  the  lowest  power  of  fj  in  P(xQ,yQ+fi),  it  being 
impossible  that  y^+Piy^^^+...+Pn  should  vanish  identically  when  x  is 
put  equal  to  Xq  ;  the  solutions  of  the  equation  tsr  (^,  >;)  =  0  are  then  ex- 
pressible as  before  by  a  set  of  series  of  the  form  ^  =  ^,  fi  =  P{(),  there 
being  as  many  such  pairs  as  irreducible  factors  of  tsr(^,  17)  of  the  same  form. 
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7.  Taking  now  any  root  of  P  {x,  y)  =  0,  expressed  as  a  power  series  in 
x—x\  about  any  point  x'  which  is  not  a  zero  of  the  Sylvester  y-resoltant 
of  P{x,y)  and  dP{x,y)ldy,  let  it  be  continued  in  all  possible  ways,  by 
paths  issuing  from  and  again  returning  to  the  neighbourhood  of  x'.  By 
reasoning  as  in  §  8,  it  follows  that  such  continuation  is  certainly  possible 
over  any  region  lying  in  the  finite  part  of  the  plane  so  long  as  a  point 
where  the  resultant  vanishes  is  not  included  in  this  region.  By  what  has 
been  seen  paths  which  do  not  enclose  any  of  these  exceptional  points  will 
lead  back  to  the  same  value,  but  paths  enclosing  one  or  more  of  these  may 
not  do  so.  Notwithstanding  that  the  number  of  such  exceptional  points 
increases  indefinitely  when  the  region  of  the  plane  considered  is  taken 
more  and  more  extensive,  the  number  of  roots  so  obtainable  from  the 
original  one  by  all  possible  continuations  cannot,  of  course,  exceed  n,  and 
must  be  a  definite  number,  though  we  cannot  experimentally  obtain  it  by 
exhausting  the  infinite  number  of  paths  necessary  to  enclose  all  the 
exceptional  points.  Let  ^i,  ...,  yn  be  the  roots  so  obtainable,  including 
the  original  one,  and  consider  the  function  yJ+.-.+yi,  where  r  is  a 
positive  integer  ;  about  every  ordinary  point  x'  this  function  is  expressible 
as  a  power  series  in  a; --2;',  and  it  can  be  continued  over  the  whole  finite 
plane  by  any  path  not  passing  through  one  of  the  exceptional  points,  and 
returns  thereby  always  to  the  same  value ;  about  every  exceptional  point 
x'  it  is,  however,  also  expressible  as  a  power  series  in  x—x',  since  the 
possible  determinations  of  any  one  root  about  this  point  enter  symmetric- 
ally into  the  formation  of  the  function  ;  it  is,  moreover,  never  infinite  for 
any  finite  value  of  x,  since  no  root  of  the  equation 

y  y 

can  be  so  infinite.  It  is  thus  an  integral  function  of  x.  Therefore 
y^  •••>  y^n  are  the  roots  of  an  equation 

where  H^,  ...,  Hn  are  integral  functions.  Hence,  by  the  hypothesis  as  to 
the  polynomial  P{x,  y),  it  follows  that  rn  =  n,  and  the  equation  P(a;,  y)  =  0 
is  satisfied  by  only  one  monogenic  function  ;  as  was  to  be  proved. 

8.  In  conclusion,  it  is  to  be  remarked  that,  if  Pi, ...,  Pn  be  polynomials 
in  Xy  and  P  (x,  y)  be  incapable  of  being  written  as  a  product  of  polynomials 
in  X  and  y,  that  is,  be  irreducible  in  the  ordinary  sense,  then  it  is  equally 
incapable  of  being  written  as  a  product  of  factots  y'*+fl'iy'*~^+...+fli4, 
y^+KiJ/'^  +  .^.+K,,,  wherein  H^  ...,  K^  are  integral  functions  which  are 
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not  all  polynomials.  For,  if  i;  =  yjx^,  the  equation  P  (x,  y)  =  0  can  be 
written  p  p 

i7*+^?«7~-^  +  ...  +  ^  =  0. 

X^  x^ 

p     p  p 

Let  r  be  taken  positive  and  so  large  that  every  one  of  -j,  -^f,  ...,  3^ 

X     X  a?/ 

vanishes  when  x  increases  indefinitely,  as  is  possible  when  P|,  Pg,  ...,  P« 
are  all  polynomials ;  then,  for  every  root  y  ot  P  {x,  y)  =  0,  the  quotient 
ylx^  diminishes  indefinitely  for  x  infinite.  Thence,  if  a  certain  number  of 
these  roots  be  the  roots  of  an  equation  ^+ifiy^~^+...+fl^  =  0,  wherein 
Hi,  ...,  J7^  are  integral  functi6ns,  these  integral  functions  must  all  be 
eapable  of  being  reduced,  by  division  by  a  proper  positive  power  of  x,  to  a 
form  in  which  they  vanish  for  x  infinite ;  so  that  they  must  all  be  poly- 
nomials. The  theorem  proved  in  §  7  thus  shews  that  an  irreducible 
algebraic  equation  with  polynomial  coefficients  is  satisfied  by  only  one 
monogenic  function  of  x. 
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ON  THE  EXPRESSION  OP  THE  SO-CALLED  BIQUATERNIONS 
AND  TRIQUATERNIONS  WITH  THE  AID  OF  QUATERNARY 
MATRICES 

By  J.  Brill. 

[ReoeiTed  January  7th,  1906.— Bead  Jannaiy  llth,  1906.] 

Clifford  defined  his  biqnaternion  as  an  expression  of  the  form 
9i+<M72>  where  q^  and  q^  are  quaternions  and  »  is  a  symbol  commutative 
with  quaternions  and  possessing  the  property  n?  =  0.  M.  Combebiac  has 
developed  this  idea  by  introducing  another  symbol  /x>  commutative  with 
quaternions,  possessing  the  property  fj?  -=1,  and  connected  with  co  by  the 
relations  /iw  =  —  w/x  =  w.  To  the  expression  ?i+ft)ga+A*?8»  where  gi,  jj, 
fs  are  quaternions,  he  gives  the  name  triquatemion.* 

It  is  well  known  that  the  theory  of  the  binary  matrix  is  equivalent  to 
that  of  the  quaternion.  This,  however,  does  not  exhaust  the  possibilities 
of  the  representation  of  the  quaternion  analysis  with  the  aid  of  matrices. 
Thus  consider  the  quaternary  matrix 

y,      z,        t,   —x 
z,   —y,       X,       t 

This  may  be  written  in  the  form 

et+e^x+e^y+e^z, 


*  Qt,  Gombebiao,  **  Galonl  des  triqaatemioxiB  (noayelle  analyM  g^om^trique),'*  Pteif  (Ihht), 
1902.  A  brief  summary  will  be  found  in  *'  A  Report  on  Beoent  ProgreM.  in  the  Quaternion 
AnalyaiB,"  by  A.  Maofarlane,   Proee$d%ng9  of  tk$  Am§nHm  ABoociatian  fir  ths  AdHmemmU  ^f 

Seimeey  Vol.  li.,  1902  (seep.  316). 
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where  the  0's  are  connected  by  the  foUowmg  multiplication  table  :* 

6f        6if  ^2*  ^8 


e 

«, 

«i. 

«a> 

«8 

«i 

«1. 

— c. 

«8. 

-«a 

«j 

«a. 

~~*8» 

— «. 

«i 

<8 

<8. 

««. 

— «i. 

— e 

It    is  farther  easily  verified  that,  if  we  denote  this  matrix  by  the 
symbol  g,  its  characteristic  equation  takes  the  degenerate  form 

^-2tq+i^+x^+y^+z^  =  0. 

We  will  denote  by  the  symbol  m  the  general  quaternary  matrix 

Oj,  61,  Ci,  dj 
Oj,  63,  c^,  d^ 

^>    ^8»    ^8»    ^ 
a4»    *4>    ^4*    ^4 

We  now  proceed  to  find  a  form  for  m  such  that  we  may  have  inq  =  qm 
independently  of  the  values  of  x,  y^  z,  t.  Equating  the  coefficients  of 
X,  y,  Zf  t  in  the  corresponding  elements  of  the  two  products,  we  obtain  a 
set  of  conditions  which  reduce  to 


ai  = 

6,= 

<%  = 

dt, 

as  = 

-61  = 

-c«  = 

dn. 

08  = 

b,= 

—  Ci  = 

-d,. 

a4  = 

-h  = 

Cj  = 

-dy. 

Thus  the  general  form  of  m,  commutative  with  any  matrix  whatsoever  of 

the  form  a,  is  ■,  , 

^  a,  —a,  —0,  — c 

a,       d,       c,  — h 

6,  — c,       dy      a 

Cf       b,  — a,       d 


*  Weyr  has  g^ven  a  g^eneral  method  of  realismg  a  linear  assooiatiTe  algebra  of  n  unitB  with 
the  aid  of  the  n-arj  matrix.  '*  Sxir  la  realisation  dee  sjBtdmes  aaeooiatife  de  quantity  complezee 
a  Taide  dee  matrioee,"  Prager  B$r%ehU,  1887,  616-618. 
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We  will  denote  this  form  of  matrix  by  the  dyinbol  r.  It  is  reie^^ 
verified  by  direct  multiplication  that  we  have  qr  =  rq.  Like  the  matrix 
of  the  form  g,  the  matrix  of  the  form  r  is  a  skew  matrix,  but,  though  very 
similar,  the  two  matrices  are  of  distinct  types. 

It  is  easily  verified  that  the  characteristic  equation  of  r  takes  the 

degenerate  form  ^_2dr+a^+b'+<^+<P  =  0. 

Further,  we  have        r  =  ed+eia+e^b+e^c^ 

where  the  relations  of  a,  e^,  e^,  cg  are  governed  by  the  following  multiplica- 
tion table: — 

6,  €if  6g,  C3 


e  6f  €if  62,  69 

^8    I      *8>         ^a>         ^1»         ^ 


Our  new  matrices  thus  furnish  us  with  a  type  of  left-handed 
quaternions.  We  have  thus  arrived  at  the  interesting  result  that  the 
system  of  quaternary  matrices  includes  a  set  of  right-handed  quaternions 
annd  a  set  of  left-handed  quaternions,  any  member  of  the  one  set  being 
commutative  with  any  member  of  the  other  set,  although  the  members  of 
each  set  are  not  in  general  commutative  among  themselves.  This 
furnishes  us  with  a  failing  case  of  Gayley's  theorem.* 

Among  our  second  set  of  matrices  we  must  search  for  forms  suitable 
for  the  representation  of  a>  and  /i.f  Suppose  that  r^  and  r^  are  two 
matrices  of  the  latter  group,  having  the  characteristic  equations 

ri—2diri+ai+bl+cl+€^i  =  0, 

r2— 2i2r2+(4+62+Cj+d5  =0. 


*  [March  lOihf  1906. — ^The  general  theorem  referred  to  (and  named  *' Gajley's  theorem" 
by  Clifford,  Math.  Papers,  p.  339)  is  that  which  states  that,  if  m  be  an  M-arj  matrix,  then  the 
g^eral  type  of  matrix  which  is  commntatiye  with  m  may  be  written  in  the  form 

• 

where  the  a*s  are  scalars.    I  believe  that  Oayley  only  discussed  particular  cases,  and  am  not 

aware  of  the  existence  of  any  general  proof.     It  would  appear  that  exceptional  oases,  similar  to 

the  above,  occur  in  the  case  of  most  orders  of  matrices  higher  than  the  third.     I  have  discovered 

some  examples  in  the  case  of  the  senary  matrix.] 

t  From  the  properties  of  these  symbols  it  is  clear  that  we  cannot  fairly  style  them  soalars,  as 
8ome  writers  seem  inclined  to  do. 
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The  characteristic  equation  of  uri-j-vr^,  where  ti  and  t?  are  scalars,  will  be 
{uri+vr^^'-2{tidi+vd^{uri+vr^ 

Thus,  in. virtue  of  the  above  two  equations,  we  deduce  a  thirds 

If,  then,  rj  is  to  stand  for  w,  and  r^  for  /x,  we  must  have 

di  =  0,        al+bl+cl+(fi  =  0, 
ig  =  0,         (t2+b2+c^+(^  =  —  1, 
dj  :=  dj  =  0,     Oj  02+ ftjia+Ci  02+^1^2  ^  0. 

Thus  we  obtain  the  conditions 

di  =  d2  =  0,  (1) 

(h+bl+cl  =  0,  (2) 

al+bl+cl  =  —  1,  (3) 

0102+6162+^1^2  =  ^*  W 

The  only  condition  that  remains  to  be  expressed  is  rgri  =  ri.  If  we 
equate  the  elements  of  the  matrices  on  the  two  sides  of  this  equation, 
assuming  the  cZ's  to  be  zero,  we  obtain  the  four  conditions 

61 C2 — 62  Ci  =  Oi,  (5) 

C1O2— C2O1  =  61,  (6) 

O162— O261  =  Ci,  (7) 

O1O2+6162+C1C2  =  0.  (8) 

Of  these  (8)  is  the  same  as  (4).  Both  (2)  and  (4)  are  readily  deduced  from 
(5),  (6),  and  (7). 

Further,  from  (5)  and  (6)  we  deduce 

0163—0261  =  02(6162+0103)— 01(02+62)  =  —  Ci  (02+62+02), 
taking  account  o£  (4)  or  (8).     Thus  we  have 

01(02+62+02+1)  =  0, 
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and  two  similar  relations  in  which  o^  and  bi  are  respectively  subetitated 
for  Ci.  Thns  we  see  that,  except  in  the  special  case  64  =  &i  =  Ci  =  0,  (8) 
may  be  taken  as  the  direct  consequence  of  (5),  (6),  and  (7).  Thus,  so  far 
as  we  are  concerned,  we  may  consider  the  eight  quantities,  defining  our 
two  matrices,  as  governed  by  the  five  conditions  contained  in  (1),  (5),  (6), 
and  (7).  Thus  three  of  the  quantities  may  be  chosen  arbitrarily,  and  we 
will  assume  that 

Oi  =  1,  Og  =  62  =  0. 

We  shall  then  find  that  the  set  may  be  completed  as  follows : — 

where  i  is  the  ordinary  scalar  imaginary. 
Thus  for  0)  we  have  the  matrix 

0,  -1,  -t,       0 

1.  0,  0,  -i 
i,  0,  0,  1 
0,       t,    -1,       0 

For  jjL  we  have  the  matrix       0,  0,  0,  i 

0,  0,  — t,  0 

0,  t,  0,  0 

— i,  0,  0,  0 

Given  these  forms,  we  may  readily  verify  that  they  satisfy  the  conditions 

a?  =  0,  M*  =  1,  jUL(a  =  —  a)/x  =  0). 

We   will   now   take   as   the   symbolical   form    of    our   triquaternion, 
expressed  as  a  matrix, 

-^ij     -Bj,     Cit     Di 
-^at     -^2»     ^2>     -^a 

-^8*       -^8*       ^8»       -^8 
-^4»        ^i9        ^4»        -^4 

We  then  have 

Ci  =  —2^1+^2— *' (^2— a^a),         A  =  —  ('2^i+!/a)+^(«2+^a)» 
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(7a  =  —  (^i+ya)— *  («a+y»        -Da  =      Vi—^i—i  (^  — ajg), 

-^8=      yi+^a+^(^a+«8)»         -^3=       ^1— ya— **(«a— ^> 
Cs  =       ^+i»3— ^*  (ya+'STs),  -Dj  =  —  ^i+h  ^i  (^a  — ^a)* 

C4  =      rci—  ^  — t  (z^  —  j^a),         D4  =      ^+a^+*  (^a+^s)- 

In  conclusion  we  may  remark  that  the  preceding  work  suggests  the 
expression  of  the  general  quaternary  matrix  with  the  aid  of  four 
quaternions  in  the  form 

3i+€i3a+«a38+e8?4- 

[March  lOth^  1906. — This  last  point  may  be  readily  verified.  In 
fact,  if  we  denote  the  elements  constituting  the  n-th  row  of  the  matrix 
by  the  symbols  a„,  in,  Cn,  dn,  we  have 

^1— a^a— ^8— ^4  =  ^i>         "^1""  ^—^8+^4  =  *i> 

— yi+^a—  ^8—^4  =  Ci,         — -8^1— ya+«8—  U  =  di, 

Xi+  h—Zz+Vi  =  aa,  ^1—0:3+^8+ -2^4  =  *a» 

~^l"ya~^8+  ^4   =    <^2f  yi^-STa—  ^8~^4   =   ^9 

yi+^a+  ^8~^4  =  ^8>  ^i"~ya"~^8"~  ^4  =  ^8* 

^i+a?a— 2^8+^4  =  Ca,  — a:i+  ^— -^3— 1^4  =  ^» 

^1— ya+^8+  ^4  =  «4»  — yi— -STa-f  ^8— a?4  =  *4» 

a?i—  ^8—^8—^4  =  ^4»  ^i+a?a+y8— ^4  =  ^4- 

These  equations  arrange  themselves,  for  solution,  in  groups  of  four.     The 
solution  of  the  first  group  gives 

4ti  =      ai+6a+^8+^4>         4a;a  =  —ai—b^+c^+d^, 
4^8  =  ""%+6a-"C8+^4»         ^4  =  -"%+6a+C8~^4- 
The  solution  of  the  second  group  gives 

4^  =  Og— 61— C4+d8»         4a:i  =      08—61+04— dg* 
4^4  =  aa+6i~C4""^»         4;8f8  =  —  Og— 61— C4— (^. 

2.    70L.  4.     KO.  920.  K. 
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The  solutioii  of  the  third  group  gives 

4<5  =  a8+*4"^^~^         4a?4  =  —  a,— 64— Ci— dj, 
4yi  =  08—64— Ci+d,,        4z^  =      Oj— 64+Ci— d,. 

Finally,  the  BolutioD  of  the  fourth  groap  gives 

41^4  =i      04— 6,+Ca— di,         4a:j  =  04—68—^8+^1, 
4ya  =  —  a4~^8""^~^i>         ^^i  =  04+63— Ca—di.] 
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REMARK  ON  THE  EISENSTEIN-SYLYESTER  EXTENSION  OF 

FERMAT'S  THEOREM* 

By  H.  F.  Baker. 

[Bead  February  8th,  1906.— BeoeiTed  February  ISth,  1906.] 

1.  Let  N  be  any  positive  number,  r,  any  number  prime  to  N^  sueh 
that  w  is  the  least  positive  integer  for  which  r^  =  1  (mod  N) ;  further,  5,  i 
two  other  numbers  prime  to  N^  such  that  «^  =  1  (mod  N) ;  and  put 
9r^  =  pi  (mod  N)^  where  pi  is  positive  and  less  than  N^  so  that 
/>e  ==  P»  =  ^f  where  <r  is  the  least  positive  residue  of  s ;  then*  if 
fpi-i  =  pi+di^,  for  i  =  1,  2,  ...,  0),  we  have 

^  2  f^'%N  =  tI,f^-Hrpi^i—pi) 

=  ^[(^Po-^"Vi)+(^~Vi-^"VJ+..-+(rp.-i-pJ] 

so  that  (rtir—DlN  =  t.i  r--*a4. 

i=i 

Now  let  Ijpi  denote  the  least  positive  number  Xi,  such  that 

Xipi  =  1  (mod  N)^     or    Xisr^  =  1  (mod  N),     or    a^i  =  ^Z**""*  (mod  N) ;  * 
then,  as  (rt=l  (mod  ^,  we  have 

^^  =  2  -2i-  (mod  JV). 

It  is  proved  at  once,  e  being  any  positive  number,  that 

{7^-1)1  N  =  e(7^-1) IN  (modjN); 

in  particular,  if  N,  in  prime  factors,  be  p^q^  ,,.^  we  may  take  eu)  =  least 
common  multiple  of  i?^"^(i?— 1),  g'*"^(g— 1),  ... ;  or  we  may  take  eco 
equal  to  the  product  of  these  numbers,  namely,  equal  to  q>{N)j  the  number 


*  See  EisenBtein,  Monattber,  Berlin,  Akad,,  1850,  p.  41 ;  Sylvester,  Comp,  Rend.,  Vol.  lu., 
1861, pp.  161-163, p.  308,  p.  817,  andPAi/.  Mag, .Vol,  xxi.,  1861,  p.  136  ;  Stem,  Crelle,  Vol.  c, 
1887,  p.  182;  MirimanofT,  Creilc,  Vol.  oxy.,  1895,  p.  295  ;  Glaisher,  Qua^-t,  Jour,,  Vol.  xxxn., 
1901,  p.  1,  p.  240.  Dr.  Glaisher's  proof  of  Sylvester's  theorem  is  easily  modified  to  the  case 
when  the  modulus  is  a  composite  int^g^r. 

K   2 
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of  numbers  less  than  N  and  prime  to  N ;  now  these  numbers  may  be 
arranged  in  e  =  0  {N)lw  sets  of  co  each,  according  to  the  value  of  8  above, 
namely,  (1,  r,  r*,  ...,  f""*^),  («,  5r,  «/*,  ...,  sr**"^),  («',  ^V,  s'r*,  ...,  s't^'^),  ... ; 
we  thus  obtain  e  alternative  representations 

-       1  (0) 

^^  =  22L  =  2  «L  =  2^=...  (mod  JO, 

^  Pi  pi  pi 

which,  on  addition,  give 

^-^=21^^  +  2^  +  2-2^+...  (mod  2^, 
N  p^^^  Pi  Pi 

where  now,  in  the  denominators,  occur  all  numbers  less  than  N  and  prime 
to  J^. 

When  r  is  positive  and  less  than  N,  the  number  pi  in  the  formula 
rpi^i  =  pi+OiN  is  the  positive  residue  of  rpi-i,  so  that  a*  is  zero,  or 
positive  and  less  than  r,  since  rpi^i  <rN;  if  N'  be  the  least  positive 
number  such  that  N'N  =  1  (mod  r),  and  pi  =  N-^nii,  we  have 

ai^+^— mi  =  0  (mod  r), 
and  hence  ai  =  -N^'mi— 1     (mod  r) 

r 

bearing  in  mind  that  lUN^m^  means  the  least  positive  integer  x  such 

X  {N—nii)  =  1   (mod  N), 

it  is  easy  to  prove  that  2  -rr =  0  (mod  N), 

N  —  Mi 

the  summation  extending  to  <t>{N)  terms ;  adding  this  sum  to  the  pre- 
ceding, we  thus  have         ^w_i  __  ^w  (jv^'^^^) 


N  i^i  N—nii 


(mod  N), 


where  the  denominators  are  all  the  numbers  less  than  N  and  prime  to  JV, 
and  the  numerator  (N^iUi)  means  the  number  of  the  set  1,  2,  ...,  r  which 
is  =  N'nii  (mod  r).  This  is  exactly  Sylvester's  theorem,  for  the  case, 
however,  when  the  modulus  is  composite.  The  method  of  proof  appears 
to  be  applicable  to  cases  where  the  modulus  is  an  algebraic  integer. 

2.  Supposing  in  the  preceding  that  s  =  1,  so  that  pi  is  the  least  posi- 
tive residue  of  r*  (mod  j^,  we  have 

r'—pi  =  r*"^r— pi)+r*-*(r/Oi— p3)  +  ..,+rpi.i— Pi 
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Taking  »  successive  equations  of  this  form,  we  find,  writing  /Si  for  a<^, 


r*  = 

A. 

A. 

fi^    .. 

.»    A-l> 

A  +  Pi 

-1, 

A. 

^a.     •• 

.,    A-«» 

^i-i  +  Pi-1 

0, 

-1, 

A.     •• 

M          A-lf 

A-2+Pi-2 

• 

0, 

• 

0, 

•                              •    1 

0,      .. 

.,            -1, 

• 

and  it  can  be  proved  that,  expanded  in  powers  of  N,  this  is  capable  of 
symbolic  representation  by  the  (finite)  series 


where 


n  =  jiL  +  ^  +  £|+..., 


u 


W 


U 


and,  after  expansion  of  piO^  the  coefficient  pi/u'*'  is  to  be  replaced  by 
pi-^,  where  po  =  1  and  p^x=  0;  in  particular 


2 


=  aiPi-2+2aiaj/0i_8+(a2+2aia8)pi-4+ 

This  being  understood,  we  may  write 

r*  =  — ei—. 

The  numbers  previously  denoted  by  l/pi,  l//oa>  •••  are  the  same  as 
P«-i»  Pm-2,  •••;  this  result  therefore  includes  (Fermat's  theorem  and) 
Sylvester's  theorem,  and  gives  a  representation  of  (r*— pi)/^  for  modulus 
any  power  of  N^  where  N  is  not  necessarily  a  prime  number,  and  r  not 
necessarily  positive  or  less  than  N  (the  coefficients  of  the  various  powers 
of  N  requiring,  however,  in  general,  reduction  in  regard  to  the  modulus). 

3.  Some  examples  of  §  1  will  show  how  very  simple  the  theorem  really  is. 
(a)  JV'  =  86,  r  =  6  ;   then  «  =  6,  0(2^  =  12.     Also  N'N=  1  (mod  r) 
gives  N'  =  1. — Take  first  s  =  1 ;  then,  in  the  previous  notation, 

r*-^  =  1,     6,  6^  5»,  6*,  5^ 

p<_i  =  1,     5,  26,  17,  13,  29, 

rpi-i  =  5,  25,  125,  85,  65,  145, 

Pi  =  5,  26,  17,  13,  29,  1, 

ai  =  0,     0,  3,  2,  1,  4, 
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and    2^434  =  «^l  =  A  +  ^^+^+4  =  |  +  |  +  Ji,+4 

=  8.5»+2.6»+6+4 

=  8 .  17+2 .  26+5+4  =  110  =  2  (mod  86). 
Take  next  s  =  7  ;   then 

8r*-^=    7,  7.5,  7.5",  7 . 6»,  7.5*,  7.5», 

p,_i=    7,     85,     81,       11.       19,       28, 

rpi-i  =  85,  175,  165,       55,       95,     116, 

Pi  =  S6,    81,     11,       19,       28,         7, 

a«=    0,       4,       4,         1,         2,         8, 

ft„d  6!i:i  =  ± -I- ±  4- i. -L  A  4- ±  =    4.4.1      I      2      I    8 
86    "81^11^19^28^  7  "775*^775*^776'      7. 6»^  7 

=  81(4. 6*+4.6«+5«+2. 5+8) 

=  81(4.18+4.17+25+10+8) 

=  81 .  158  =  4898  =  2  (mod  86). 

rru  „     5«— 1  _  8    .    2    .    1    ,   .  _  4    ,    4    ,    1    ,    2    .    8    -       ,  ocx 
^•^"^    ^6-  =  l7  +  18  +  29+^  =  ri  +  Il  +  19  +  28  +  y<'"°^^^) 

86  86         17^18^29^   ^81^11^19      28^  7 

-         0     +     4     ^     1      ^      0^^      2_  1 


N-1  '  N-5  '  N-7  '  N-11  '  2V^-18  '  jW-17 
+      8_„+      2_„  +  ,4^+      8_„+      0,+      4 


N-19  '  ^^-23  '  J^-25  '  iNr-29  '  2V-81  '  N—95' 

where  the  numerators,  chosen  from  0,  1,  ...,  4,  are  easily  seen,  if  the 
general  denominator  be  called  N—m,  to  be  of  the  form  =  ^'m— 1,  that 
is  =  m— 1  (mod  6),  and,  as  remarked,  we  may,  if  we  wish,  add  miity  to 
each  of  these  numerators. 

(6)  ^  =  89,  r  =  2,  ft)  =Ill,  <p  (N)/ft)  =  8. — There  are  8  representations 
according  to  the  value  of  s ;  the  equation  89^'  =  1  (mod  2)  gives  ^  =  1, 
and  the  numerators  are  0  or  1  according  as,  in  the  denominators  JN*— m, 
the  number  m  is  odd  or  even,  that  is  according  as  the  denominators  are 
even  or  odd. 

Take  first  £  =  1 ;  among  the  numbers  r*  the  only  odd  residues  p<  are 
89  =  2\  67  =  2^  45  =  2^^  1  =  2°  (mod  89),  and  we  have 

2f-l 
89 


=  «(^  +  ^  +  ^+0=«<"^«»>- 
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^  *  •     .     • 

Take  next   5  =  8;   the  only  odd  residues  are   8  =  8.2^,    7  =  8.2^, 
28  =  8.2^  and  we  have 


-»(^H+^)- 


89 

Take    next    ^  =  5;    the    odd  residues  are    5  =  6.2^     71  =  6.2^ 
58  =  6.2«,  17  =  5.2\  47  =  6.2^  and  we  have 

2«-l_ 


=  ®(l""^7i"^^  +  l?"^^)' 


89 

These  three  expressions  are  respectively  congruent  to 

8(2*+2^+2+l),       8.80(l+2«+2^,       8.18(l+2*+2*^+2*+2), 

or  184,  16660,  16660,  all  of  which  are  =  6.  The  other  five  representa- 
tions are  similarly  obtainable.  The  first  of  these  here  is  given  by 
Mirimanoff,  without  indication  of  the  existence  of  the  others. 

4.  The  expression  obtained  by  Sylvester's  theorem  in  §  1,  even  with 
assigned  pi,  p2,  . . . ,  p»,  can  be  further  modified  thus  :  —  We  have 
r^  =  1+MN  > N^  where  0  <,r  <N,  and  can  write 

andhence  ^  (-T^  +  ^  +  '-'  +  ^+iS,)  =  0    (mod  JV), 

giving  j^+^+...  +  ^  +  ^  =  0    (modJO. 

For  instance,  when  ^  =  86,  r  =  6,  s  =  1,  N  =  l+2r+r*,  and  we  have 

Yq  +  §^+  1   =0     (mod  86), 
and,  when  ^  =  86,  r  =  6,  5  =  7, 

When  2^  =  89,  r  =  2,  we  have  2^=  l+2'+2*+2«;  so  that  i8j=l, 
jS,  =  1,  fis=  1,  fill  =  1,  the  others  being  zero  ;  thus  we  have,  for  «  =  1, 
«  =  8,  8  =  5  respectively, 

82^89^78^  '    7^28^66^8"'    71^17     84^  6  ~ 

(mod  89). 
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ON    ABSOLUTELY   CONVERGENT  IMPROPER   DOUBLE 

INTEGRALS 

By  E.  W.  H0B8ON. 

[Read  November  9ih,  1905. — Received  December  4tli,  1905. — Received  in  revised  fonn 

Maich  2l8t,  1906.] 

The  theory  of  those  improper  double  integrals  in  which  the  domain  of 
integration  is  limited  has  been  developed  on  the  basis  of  two  distinct 
definitions :  that  of  Jordan  and  that  of  de  la  Yall^e-Poussin.  In  the  first 
part  of  the  present  paper  these  two  definitions  are  compared,  and  are 
shown  to  be  completely  equivalent  to  one  another.  These  definitions  only 
admit  of  the  existence  of  such  improper  double  integrals  as  are  absolutely 
convergent.  A  definition  of  a  less  stringent  character  is  required  in  order 
to  admit  of  the  existence  of  non-absolutely  convergent  improper  double 
integrals,  but  in  the  present  communication  those  double  integrals  only 
will  be  taken  into  account  which  exist  in  accordance  with  either  of  the  two 
definitions  above  cited.  A  wider  definition  due  to  Lebesgue  has  also  been 
considered.  The  second  part  of  the  paper  is  concerned  with  the  condi- 
tions under  which  the  double  integrals  can  be  replaced  by  repeated 
integrals.  This  matter  has  been  elaborately  treated  by  de  la  Yall6e-Poussin, 
who  has  obtained,  in  the  case  of  a  function  which  is  never  negative,  a 
necessary  and  sufficient  condition  for  the  equivalence  in  question.  His 
theorem  has,  however,  only  been  hitherto  established  under  certain 
restrictive  conditions,  which  impair  the  generality  of  the  result.  In  the 
present  communication,  the  theorem  is  established  without  any  such 
restrictive  assumption.  The  recent  development  of  the  theory  of  the 
measure  of  sets  of  points,  by  Borel  and  Lebesgue,  has  made  this  more 
general  treatment  of  the  question  possible.  A  more  general  definition  of 
regular  convergence  than  that  of  de  la  Yall6e-Poussin  is  here  introduced, 
including  the  latter  as  a  special  case. 

The  definition  here  introduced  is  of  a  very  general  character,  and  is 
applicable  to  cases  in  which  the  functions  of  a  sequence,  and  also  the 
limiting  function  defined  by  the  sequence,  are  not  restricted  to  be  limited 
functions,  or  to  have  definite  values  for  every  value  of  the  variable,  but 
may  be  indefinite  between  limits  of  indeterminacy,  either  of  which  may 
be  finite  or  infinite.     It  is  shown  that  Arzela's  ''  convergenza  uniforme  a 
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tratti  in  generale  "  is  equivalent  to  that  particular  case  of  regular  con- 
vergence except  at  the  points  of  a  set  of  zero  measure,  which  arises  when 
all  the  functions  of  the  sequence  are  limited  functions,  and  have  definite 
values  for  each  value  of  the  variable. 

A  short  discussion  is  given  of  the  view  which  has  been  maintained  by 
Schonflies,  that  every  improper  double  integral  can  be  replaced  by  the 
corresponding  repeated  integrals,  and  it  is  shown  that  this  view  is 
untenable. 

Aa  regards  notation,  the  double  integral  of  /(x,  y)  is  denoted  by 
f/(^>  y){dxdy)j  in  recognition  of  the  fact  that  a  proper  double  integral  is 
defined  as  a  single  limit :  the  word  '*  double  "  must  be  taken  to  refer  to 
the  two  dimensions  of  the  domain  for  which  the  integral  is  defined.  On 
the  other  hand,  a  repeated  integral  \dx\f(x,y)dy,  or  \\f(x,  y)dxdy  is 
properly  represented  by  a  double  use  of  the  sign  of  integration,  since  it  is 
defined  as  a  repeated  limit. 

The  Definition  of  Improper  Double  Integrals. 

1.  Let  G  be  a  finite  plane  domain,  that  is  a  set  of  points  {x,  y)  such 
that  I rr I ,  \y\  have  definite  upper  limits  when  all  the  points  of  G  are 
taken  into  account.  Let  it  further  be  assumed  that  the  domain  G  has  a 
frontier  which  is  of  plane  content  zero,  the  term  frontier  being  used  in 
the  sense  employed  by  Jordan,  as  consisting  of  the  set  of  points  each  of 
which  is  either  a  point  of  G  which  is  also  a  limiting  point  of  a  sequence 
of  points  not  belonging  to  G,  or  else  a  point  not  belonging  to  G  which  is 
also  a  limiting  point  of  a  sequence  of  points  belonging  to  G.  Let  f{x,  y) 
be  a  function  defined  for  all  points  of  the  domain  G  ;  this  function  may  be 
replaced  by  a  function  defined  for  all  points  in  a  fundamental  rectangle 
with  sides  parallel  to  the  coordinate  axes,  and  containing  G.  The  function 
is  defined  to  have  the  same  value  as  /  (x,  y)  at  all  points  of  G,  and  to  be 
zero  at  all  points  of  the  fundamental  rectangle  that  do  not  belong  to  G. 
We  may  denote  the  function  so  extended  by  f{x,  y),  as  before.  If  the 
function  f{x,  y)  is  such  that  at  each  point  of  a  certain  closed  set  K^  the 
function  has  an  infinite  discontinuity,  the  integral  of  f{x,  y)  taken  over 
the  fimdamental  rectangle  is  said  to  be  an  improper  double  integral. 

The  following  definition  of  an  improper  double  integral  is  substantially 
that  given  by  Jordan : — 

Let  Dj,  Dg*  •••>  ^nj  ...  denote  a  sequence  of  domains  contained  in  the 
fundamental  rectangle,  each  one  of  which  consists  of  a  finite  number  of 
connex  closed  portions  with  its  frontier  of  zero  plane  content,  and  in 
which  the  number  of  portions  may  increase  indefinitely  with  n.     Let  it  be 
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assumed  that  the  function /(x,  y)  is  such  that  the  closed  set  of  points  K^ 
of  infinite  discontinuity  of  the  function  has  zero  content,  and  that  none  of 
the  domains  D^  contain,  in  their  interiors  or  on  their  boundaries,  any  point 
of  K^.  Let  the  sequence  {Bn]  be  such  that  the  content  of  Dn  converges 
to  that  of  the  fundamental  rectangle.  Then,  if  /(a;,  y)  is  integrable  in 
every  domain  such  as  D^j  and  the  integrals 

f(x,y){dxdy\  f{x,y)(dxdy),     ...,  f{x,y){dxdy),     ... 

converge  to  a  definite  limit  independent  of  the  particular  sequence  {Dn\ 
chosen,  subject  to  the  conditions  stated,  this  limit  is  said  to  define  the 
improper  double  integral  \ fix,  y){dxdy)  of /(x,  y)  in  the  domain  G. 

It  has  been  shown  by  Jordan  that  whenever   l  f{x,y){dxdy)   exists, 

in  accordance  with  the  above  definition,  then    I    \f{x,y)\  (dxdy)    also 

Jo 

exists,  so  that  every  improper  double  integral,  so  defined,  is  absolutely 
convergent. 

The  following  definition,  different  from  that  of  Jordan,  has  been  given 
by  de  la  Vall6e-Poussin  : — 

Let/n(x, y)  be  that  function  which  is  such  that  fn{x,y)  =^f{x,y)  at 

every  point  {x,  y)  at  which  Mn  >/(«>  y)  >  —  ^n,  where  Mny  Nn  are  two 

positive    numbers,    and    that    fnipi^^y)  =  Mn     at    every    point    where 

fix  J  y)  >  Mn]      and     also     /»(«,  y)  =  —  Nn     at     every     point     where 

f{x,yX  —  Nn>  If  f{x,y)  be  such  that  the  proper  integral 
\fn(Xyy)(dxdy)  over  the  fundamental  rectangle  exists  whatever  positive 

values  Mn,  Nn  may  have,  then,  if  the  sequence 

j/i  (a:,  y)  (dx  dy\     j/aCx,  y)  (dx  dy),     . . . ,     J/h  (x,  y)  (dxdy),     ... 

has  a  definite  limit,  provided  the  sequences  [Mn],  {Nn\  have  no  upper 
limits,  and  if  this  limit  is  independent  of  the  particular  sequences  {Jlfn}* 
{Nn}  chosen,  subject  to  the  condition  stated,  then  this  limit  defines  the 
improper  double  integral  jf(x,  y)(dxdy)  over  the  fundamental  rectangle. 

It  has  been  shown  by  Schonflies  that  when  the  integral  exists,  in 
accordance  with  this  definition,  the  set  of  points  K^  must  have  zero 
content. 

It  is  easily  seen  that  every  improper  integral  so  defined  is  absolutely 
convergent. 

The  theory  of  absolutely  convergent  improper  integrals  has  been 
developed  on  two  independent  lines  from  the  two  definitions  given  above 
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as  starting  points.  It  will  here  be  shown  that  the  two  definitions  are 
completely  equivalent  to  one  another.* 

2.  In  accordance  with  either  of  the  definitions  the  existence  of  the 
absolutely  convergent  improper  integral  of  /(x,  y)  implies  that  of  each  of 
the  two  functions  /"*"  (x,  y) ,  /"  {x,  y),  where  /"*"  («,  y)  is  defined  by  the 
conditions  that  f^  {x,y)  =f  {x,y)f  at  any  point  at  which  f(x,y)  is 
positive,  and  everywhere  else  /^  (x,  y)  =  0  ;  and  similarly 

f'ix,  y)  =  — /(a:,  y), 

where /(re,  y)  is  negative,  and  everywhere  else  /""(x,  y)  =  0.  It  is  con- 
sequently clear  that,  in  order  to  show  the  complete  equivalence  of  the  two 
definitions,  it  is  sufficient  to  consider  the  case  in  which  /  (a;,  y)  is  every- 
where either  positive  or  zero.  Let  us  then  assume  that  the  function 
/(^>  y),  which  is  never  negative,  has  an  improper  integral  in  accordance 
with  Jordan's  definition. 

Let  the  set  of  points  K^  be  enclosed  in  a  finite  set  of  rectangles  [S], 
and  let  the  remaining  part  of  the  fundamental  rectangle  consist  of  a  set 
of  non-overlapping  rectangles  [n].  The  sum  ZJ  can  be  chosen  so  small 
that  the  integral  of  f{x,y)  through  the  rectangles  {^}  is  less  than  the 
improper  integral  by  less  than  an  arbitrarily  chosen  positive  number  p. 

Let  ^  be  a  positive  number  not  less  than  the  upper  limit  of  /  {x,  y)  in 
all  the  rectangles  {17},  and  let/n(:z;,  ^)  be  the  function,  corresponding  to 
Nj  employed  in  de  la  Yall^e-Poussin's  definition.  Let  another  set  of  non- 
overlapping  rectangles  j^'}  interior  to  the  set  [S]  also  enclose  all  the 
points  of  K^j  and  let  {17'}  be  the  finite  set  of  rectangles  complementary 
to  {&'].  The  integral  oi  f{x^y)  over  |>y'[  lies  between  the  value  of  the 
integral  over  {n]  and  that  of  Jordan's  improper  integral,  and  therefore 
differs  from  the  latter  by  less  than  p.  It  follows  that  the  integral  of 
f{x,y)  through  the  area  obtained  by  removing  the  set  |5'}  from  the  set 
{S\  IB  also  </o;  and,  since  /n(a?,  y)  </(^,y),  we  see  that  the  integral 
of  fnix^y)  over  the  same  area  is  <  p>  From  this  we  deduce  that 
]f%{x,y){dxdy)  taken  through  the  rectangles  [8]  is  <p+jNX5';  and, 
since  this  holds  for  an  arbitrarily  small  value  of  ZJ',  N  being  fixed,  we 
see  that  ^ fnix,  y)  (dx dy)  taken  over  the  rectangles  {8}  is  ^  p. 

It  now  follows  that  the  difference  of  the  integrals  of  fn  {x,  y)  taken 
over  the  fundamental  rectangle  and  over  the  rectangles  [n]  is  ^p;  and, 
since  p  is  arbitrarily  small,  N  being  sufficiently  increased,  it  follows  that 

*  Stolz  seems  to  imply  that  the  definition  of  de  la  Vall^e-Poassin  is  in  some  sense  more 
general  than  that  of  Jordan,  which  Stolz  has  hiniHelf  adopted  as  the  basis  of  his  own  treatment. 
See  the  Onmdauge^  Vol.  in.,  p.  124. 


140  Dr.  E.  W.  Hobson  [March  21, 

the  integral  of  /n  (x,  y)  over  the  fundamental  rectangle  has  a  definite  limit 
when  n  is  indefinitely  increased,  and  that  this  limit  is  Jordan's  improper 
integral.  It  has  thus  been  shewn  that  a  function  which  has  an  improper 
integral  in  accordance  with  Jordan's  definition  has  one  also  in  accordance 
with  the  definition  of  de  la  Yall6e-Poussin  ;  the  integrals  having  the  same 
value  in  the  two  cases. 

To  prove  the  converse,  we  assume  that 


fn  (x,  y) {dxdy)+  \     f(x,  y)  (dxdy) 


ft 

has  a  definite  limit  as  n  is  indefinitely  increased  and  XS  is  indefinitely 
diminished,  the  value  of  N  being  fixed,  as  before,  for  each  set  {rj}.     Since 

both  the  integrals  are  positive,  it  follows  that  I      f{x,  y){dxdy),  which  in- 

creases  as  ZJ  is  diminished,  is  less  than  a  fixed  finite  number,  and  there- 
fore has  a  definite  upper  limit.     It  has  thus  been  shewn  that  there  exists 

a  special  class  of  domains  {Dn}  such  that  I    f(x,  y)(dxdy)  has  a  definite 

upper  limit  as  the  content  of  Dn  converges,  with  increasing  n,  to  the  con- 
tent of  the  fundamental  rectangle.  These  domains  Dn  are  complementary 
to  a  finite  set  of  rectangles  enclosing  the  points  A"^.  It  remains  to  be 
shewn,  in  order  to  establish  the  existence  of  Jordan's  improper  integral, 
that,  if  any  other  set  of  domains  {Dn}  be  chosen  such  that  the  content  of 
Dn  converges  to  that  of  the  fundamental  rectangle,  but  such  that  Dn  is 
not  restricted  to  be  complementary  to  a  finite  set  of  rectangles  {S},  then 

I   .  f{^9y){dxdy)  converges  to  the  same  limit  as  I     f{x,y)(dxdy)   does. 

Denoting  the  content  of  Dn  by  7/i(Dn),  and  that  of  the  fundamental  rect- 
angle by  A,  let  D^  be  such  that  ^— m(D»)  =  €«.  The  domain  Dn  can  be 
so  chosen  as  to  contain  D'n  in  its  interior.  For,  since  Dn  does  not  contain, 
in  its  interior  or  on  its  boundary,  any  points  of  jBl^,  it  follows*  that  for 
each  point  of  K^  the  distance  from  all  the  points  of  Dn  has  a  minimum 
greater  than  zero.  Hence  each  point  of  K^  can  be  enclosed  in  a  rect- 
angle which  contains  no  points  of  Dn  in  its  interior  or  on  its  sides.  The 
set  K^  being  closed,  a  finite  set  of  these  rectangles  can,  in  accordance 
with  a  known  extension  of  the  Heine-Borel  theorem,  be  chosen  so  as  to 
enclose  the  whole  set  of  points  K^  ;  and  the  complement  of  this  finite  set 


•  This  is  a  oonsequenoe  of  the  connexity  of  the  domaixuB  Dn%  1^%'  Jordan,  in  his  definition 
{pour*  d'Analyte^  Vol.  n.,  p.  76),  does  not  explicitly  state  that  Dn  is  made  up  of  a  finite  number 
of  oonnex  portions.    He  describes  it  as  '*  meeurable  et  parfait." 
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o!  rectangles  may  be  taken  as  D^.  This  may  be  done  for  each  valae  of  n. 
If  m{Dn)  converges  to  ^,  it  is  clear  that  m(Z)»),  which  as  just  chosen  is 
>  m  (Dtt) ,  also  converges  to  A .  Also  a  number  n'  >n  can  be  determined 
such  that  Dn'  encloses  Dn  in  its  interior ;  we  have  then 

J     /(«,  y)  {dx  dy)^\  ,  f{x,  y)  {dx  dy)  >  {x,  y)  (dx  dy) 

>J  ,  /ix,y)idxdy). 
If  then  I      f(x,  y)idxdy)  converges  to  a  definite  limit  I    f(x,y)idxdy)f 

Jj>n  J  A 

n  may  be  taken  so  great  that 

fix,  y){dx  dy)—]^  f(x,  y)  (dx  dy)  <  n> 

JA  jl>n 

where  fj  is  an  arbitrarily  chosen  positive  number ;  then  also 

fix.yHdxdy)—]  ,  f{x,y)(dxdy)<ri, 

JA  JI>W 

and   it  thus  follows  that  I      f(x,  y)  (dx  dy)  also   converges  to  the  limit 
f{Xfy)(dxdy).     It  has  now  been  shewn  that  the  existence  of  Jordan' 

improper  double  integral  is  a  necessary  consequence  of  the  existence  of 
that  of  de  la  Yall^e-Foussin  ;  and  the  two  definitions  have  thus  been 
shewn  to  be  completely  equivalent. 


s 


Lebesgtce's  Definition  of  an  Improper  Integral. 

8.  A  limited  function  /{x,  y)  which  is  everywhere  positive  or  zero  in 
the  fundamental  rectangle  being  defined,  the  integral  \f{Xyy){dxdy)  has 
been  defined  by  Lebesgue*  as  follows  : — 

Denoting  by  XJ  the  upper  limit  of  f{x,  y)  in  its  domain,  let 
iiq,  t^,  t/j,  ...,  t^n»  where  u^  =0,  Un'=  U,  be  a  set  of  numbers  such  that 
ttj— Mq,  Mj— t^,  ...,  t^n— t^n-i  are  all  positive,  the  greatest  of  them  being 
ly.    Let  er  denote  the  set  of  points  (x,  y)  for  which  f(x,  y)  =  Ur,  and  er 

the  set  of  points  for  which  Ur  <f{Xy  y)  <  w,.+i,  and  let  m  (^r),  m{er)  denote 


*  See  his  memoir  **  Int^ral,  Longaeur,  Aire,"  Annali  di  Matematiea,  Ser.  3a,  Vol.  Tin.,  1902. 
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ate  plane  nieasare  of  Cr  and  Cr  respective!  j.     Consider  the  two  snms 

;  <r  ==   2    MrWt(er)+     2     Urin{er)f 

r=0  r-=0 

rarn  r=n— I  — 

<r' =  2  WTm(er)+    2     Ur+itnier). 

r=0  r=0 

It  can  be  shewn  that,  if  the  number  n  be  increased  indefinitely,  whilst  at 
the  same  time  ij  converges  to  zero,  then  or  and  c/  converge  to  one  and  the 
same  number ;  and  that  this  number  is  independent  of  the  mode  in  which 
the  interval  (0,  U)  is  divided  by  the  set  of  numbers  u^,  ti^f  ...»  u^-u  &nd  is 
independent  of  the  mode  in  which  the  successive  further  sub-division  of 
the  interval  (0,  U)  proceeds,  subject  to  the  condition  that  17,  the  greatest 
of  the  differences  Ur—iir-i,  converges  to  zero  as  the  sub-division  is  con- 
tinued indefinitely.  The  common  limit  of  a-  and  a-'  is  defined  to  be  the 
double  integral  J/(x,  y){dxdy),  and  it  is  shewn  that  the  integral  so  defined 
always  exists  provided  only  that  /(a;,  y)  is  a  summable  function,  i.e.,  a 
function  such  that  the  set  of  points  (x,  y)  for  which  A  <  /(ar,  y)  <  B  is  a 
measurable  set,  for  every  pair  of  values  of  A  and  B. 

The  integral  of  a  limited  function  which  is  not  necessarily  positive  is 
then  defined  by 

I  fix,  y)  (dx  dy)  =  j/"^  («,  y)  idx  dy) — j/"  (x,  y)  {dx  dy), 

where  Z"*"  {x,  y)  is  equal  to  /(x,  y)  or  0  according  as  f{x,  y)^0  or  <  0, 
and  /"(«,  y)  is  equal  to  — /(«,  y)  or  0  according  as  f{x,  y)  is  negative 
or  not.  This  definition  being  applicable  to  every  summable  function,  it  is 
wider  than  the  ordinary  Biemann  definition  of  a  double  integral,  and 
includes  all  the  functions  defined  by  ordinary  processes.  The  condition 
that  the  plane  measure  of  all  the  points  of  discontinuity  of  the  function 
shall  be  zero,  which  is  necessary  for  the  existence  of  the  Biemann  integral, 
is  not  necessarily  satisfied  by  a  function  which  possesses  a  Lebesgue 
integral.  It  is  not  definitely  known  whether  every  limited  function  is 
summable  or  not.  Lebesgue  has  shewn  that,  when  the  Biemann  integral 
exists,  the  integral  in  accordance  with  his  own  definition  also  exists,  and 
that  the  two  are  identical  in  value.  When  the  Biemann  integral  does  not 
exist,  Lebesgue's  integral  lies  between  the  upper  and  lower  integrals  of 
the  function  as  defined  by  Darboux. 

Lebesgue  has  extended  his  definition  so  as  to  afford  a  definition  of  an 
absolutely  convergent  improper  integral.  It  is  clearly  suflScient  to  take 
the  case  of  an  unlimited  function  /(x,  y)  which  is  nowhere  negative  in  the 
fundamental  rectangle.     The  definition  is  substantially  as  follows  : — 

Let  Wo»  %>  ^2»  •••>  '^n,  ...  be  a  sequence  of  increasing  numbers,  such 
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that  t^  =  0,  and  that  tin  has  no  upper  limit  as  the  index  n  is  indefinite!; 
increased;  also  let  the  differences  t^— i^o>  ^— Wn  ...i  i^+i— «^,  ...  be 
limited,  having  fj  as  their  upper  limit.     Consider  the  two  series 


oo 


<r  =  2  iUrnt{er)+  2  tirtnier), 

r-O  r=0 


00  00 


<r'  =  2  Urmier)+  2  Ur+im{er). 


Since  the  difference  of  the  two  series  is 

2    (tlr+l'-'Ur)m(erh. 

which  is  less  than  rj  2  ntier),  it  is  clear  that  the  two  series  are  either 

both  convergent  or  are  both  divergent.  Let  us  suppose  that  the  series 
are  both  convergent ;  it  can  then  be  shewn  that  they  are  still  convergent 
when  further  numbers  are  interpolated  between  each  consecutive  pair  of 
the  numbers  Uq,  u^,  u^,  ...,  and  the  corresponding  new  series  are  formed. 
It  can  then  be  further  shewn  that,  as  the  process  of  successive  sub- 
division of  the  interval  (0,  oo )  proceeds  in  any  manner  consistent  with  the 
continual  diminution  of  rj  to  the  limit  zero,  the  sums  o-,  o-'  both  converge 
to  a  single  number,  for  lim  ^  =  0  ;  in  fact  cr  constantly  increases,  and  or' 
constantly  decreases.  The  value  to  which  <r,  <r'  converge  can  be  shewn  to 
be  independent  of  the  original  mode  of  sub-division  of  the  interval  (0,  oo ), 
and  of  the  precise  mode  in  which  the  further  sub-division  proceeds.  The 
common  limit  of  o-,  c',  when  it  exists,  is  then  defined  to  be  the  value  of^ 
the  improper  integral  J/(x,  y)(dxdy). 

In  order  that  an  improper  integral  may  exist,  it  is  necessary,  though 
not  sufficient,  that  fix,  y)  be  a  summable  function,  and  also  that  the 
measure  of  those  points  (x,  y)  at  which  f\Xy  y)  is  greater  than  or  equal  to 
an  arbitrarily  great  number  N  shall  be  arbitrarily  small  for  a  sufficiently 
great  value  of  N.     For  it  is  a  necessary  consequence  of  the  convergence 

00  _ 

of  the  above  series  that    2    |m(er)+w(er)[,  which  is  the  plane  measure 

of  the  set  of  points  at  which  f{x,  y)  ^  w„,  should  have  a  value  which 
converges  to  zero,  as  n  and  Un  are  indefinitely  increased.  It  is,  however, 
Qot  necessary  that  the  content  of  the  set  K^  of  all  the  points  of  infinite 
discontinuity  should  be  zero ;  in  fact  it  is  even  possible  that  the  improper 
integral  may  exist  whilst  every  point  of  the  fundamental  rectangle  is  a 
point  of  infinite  discontinuity. 

It  will  now  be  shewn  that  Lebesgue's  definition  of  an  improper  integral 
can  be  replaced  by  one  which  differs  from  that  of  de  la  Vall6e-Poussin, 
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only  in  the  one  respect  that  the  convergent  sequence  of  proper  integrals 
ifn(Xyy){dxdy)  consists  of  Lebesgue  integrals,  which  are  not  necessarily 
Biemann  integrals. 

From  the  condition  of  convergence  of  the  second  series,  corresponding 
to  an  arbitrarily  chosen  positive  number  e,  we  may  determine  8  so  that 

r=«  »— 1  __ 

r=0  r=sO 

where  i2  <  e,  whilst  at  the  same  time  17  is  so  small  that  a-'  differs  from 
J/(^»  y)(dxdy)  by  less  than  e.  Now  let  Ug  =  N^  and  let  fnix,  y)  be  that 
function  which  =f{x,  y),  for  /(x,  y)  <  N,  and  =  N,  for /(x,  y)  ^  N. 

The  Lebesgue  proper  integral  \fn{Xyy){dxdy)   is  then  the  limit  when 
17  converges  to  zero  of  the  sum 

2  UrMie^-^-  2  t^+im(€r)+w»    2    m(6r)+w,  2  m(«r), 

r=0  r=0  r=/«+l  r=» 

and  this  sum  is  equal  to 

r=»  »— 1  _ 

2  Urm(er)+  2  Wr+iw(er)+S, 

where  iS  <  i?  <  e.  Keeping  Ur=^N  fixed,  we  may  now,  if  necessary, 
diminish  17  by  interpolating  further  numbers  between  the  pairs  of  numbers 
Wq,  t^i,  t^,  ...,  Wr,  ...,  until  we  have  the  new  sum  which  corresponds  to 

2  Urm{er)+  2  m(er)-\'S 

differing  from  jfn{x9y)(dxdy)  by  less  than  c,  the  part  S  not  having  been 
increased  by  any  diminution  of  17.  We  thus  find  that  a'  differs  from 
ifn(Xty){dxdy)  by  less  than  e,  when  N  is  suflSciently  great  and  17 
sufl&ciently  small ;  also  o-'  has  been  taken  to  differ  from  jf{x,y){dxdy)  by 
less  than  e,  17  having  been  chosen  sufficiently  small.  Since  e  is  arbitrarily 
small,  it  is  clear  that  \fn{x,y)(dxdy)  converges  to  jf{x,y){dxdy)  as  -N"  is 
increased  indefinitely. 

It  has  therefore  been  shewn  that  de  la  Yall6e-Poussin's  definition  of 
an  improper  double  integral  may  be  extended  to  the  case  in  which  the 
integrals  \fn{x,y){dxdy)  exist  only  in  the  sense  defined  by  Lebesgue* 
This  definition  is  then  equivalent  to  that  of  Lebesgue.  It  is  clear  that 
Jordan's  definition  is  only  capable  of  extension,  in  the  case  in  which  K^ 
has  zero  content ;  for  otherwise  the  measures  of  the  domains  D»  do  not 
converge  to  that  of  the  fundamental  rectangle ;  and,  in  fact,  in  case  K^ 
contains  every  point  of  the  fundamental  rectangle,  no  such  domains  as 
the  D»  exist. 


case 
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If  the  condition  that  J^^  have  zero  content  be  satisfied,  the  whole  of 
the  reasoning  in  §  2  is  applicable  without  essential  change,  and  in  that 
case  Jordan's  definition  of  an  improper  integral  can  be  extended  to  the 

in  which  the  proper  integrals    I     f{x,y){dxdy)  exist  only  in  the 

sense  defined  by  Lebesgue.     Thus  in  this  case  all  three  definitions  are 
equivalent  to  one  another.* 

The  Regular  Convergence  of  a  Sequence  of  Functions. 

Let  </>i(x),  09 (x),  ...,  i>n{x)t  ...  be  a  sequence  of  functions  defined  for 
the  interval  {a,  b).  We  shall  suppose  that,  for  each  value  of  x,  any  one 
of  these  functions  <f>n(x)  has  either  a  definite  value  or  is  multiple- valued, 
and  is  then  regarded  as  indeterminate,  between  limits  of  indeterminacy,! 
of  which  the  upper  limit  may  be  denoted  by  i>n{x),  and  the  lower  limit  by 
^{x).      For  any  value  of  x  for   which   ^{x)  is  determinate,  we  have 

<fhi{x)  =  (f^nix).  When  either  ^^ix)  or  (f>n(x)  is  to  be  taken  indiflferently, 
^Ne  may  use  the  notation  </>n{x).  The  consideration  of  a  function  (pAx) 
i^hich,  for  a  particular  set  of  values  of  x,  is  indeterminate  between  limits 
of  indeterminacy,  as  a  single  function,  involves  an  extension  of  Dirichlet's 
definition  of  a  function,  which  is  justified  by  its  convenience  for  use  in 
investigations  such  as  the  present  one.  This  extension  is  convenient 
i^hen  the  functional  value  of  ^n(x)  at  a  point  x  is  defined  by  means  of 
a  limit,  say  (0«a;)  =  lim  V^n(a;,  w),  such  that,  for  a  particular  value  of  oj, 

VI=sOO 

lini  ylrn(x,m)  has  no  single  value,  but  may  be  multiple- valued  between 

finite  or  infinite  limits  0n(^))  </>n{x).  The  function  <pn{x),  for  such  a  value 
of  rr,  may  be  capable  of  having  a  finite  number  of  values,  or  an  infinite 
number,  and  possibly  all  values  between  0«(a;),  <f>n{x) :  but  in  the  appli- 
cation of  the  theory  we  need  only  attend  to  these  upper  and  lower  limits 
of  indeterminacy,  it  being  indiflferent  whether  <p{x)  has  all  values  between 
these  limits  or  some  values  only.  The  fluctuation  of  <f>n{x)  in  any 
interval  (a,  )8)  is  the  excess  of  the  upper  limit  of  the  numbers  0n(^)  for 
all  points  of  (a,  fi)  over  the  lower  limit  of  the  numbers  <l>n(x)  in  the 
same  interval.  The  saltus  (Sprung)  of  <l>n(x)  at  the  point  x  is  the  limit 
of  the   fluctuation   in  an   interval   (x—S,  x+S),   when  S  is  indefinitely 

*  Ldl  the  remainder  of  the  paper,  it  will  he  assnmed  that  all  proper  integrals  exist  in  acoord- 
anoe  with  Riemann's  definition. 

t  Ldl  the  application  of  this  definition  made  in  this  paper,  all  the  functions  ^„  {z)  are  limited 
fnnctionB.  This  is,  however,  not  necessary  for  the  validity  of  the  definition.  In  general  <f>n  (x) 
may  be  nnlimited,  and  the  values  of  <pu{x)y  0,,  (x)  for  particular  values  of  x  may  have  the 
improper  values  oo  or  —  oo . 
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diminished,   and   this   saltus  is    >  0n(a?)~^n(g).      Riemann's  theory  of 
integration  is  applicable  to  such  a  function  0»(x),  in  case  it  is  limited  in 
(a,  b),  just  as  in  the  case  of  a  single-valued  function. 
For  any  fixed  value  of  x,  the  numbers 


form  a  set  which  we  may  denote  by  G. 

Let  us  consider  the  derivative  G'  of  G ;  then,  if  G'  is  limited,  since 
it  is  a  closed  set,  it  has  a  greatest  value  A  and  a  least  value  B,  and  these 
numbers  A  and  B  are  such  that,  for  a  given  e,  there  are  an  infinite  number 
of  values  of  n  such  that  \</)n{x)—'A\<.€,  and  also  an  infinite  number  of 
values  of  n  such  that  \(t>n{x)—B\  <  e.  If  G'  is  unlimited  in  one  direction 
or  in  both  directions,  either  ^  or  B  or  both  may  be  regarded  as  having 
one  of  the  improper  values  oo ,  —  oo . 

We  now  define  a  function  ^(x)  for  the  interval  (a,  b)  in  the  following 
manner : — When,  for  a  particular  value  of  x,  the  numbers  A  and  B  are 
equal  and  finite,  their  value  is  taken  to  be  that  of  ^{x).  If  A  and  B  are 
unequal  and  finite,  we  regard  <p(x)  as  multiple- valued,  with  ^(x)  =  A, 
<t>{x)  =  B,  If  either  A  or  B  has  one  of  the  improper  values  +  oo  ,  —  oo , 
the  point  x  is  taken  to  be  a  point  of  infinite  discontinuity  of  ^(x).  The 
function  <l>{x)  is  regarded  as  a  single  function,  not  necessarily  limited, 
and  it  may  have  an  improper  integral  in  (a,  b)  in  accordance  with  Har- 
nack*8  definition  of  the  improper  integral  of  an  unlimited  function.  This 
function  <l>{x)  is  said  to  be  the  limiting  function  defined  by  tlie  sequence 
|0n(ic)[i  and  the  functions  (j>n{x)  may  be  said  to  co7iverge,  in  an  extended 
sense  of  the  term,  to  the  function  ^{x) ;  and  thus  <f>(x)  =  hm  ^n{x). 


n=Qo 


In  case  the  sequence  {<pn(x)\  is  monotone  and  non-diminishing,  so  that, 
for  every  value  of  x  and  n,  the  condition  ^nW  <  </>n+i{x)  is  satisfied,  the 
sequence  j^nW}  has,  for  each  particular  value  of  x,  either  a  definite 
upper  limit  A  or  the  improper  limit  +Qo.  If  ^(^  ^  0«+iM»  ^^^  every 
value  of  X  and  n,  the  sequence  {(pn(x)]  has,  for  each  particular  value  of 
X,  either  a  definite  lower  limit  B  or  the  improper  lower  limit  —  oo . 

Let  a  positive  number  e  and  a  positive  integer  Ui  be  arbitrarily  chosen, 
and  let  E  be  a  set  of  points  in  (a,  b)  of  which  the  measure  is  zero.  Let 
us  suppose  that,  for  each  point  x^  in  (a,  b)  which  does  not  belong  to 
a  certain  component  E^  of  E,  this  component  depending  on  e,  an  integer 
m>  nj,  and  also  a  neighbourhood  (Xi—S,  x^+S'),  can  be  determined,  such 
that  the  four  inequalities  |^0^— 0nW|  <  e  are  all  satisfied  at  every  point 
in  the  interval  (x^— ^,  x^-{'S')  which  is  in  (a,  b). 
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Then,  provided  this  condition  is  satisfied  for  every  value  of  e,  and  also 
E  is  such  that  each  point  of  it  belongs  to  E^  for  some  sufficiently  small 
value  of  €,  the  convergence  of  the  sequ^ence  {<f>n{x)}  to  <f>{x)  is  said  to  be 
regular  in  (a,  b)  except  for  the  set  E  of  zero  measure.* 

If  will  be  observed  that,  for  a  given  e,  the  integer  n  {>  n^  depends  in 
general  upon  the  particular  point  Xi  which  does  not  belong  to  E,,  More- 
over, since  nj  is  arbitrary,  there  exists  for  a  particular  point  Xi  an  infinite 
number  of  values  of  n  ;  the  neighbourhood  (Xi—S,  Xi+8')  depending, 
however,  in  general  upon  the  value  of  n  chosen. 

In  case  the  sequence  {0n(^)}  is  monotone  and  increasing,  so  that 
^(a?j  ^  ^n+i(ic),  and  also  (/^njx)  ^  (^n+i{x),  when  the  conditions 

are  satisfied  for  a  particular  value  of  n,  they  are  also  satisfied  for 
every  greater  value  of  n.  In  the  general  case,  however,  this  is  no  longer 
true. 

It  is  easily  seen  that  the  set  E^  must,  for  each  value  of  e,  be  a  non- 
dense  closed  set,  although  the  set  E  is  not  necessarily  non-dense,  and 
may  be  everywhere  dense  in  (a,  b).  For,  if  ^  be  a  limiting  point  of  £„ 
then  every  neighbourhood  of  i  contains  points  of  £„  and  it  is  impossible 
that  the  conditions  \(/>(x)  —  <f>n{x)\  <  e  can  be  satisfied  for  every  point 
of  such  a  neighbourhood.  Therefore  i  must  itself  belong  to  E,,  which 
must  consequently  be  a  closed  set ;  and,  since  E^  has  the  measure  zero, 
it  cannot  contain  all  the  points  of  any  interval  (a,  fi),  and  is  therefore 
non-dense  in  (a,  b). 

The  set  E,  which  consists  of  the  points  which  belong  to  any  of  the  sets 
B,„  ^e,,  ...,  £,^,  ...,  where  ei,  €2,  ...,  tn»  ...  is  a  sequence  of  descending 
values  of  e  converging  to  zero,  is  a  set  of  the  first  category. 

The  set  E  contains  every  point  at  which  <p{x)  has  not  a  definite  finite 
value;  for,  since  0(x)  —  ^;i(j:),  ^(x)  — ^^(x)  are  both  numerically  less  than 
6,  at  a  point  which  does  not  belong  to  jB,  for  some  value  of  n,  it  follows 
that  </>(x)  —  <f>(x)    is   less   than   2e  ;    and,    since  e  is  arbitrarily   small,  it 

follows  that  ^(xj  =  (f>(x).  It  is  clear  that  the  points  of  infinite  dis- 
continuity of  <f>(x)  belong  to  the  set  E^,  whatever  be  the  value  of  e. 

Let  the  numbers  e  and  n^  be  fixed  ;  then,  since  E^  is  closed  and  has 
its  content  zero,  all  its  points  may  be  enclosed  in  the  interiors  of  a  finite 
set  of  intervals  of  which  the  sum  is  tj,  an  arbitrarily  small  number ;    let 


*  The  term  tneasm  c  of  a  set  is  throughout  used  in  the  senwe  employed  by  Borel  and  Lebesgue. 
The  term  content  is  used  in  the  sense  employed  by  Cantor  and  Hamack.  The  measure  and  the 
content  of  a  closed  set  are  identical,  but  thin  is  not  in  general  true  of  an  imclosed  set. 
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these  intervals  be  excluded  from  (a,  b).  There  remains  a  finite  set  of 
intervals  such  that,  for  each  point  Xi  in  any  of  them,  a  neighbourhood 
(Xi—S,  Xi+S')  can  be  found,  for  the  whole  of  which  the  conditions 
\(/>{x)—^ix)\  <  €  are  satisfied  for  some  value  of  n  On^)  dependent  on 
Xi.  Let  us  consider  these  intervals  (xi—S,  Xi+S')  for  every  point  of  the 
finite  set  of  intervals  which  remain  in  (a,  b).  Each  point  of  this  finite  set 
is  in  the  interior  of  some  of  the  intervals  (xi—S,  Xi+S') ;  and  therefore, 
by  employing  the  Heine-Borel  theorem,  we  see  that  a  finite  number  of  the 
intervals  (xi—S,  Xi+S^)  can  be  selected  so  that  every  point  of  (a,  b)  not 
interior  to  the  excluded  intervals  is  interior  to  one  at  least  of  these 
selected  intervals.  It  follows  that  the  conditions  |0(a;)~0n(g)|<€  are 
satisfied  at  every  point  x  of  (a,  b)  not  interior  to  the  excluded  intervals 
whose  sum  is  17,  when  n  has  one  of  a  finite  number  of  values 

The  particular  number  ni+p  which  must  be  taken  for  a  point  x  depends 
upon  the  position  of  that  point,  but  the  same  number  ni+p  is  applicable 
to  all  the  points  of  one  or  more  continuous  intervals.* 

In  the  particular  case  in  which  fpiix),  ...,  0n(rr),  ...  are  all  definite 
in  value  for  each  value  of  «,  and  for  which  ^n{x)  ^  </>n+i(x)  for  every  value 
of  X  and  n,  the  condition  ^(x)— 0»(a:)  <€  is  satisfied  for  every  point  not 
interior  to  the  intervals  enclosing  E,,  the  value  of  n  being  everywhere  the 
same.  For  we  may  take  as  the  value  of  n  the  greatest  of  the  numbers 
rii+p.  In  this  case  the  definition  is  equivalent  to  the  definition  of  regular 
convergence  given  i  by  de  la  Yall6e-Poussin  for  the  case  he  considered. 
The  definition  given  above  is  much  more  general  than  that  of  de  la  Yall6e- 
Poussin,  but  is  requisite  for  the  purpose  of  a  complete  treatment  of  the 
conditions  under  which  an  absolutely  convergent  improper  integral  can 
be  replaced  by  a  repeated  integral. 

The  Repeated  Improper  Integrals. 

5.  The  function  f{x,  y)  being  defined,  as  explained  in  §  1,  for  the 
fundamental  rectangle  bounded  by  a:  =  a,  a;  =  6,  y  =^  c,  y  =^  d,  and  it 
being  assumed  that  the  absolutely  convergent  improper  integral 

j/(a:,  y)  {dx,  dy), 
taken  over  the  fundamental  rectangle,  exists,  necessary  and  also  sufficient 

*  It  th.ua  appears  that  regular  oonyergence,  except  for  a  set  ^  of  zero  measure,  is  closely 
related  to  ArzellL's  ''conyergeuza  uniforme  a  trattl  in  generale/*  which  I  have  considered  in 
Froceedings^  Ser.  2,  Vol.  1,  p.  380.  In  fact,  in  the  case  in  which  the  functions  are  all  single- 
valued  at  every  point  there  is  precise  equivalence  between  the  two  definitions. 

t  Liomill^t  Journal,  Ser.  4,  Vol.  vm.,  1892,  pp.  435,  436. 
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eonditions  will  now  be  investigated  that  the  repeated  integral 

\  dx\  f{x,y)dy 

may  exist  and  have  the  same  value  as  the  double  integral. 

We  shall  consider  a  sequence  fiix,  y),  /^(x,  y),  ..., /n(a:,  y),  ...  of 
functions  obtained  from  f(x,  y)  as  in  de  la  Yall6e-Poussin's  definition 
given  in  §  1. 

The  integral  |  fn{x,y)dy  will  be  denoted  by  0»(a;),  where  0»(«)  may 

either  have  a  determinate  value  or  may  have  as  limits  of  indeterminacy 

^(x),  0n(a?),  the  upper  and  lower  values  of  the  integral   I  fn{Xyy)dy,  in 

accordance  with  Darboux's  definition  of  the  upper  and  lower  integral  of 

a  limited  function.      The  existence  of    \fn{x^y){dxdy)   does  not  ensure 

the  determmacy  of  fj^Ax)  for  all  values  of  x.     The  integral  i  f{x^y)dy  will 

be  denoted  by  0(a;);  a  similar  remark  applies  to  the  determinacy  of  <(>{x), 
as  in  the  case  of  0n(^)«  Moreover,  0(x)  may  have  the  improper  value 
00  or  —  00 ,  or  may  have  one  of  these  as  a  limit  of  indeterminacy ;  for 
/(x,  y)  does  not  necessarily,  for  each  value  of  x,  possess  either  a  proper  or 
an  improper  integral  in  the  interval  (c,  d).  In  de  la  Yall6e-Poussin's 
investigation  the  restrictive  assumptions  are  made  that  the  functions  0n(^) 
are  everywhere  definite  and  that  <f>{x)  is  everywhere  finite  or  definite. 
Moreover,  in  part  of  his  work  it  is  assumed  that  the  functions  0n(^)  are  all 
essentially  positive  or  zero. 

It  will  first    be    shewn  on    the   assumption  of  the  existence  of  the 

double  integral  l/(x,  y){dx,  dy)  to  be- necessary,  in  order  that 

I   dx  J  f{x,y)dy 

may  exist,  that  the  sequence  |^n(^)[  should  converge  regularly  to  the 
limit  0(a;),  except  for  a  set  of  points  E  of  the  first  category  and  of  zero 
measure. 

When,  for  a  fixed  x,  the  function  fix^  y)  has  points  of  infinite  dis- 
continuity with  respect  to  the  variable. y,  in  the  interval  (c,  e2),  the  value 

9^  \  fi^ty)dy   or   0(rc)   is  the  upper  limit   of   I  fn{x^y)dy,    that  is  of 

<^(x\  when  all  values  of  n  are  taken  into  account,  and  \f(x,y)dy,  or 
.^(g),  is  the  limit  of    i  fn{x^y)dy,  or  ^(y).     In  case  the  0»(ic)  have  no 
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upper  limit,  ^{x)  has  the  improper  value  oo ,  and  a  similar  remark  applies 
to  <^{x). 

Since  f{Xy  y)   is   integrable   in   the   fundamental    rectangle,   all   the 
functions  fnix^y)   have  proper  integrals  in  that  domain.      The   proper 

integral    \fn{Xfy){dx,dy)  is,   by  a  known   theorem,   replaceable   by  the 

repeated  integral  I  dx     fn{x,y)dy,   and  thus  0n(^)  is  integrable  in  the 

linear  interval  (a,  b).  It  follow?  that  the  points  of  discontinuity  of  ^(x) 
form  a  set  of  linear  measure  zero.  The  set  of  all  points  of  discontinuity 
of  any  of  the  functions  <f>i(x)y  i/>^(x),  ...,  ipnix),  ...  is  consequently,  in 
accordance  with  the  theory  of  measurable  sets,  also  a  set  of  zero  measure. 
If  <f>{x)  be  integrable  in  the  interval  (a,  i),  its  points  of  discontinuity 
must  form  a  set  of  zero  measure.     Let  us  suppose  that  <f>(x)  is  integrable 

in  (a,  b),  and  thus  that  I  ^  I  /(^i  y)dy   exists  ;    and  let  us  assume,  if 

possible,  that  the  set  E^,  referred  to  in  the  definition  of  regular  con- 
vergence in  §  4,  has  its  measure  greater  than  zero.  Bemove  from  E^  those 
points  at  which  one  or  more  of  the  functions  0i(^),  03 (x),  ...,  <f>n(x),  ... 
is  discontinuous,  and  also  remove  all  those  points  at  which  ip(x)  is  dis- 
continuous ;  we  have  then  left  a  set  F^  of  measure  equal  to  that  of 
E^y  and  therefore,  by  hypothesis,  greater  than  zero.  At  every  point  of 
Ft  all  the  functions  (pn{x)  are  definite  and  continuous,  and  ^(x)  is  also 
definite  and  continuous.     If  ^  be  a  point  of  JP.,  the  number  n  O  n^  can 

be  so  chosen  that  \.//^\      .  //^\\  ^  \ 

10(f)— 0n(?)|  <  Je; 

also  ^  can  then  be  so  chosen  that,  for  every  point  x  in  the  interval 
(f— 5,  f +^,  the  four  inequalities 


|0(f)-^Tl  <  J^, 


|0n(f)-0n(5)l  <  J^ 

are  all  satisfied.  From  these  inequalities  we  deduce  that  the  four 
inequalities  |0(a;)— 0n(a?)|  <  g  are  all  satisfied  for  all  points  x  in  the 
interval  (f— ^,  f +^.  But  this  is  contrary  to  the  hypothesis  that  f  is 
a  point  belonging  to  E^.  It  therefore  follows  that,  on  the  assumption  that 
/(a;,  y)  has  an  improper  integral  in  the  fundamental  rectangle,  the  repeated 

integral  I  dx  I  f{x,y)dy  cannot  exist  unless  E^  has  the  measure  zero. 

Since  this  holds  for  every  value  of  e,  we  have  obtained  the  following 
theorem  '• — 

If  fix,  y)   has  an  improper  (absolutely   convergent)   integral  in  the 
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fundamental  rectcmglcy  a  necessary  condition  for  the  existence  of  the 
repeated  integral  \  dx  \  f{x,  y)dy  is  that  the  convergence  of  I  /»(«,  y)dy 

^  I  /(^»  y)<^y  should  be  regular  except  for  a  set  of  points  E  of  tlie  first 

category  and  of  zero  measure. 

The  special  case  of  this  theorem  which  arises  when  f{x,  y)  is  restricted 
to  be  everywhere  positive  or  zero  has  been  established  by  de  la  Valine- 
Poussin  *  under  certain  restrictive  hypotheses.     He  assumed  that 

\fix,y)dy     and     \  fn{x,y)dy 

both  have  definite  finite  values  at  all  points  x  which  do  not  belong  to 
a  set  of  points  of  zero  content ;  this  is  equivalent  to  the  assumption  that 
all  those  points  x,  such  that  the  set  of  points  on  the  ordinate  through 
X  at  which  the  saltus  of  /(a;,  y)  is  ^  a,  where  a  is  an  arbitrarily  chosen 
positive  number,  have  content  zero,  form  a  set  of  linear  content  zero. 
It  is  true  that  the  set  of  such  points  x  forms  a  set  of  zero  measure,  but, 
as  it  is  not  necessarily  non-dense  in  (a,  6),  the  content  is  not  necessarily 

zero.  In  a  later  memoir,  t  de  la  Yall6e-Poussin  states  that  he  has  not 
been  able  to  remove  the  restrictive  hypothesis  made  in  the  first 
memoir.     He  then  proves  that,  when  /(x,  y)  ^  0,   the  double  integral 

can  be  replaced  by  I  dx  I  mf(x,y)dyf  where  mf{x,y)  denotes  the  mini- 
mum of  the  function  f{x,  y)  at  the  point  (a;,  y) ;  but  he  gives  no  general 
investigation  of  the  conditions  that  the  equality 

dx      mf{x,  y)dy  =      (iaj     f(x,  y)dy 

Ja  Jc  Ja  Jc 

may  hold. 

6.  Let  it  now  be  assumed   that  at  every   point  {x,  y)  the   function 

/(oj,  y)  is  either  positive  or  zero,  but  never  negative.     It  will  be  shewn 

that  in  this  case  the  condition  of  regular  convergence  of  the  sequence 

|0ii(^)}  to  0(a;),  at  all  points  except  a  set  of  the  first  category  and  of  zero 

measure,  is  sufficient  to  ensure  that  I  dx  \  f(x^y)dy  exists  and  is  equal 

ija         JC 
f(x^  y)  (dx,  dy) ;   it  being  assumed  that  the  double  integral  exists. 

In  this  case  the  four  inequalities  \4>{x)—'<t>n{x)\  <  e  are  equivalent  to 
the  one  i/>{x)—</>n{x)  <  e ;  and,  if  at  any  point  x  this  is  satisfied  for  a 
value  of  n,  then  it  is  also  satisfied  for  all  greater  values  of  n.     Including 

•  Loe.  eit,,  pp.  448-460.  t  LunmlUt  Journal,  Ser.  6,  VoL  T.,  1899. 
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all  the  points  of  E,  in  the  interior  of  intervals  of  a  finite  set,  such  that 
the  sum  of  these  intervals  is  the  arbitrarily  small  number  17,  we  see  that 
the  condition  ^{x)—<f>,t{x)  <  e  is  satisfied  for  one  and  the  same  value 
of  n  0  n^)  at  all  points  x  not  interior  to  the  intervals  whose  sum  is  9. 
For  we  have  only  to  take  for  n  the  greatest  of  the  numbers 

defined  in  §  4. 

The  number  e  being  fixed,  we  can  choose  the  number  17  so  small  that 

the  double  integral    \f(x,  y){dxdy)    over  those  rectangles  of  which  the 

height  is  d—c  and  the  sum  of  the  breadths  17  is  less  than  an  arbitrarily 
fixed  positive  number  ^;  this  follows  from  Jordan's  definition  of  an 
improper  double  integral.     The  number  17  being  fixed,  a  number  m  exists, 

such  that,  for  n^m,  we  have  ^(g)~0n(g)  <  g,  except  in  the  intervals 

which  enclose  E^.    We  have  therefore 

J  <f>{x)dx—\  </>n(x)  dx  <€(6— a— 17)  <  €{b—a), 

the  integration  being  taken  along  the  parts  of  (a,  b)  which  remain  when 
the  enclosing  intervals  are  removed.     Hence  we  have 

j  4>ix)dx-'^fn(x,  y)(dxdy)<€{b-'a), 

where  the  double  integral  is  taken  over  the  fundamental  rectangle  with 

the  exception  of  those  parts   of  which  the   breadths  are  the  enclosing 

intervals.     Also,  if  ^'  is  an  arbitrarily  chosen  number,  we  can  choose  n 

80  great  that  .  . 

J  fix,  y)  (dx  dy) — J  fn  (x,  y)  (dx  dy)  <  f ', 

where  both  the  double  integrals  are  taken  over  the  same  region  as 
before.     We  now  see  that 

j  <f>(x)dx—^f{x,  y){dxdy)    <  f'+6(6— a), 
and  from  this  we  see  that 

\f(x,tj){dxdy)-]  ip{x)dx  I  <  ^+f'+e(6-a), 

where  the  double  integral  is  taken  over  the  fundamental  rectangle,  and 
the  single  integral  over  the  points  of  (a,  b)  which  remain  when  the  in- 
tervals enclosing  E^  are  removed.     Now  ^'  is  arbitrarily  small,  and  ^,  17 

converge  together  to  zero.     It  follows  that  I   <f>(x)dxy  whether  definite  or 

f 
not,  lies  between   \f{x,y){dxdy)  ±  €(6— a) ;  and,  since   e  is   arbitrarily 
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small,  it  follows  that  I  <f>{x)dx  exists  as  a  definite  proper  or  improper 

integral,  and  is  equal  to  \fi:x,  y){dxdy). 

The  following  theorem  has  now  been  established : — 

If  f{^i  y)  is  never  negative^  and  Juts  an  improper  double  integral 
in   the  fundamental  rectangle^    then  the  condition    that  the  integrals 

I  ^n{x^y)dy  converge  to  \  f{Xyy)dy  regularly^  except  for  a  set  of  points 

of  the  first  category  and  zero  measure,  is  a    sufficient  condition   that 

1  dx  \  fn{Xiy)dy  exists  and  is  equal  to  \f{x,  y){dxdy). 

The  sufl&ciency  of  the  same  condition,  for  the  case  in  which  /(a;,  y)  is 
not  restricted  to  have  one  sign  only,  does  not  appear  to  be  capable  of 
establishment,  because  it  is  in  this  case  impossible  to  shew  that  the  con- 
ditions I  4>{x)—4>n{x)  I  <  6  are  satisfied  at  all  points  except  in  the  enclosing 

intervals,  for  one  and  the  same  value  of  n  ;  it  having  been  only  established 
that  it  holds  when  n  has  one  of  a  finite  number  of  values. 

Combining  the  present  results  with  that  of  §  5,  we  see  that — 

Iffi^f  y)  is  never  negative,  and  has  an  absolutely  convergent  improper 
integral  in  the  fundamental  rectangle,  the  necessary  and  sufficient  condition 

that  I   dx  I  f(x,y)dy  exists  and  is  eqvM  to   \f{x,y)(dxdy)  is  that  the 

sequence  I  fn{x,y)dy  (n  =  1,  2,  3,  ...)  converges  regularly  to  I  f{x,y)dyy 
except  for  a  set  E  of  the  first  category  and  of  zero  measure. 

It  has  also  been  shewn  that  when  \f{x,y){dxdy)  exists  then,  if 
I  dx  I  f(Xj  y)dy  have  a  definite  meaning^   it  is    eqvM    to   the  double 

integral. 

For  it  has  been  shewn  that  the  repeated  integral  cannot  have  a  definite 
meaning,  (p{x)  being  integrable  in  {a,  b),  unless  the  convergence  is  of  the 
kind  specified. 

7.  Betuming  to  the  case  in  which  f{x,  y)  is  not  restricted  to  be  of  one 
sign,  the  following  theorem  will  be  established : — 

If  f  (3J>  y)  have  an  absolutely  convergent  improper  integral  m   the 

fundamental  rectangle,  a  siifficient  condition  that   I  dx  \  f(x,y)dy  may 
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ts 


exist  and  have  the  same  value  as  the  double  integral  \f{x,y){dxdy)  i 

that  I    \fn{x,y)\dy  should  converge  regularly  to    I   \f(x,y)\dyy  except 

for  a  set  of  the  first  category  and  of  zero  measure. 
Using  /(x,  y)  =  /+  (a;,  y)  --f'  (x,  y\ 

as  in  §  2,  and  denoting  I   /t  {x,  y)  dy,      fl  (x,  y)  dy  by  0n  («),   ^iT  (a?)  re- 
spectively,  we   see  that  the  condition  stated  in    the    theorem   is    that 

i>t{x)+<f>n{^)  should  converge  regularly  to  ^■*'(a:)+0"  (a;).     In  order  that 
this  condition  may  be  satisfied,  we  must  have 


for  a  sufficiently  great  value  of  n,  at  every  point  not  interior  to  a  finite  set 
of  intervals  of  arbitrarily  small  sum  17  enclosing  the  points  of  E,,  a  set  of 
zero  content.     From  this  condition  we  deduce  that 


<t>'  {x)  —  <f>n{x)  <€    and     0" (x) - 0n  (a?)  <  g, 

at  every  point  not  in  the  interior  of  the  intervals ;  and  hence  0^  (x)  con- 
verges regularly  to  ip'^ix),  and  also  ^n(x)  converges  regularly  to  ^"(a;),  at 
all  points  except  a  set  E  of  zero  measure.     It  follows  that 

I  ia;  I  /+  («,  y)  dy 

exists  and  is  equal  to    \  f'^(x,y)(dxdy),  and  also  that    I  dx  \  f'{x,y)dy 

exists  and  is  equal   to  \fT,\Xfy)(dxdy);  and  therefore  I  dx  \   f(x^y)dy 

exists  and  is  equal  to  I  f{x,  y){dxdy). 

The  condition  stated  in  the  theorem,  though  sufficient,  is  not  necessary ; 

for  the  integral  1  {^■''(a;)— 0"(a;)}  dx  may  exist  only  as  a  non-absolutely 
convergent  improper  integral,  in  which  case  I  {^'^{x)+ip'~{x)\  dx  does 
not  exist.     In  this  case,  I  dx  \   \f{Xfy)\dy  not  existing,  the  convergence 

of  I  Ifnix^y)]  dy  to  1  | /(a;,  y)|  eZy  cannot  be  regular.  An  example  will 
be  given  below  in  which  this  case  actually  arises. 
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8.  Whether  the  double  integral  \f{x,y){dxdy)  exist  or  not,  the  proof 
in  §  5  suffices  to  shew  that,  if  all  the  double  integrals  I  ^(^,  ^)(e2a;e2^) 
exist,  then  it  is  a  necessary  condition  for  the  existence  of  the  repeated 
integral  I  dx  \  f{x^y)dy  that  the  integrals      fn{x,y)dy  should  converge 

regularly  to  I  f(x,  y)(dy),    except   for   a    set   of  points   x,   of   the   first 
category  and  of  zero  measure. 

Moreover,  if  it  be  known  that  I  /{x,  y)dy  is  a  function  of  x  which  is 
limited  in  the  interval  (a,  b),  we  can  infer  the  existence  of  the  double 
integral  \f{Xyy){dxdy).     For,  since 

\Mx,y){dxdy):=\  dx\  fn{x,y)dy, 


\\fn(Xyy)(dxdy) 


we  have  \fn(x,  y)(dxdy)    <  (6— a)  U, 


n> 


in  the  interval  (a,  b).     It  is 


where  Un  is  the  upper  limit  of  \\fn  (x,  y)  dy 

thus  seen  that  \fn{Xjy)(dxdy)  cannot  increase  indefinitely  in  numerical 

value    as  n  is  indefinitely  increased,   since    Un  does    not    increase    in- 
definitely. 

The  following  theorem  has  therefore  been  established : — 

If  all  the  functions  fn{x^  y)  liave  double  integrals  in  the  fundamental 
rectangle f  and  I  /n(»,  y)dy  converges  to  \  f{x,  y)dy  regularly,  except  for  a 
set   of  points  x   of  zero  measure    and   of  the  first  category,    then,  if 

d 

f{x,y)dy  be  a  limited  function  of  x  in  the  interval  {a,b),  the  double 
integral  \f(x,y)(dxdy)  exists  and  is  equal  to  \  dx\  f{x,y)dy. 


i: 


tn 


Combining  this  theorem    with  that  of  §  7,  we  have   the    following 
theorem  : — 

If  all  the  functions  fn  (x,  y)  have  double  integrals  in  the    undamental 
rectangle^  and  either  \  f(x,  y)  dy  is  limited  in  the  interval  {a,  b)  of  x,  or 

fiXf  y)dx  is  limited  in  the  interval  (c,  d)  of  y,  and  if  the  conditions  a/re 
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satisfied  that  each  of  the  sequences 

J    \fn{x,y)\dy,     j  \fn{x,y)\dx 
converges  to  the  limits 


fjf(x,y)\dy,     jj/(a:,  j^)  I  dx 


in  each  case  regularly^  except  for  a  set  of  points  of  zero  measure  a/nd  of 
the  first  category i  then  the  double  integral  exists^  and 

f{x,y)(dxdy)  —  \dx\  f{x,y)dy  =  \  dy\  /(«,  y)dx. 

J  Ja        Jc  Je  Jtt 

9.  It  has  been  maintained*  by  Schonflies  that  an  absolutely  con- 
vergent improper  double  integral  can  always  be  replaced  by  either  of  the 
corresponding  repeated  integrals ;  no  condition  beyond  that  of  the 
existence  of  the  double  integral  in  accordance  with  the  definition  of  de  la 
Yall6e-Poussin  being  required  for  the  validity  of  this  equivalence.  In  the 
case  in  which  the  integrand  is  essentially  positive  or  zero,  this  view  could 
only  be  correct  in  case  the  regular  convergence  of  the  functions  <l>n{x)  to 
the  limiting  function  <f>{x)  followed  as  a  necessary  consequence  of  the 
existence  of  the  double  integral.  That  Schonflies'  view  is  incorrect  can 
be  shewn  by  means  of  an  example. 

Let  the  fundamental  rectangle  be  bounded  by  a;  =  0,  :i;  =  1,  ^  =  0, 
y  =1;  and  let  the  function  ^{x)  be  defined  +  by  the  rule  that,  for  every 

rational  value  of  x  of  the  form  — —^  (n  ^  0),  ^(j;)  =  -^,  and  that,  for 

iu  da 

every  other  value  of  x,  \jr{x)  =  0.     Let 


/(«,  y)  = 


1    .     1 

—  sm  — 

y       y 


\}r{x)  ; 


then  it  is  easily  seen  that  the  improper  integral 


II 


1     .     1 

—  sm  — 

y       y 


\lr{x){dxdy), 


taken  over  the  rectangle,  exists  and  has  the  value  zero.     The  integral 


*  See  the  Bericht  ub&r  die  Mengmlehre,  pp.  198-202. 

t  ThiB  fanctioii  }p{x)  was  first  given  by  Da  Bois  Beymond,  CreUe*t  Joumalf  VoL  xcn., 
p.  278.  See  abo  Stoic's  (TmiMbti^,  Vol.  nz.,  p.  149,  where  the  above  method  of  oonatruotiDg  a 
doable  Integnntl  which  cannot  be  replaced  by  the  repeated  integral  is  indicated.^ 
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f. 


yft(x)dx  exists  and  has  the  value  zero.    The  repeated  integral 


Jo       Jo 


X) 


1   .    1 

—  sin  — 

y      y 


dy 


ii  II  1 

^(«)    —  sin  — 
0  \  y         y 


dy 


diverges  for  each  value  of  x  of  the  form  — ^^ ,  and  is  zero  for  other 
values  of  x.  In  this  case  the  function  <f>  (x)  is  infinite  for  the  everywhere 
dense  set  of  values  x  =  — ^ — ;  and  therefore  ibix)  is  not  integrable  in 

the  interval  (0,  1) ;  therefore  \  <f>{x)dx  has  no  meaning.  In  this  case» 
the  other  repeated  integral 


F/"!".^ 


1     .       1 

—  sm  — 

y      y 


dx 


{X) 

exists,  and  is  equal  to  zero.     The  integral 

j(i.8in-L)  y}r{x)(dxdy) 

can  be  replaced  by  the  repeated  mtegral 

idx\   I  —  sin  —  ]ylr(x)dy\ 
0     jo\y        yi 

for  I  —  sin  —  dy  exists  as  a  non-absolutely  convergent  single  integral 
and  has  a  value  A  ;  hence  in  this  case 

and  therefore  the  repeated  integral  has  the  value  zero,  the  same  as  that 
of  the  double  integral.  This  is  an  instance  in  which  the  repeated  integral 
exists  and  is  equal  to  the  double  integral,  although  the  sufficient  condition 
given  in  §  5  is  not  satisfied. 

Schonflies  has  given  an  example  (loc.  cit.,  pp.  201,  202)  intended  to 
illustrate  his  theorem  that  the  condition  of  regular  convergence  is  un- 
necessary for  the  equality  of  the  double  integral  and  repeated  integral  of 
a  function  which  is  never  negative.  It  will,  however,  be  seen  that  the 
example  does  not  bear  out  his  contention.  He  defines  the  function  f{x,  y) 
as  follows : — The  rectangle  for  which  the  function  is  defined  is  bounded 

by  re  =  0,  a?  =  1,  y  =  0,  y  =  1,  and  in  all  points  x  =  — 5; — ,    y  <  -^  , 
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/(a;,  y)  has  the  improper  value*  +  oo ,  and  everywhere  else  /(«,  y)  =  0. 
In  this  case  the  function /« (a;,  y)  will  be  given  by  the  conditions 

f%{x,  y)  =  Nny 
at  all  points  x  =  — ^,  y<-sr»    ^^  /n(«,  y)  =  0,   everywhere    else. 

It  can  be  shewn  that  \f%{Xj  y){dxdy)  =  0, 

for  every  value  of  JVn,  and  thus  \f(Xfy){dxdy)  exists  and  =  0.     The  con- 
dition .  . 

]f{x,  y)dy—\fn{x,  y)dy<€ 

is  not  satisfied  for  any  of  the  everywhere  dense  set  of  values  x  =  — ^5 — ; 

and  therefore  the  convergence  of  {fnix,  y)dy  to  J /(a;,  y)dy  is  not  regular. 
Schonflies  maintains  that,  notwithstanding   this,    the  repeated   integral 

I  dx  \f{Xf  y)dy  exists,  and  is  also  equal  to  zero ;    it  will  be  shewn  that 

this  is  not  the  case. 

It  is  true  that      da;     /„  (a:,  y)  dy  is  equal  to  zero,  for  every  value  of  n, 

and  thus  that  lim      dx     /^{x,  y)dy  is  zero.     But  \  dx\  f{x,  y)dy  is  not 

**=«  Jo       Jo  Jo       Jo 

equivalent  to  lim  I  dx     fn{Xyy)dyy  but  to      dx  lim      fn{x,y)dy,    si 

'^=»  Jo       Jo  Jo        ''=*  Jo 

1  fix^y)dy  is  defined  to  be  lim      fn{x,y)dy,  in  accordance  with   de  la 

Jo  w  =  QoJo 

Vall6e-Pou88in's    definition     of     an     improper    single     integral.       Now 

1  fiiix,  y)  dy  is  zero,  unless  x  =  — ^?— ,  in  which  case  it  is    -^,  and,  for 
Jo  2  2 

such  values  of  x,  lim  I  fn{x,y)dy  or  <l>{x)  is  00,  and  thus   1   <p{x)dx  does 

n=»  Jo  Jo 

not   exist,    because  <p{x)    is   oo    at  the  everywhere-dense    set  of  points 

Otw  -4- 1 

X  =  — 57—,  in  the  interval   (0,  1).     It  has   thus  been  shewn  that  the 

repeated  integral  has  no  existence,  and,  since  the  condition  of  regular  con- 
vergence is  not  satisfied,  this  is  in  accordance  with  the  theorem  of  §  6. 

*  It  may  be  objected  to  this  definition  that  the  function  is  not  properly  defined  at  the  points 
of  the  specified  set,  since  the  functional  values  are  there  regarded  as  having  the  improper 
values  oo .  The  extension  of  Dirichlet's  definition  of  a  function  involved  in  the  admission  of 
improper  functional  values  oo  or  —  oc  ,  as  distinct  from  functional  limits,  leads,  however,  to  no 
difBoulty  in  relation  to  the  theory  of  integration,  and  may  therefore  be  admitted  without  modify- 
log  the  theory. 


Since 
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This  example  throws  light  on  the  error  in  Schonflies'  proof  {loc.  cit., 
pp.  199,  200)  of  the  theorem  that  the  existence  of  the  double  integral 
necessarily  entails  that  of  the  repeated  integral,  and  the  equality  of  the 
two.     He  replaces  the  function  f%{x,y)  by  the  most  nearly  continuous 

function  <f>n(x,  y)  and  then  also  [  0a (2;,  y)dy  by  the  most  nearly  continuous 

function  $«(2;),  and  argues  that 

\^i{x)dx,    \^^{x)dx^    ...,    \^n(x)dxy    ... 

form  a  sequence  which  defines  \^{x)dxy  in  accordance  with  de  la  Vall6e- 

Poussin's  definition  of  an  improper  single  integral.  To  establish  this,  he 
relies  upon  the  insufficient  fact  that  $n+i(ic)  ^  ^n{x),  for  every  value  of  x, 
whereas  *»(a;)  in  general  diflfersfrom  $n+iW,  not  merely  for  such  values 
as  are  greater  than  some  fixed  number.     In  the  above  example 

J  #1  {x)  dx,     J  *2(^)  ^^9     •" 

are  all  zero,  but  \^{x)dx  is  infinite.  The  error  in  the  proof  appears  to 
depend  essentially  on  an  illegitimate  identification  of 

Im  ^dx\fn{x,  ij)dy 
with  I  dx  lim  |/»(x,  y)dy  ; 

the  former  of  these  limits  is  always  equal  to  \f{x,y){dxdy),  but  the  latter, 

which  is  the  interpretation  oi  \dx  \f{x^  y)dy,  is  not  unconditionally  equal 
to  the  former  limit. 
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ON    THE    REDUCTION    OF    THE    TERNARY    QUINTIC    AND 
SEPTimC  TO  THEIR  CANONICAL  FORMS 

By  A.  C.  Dixon  and  T.  Stuart. 

[Beoeiyed  and  BsBd  February  8th,  1906.] 

Tms  paper  gives  a  method  for  redncing  ternary  qQantics  of  the 
degrees  5,  7  to  their  canonical  forms.*  It  depends  on  Sylvester's  ex- 
tended dialytic  method  of  elimination. 

The  original  variables  are  taken  to  be  x,  ^,  z,  the  contragredient  set 
\f  fjL,  v;  and  the  words  contracabic»  contraquartic  have  been  coined  to 
mean  respectively  cubic  and  quartic  in  A,  fi,  v.     The  symbol  A  has  been 

p^  P)S  P)S 

used  for  the  operator  ^  a  +  ^— ^ — |-  ^-^ ,  which,  when  repeated  a  suit- 
able number  of  times,  turns  a  quantic  in  \,  ix,  v  into  an  operator ;  thus, 
if  /(X,  fjLy  v)  is  of  degree  n, 

if 

I.  Reduction  of  a  Ternary  Quintic  to  the  Sum  of  Seven  Fifth  Powers. 

Let  Q  be  a  homogeneous  quintic  in  x,  y,  z ;  it  contains  twenty-one 
coefficients,  and  there  are  twenty-one  arbitrary   constants  in  the  form 

7 

2  Ll  where  Lr  is  linear,  say  XrX+jULry+Vr^ ;  the  problem  is  to  reduce  Q 

r=l 

to  this  form,  if  possible.  The  number  of  independent  contracubics,  that 
is  curves  of  the  third  class,  touched  by  the  seven  lines  Lr  =  0  is  three, 
and,  if  these  three  can  be  found,  the  seven  lines  are  determined  and  the 
problem  may  be  considered  as  solved. 


*  The  general  problem  has  been  diacuBsed  by  Serret  {Nouvelles  AnnaUt,  Vol.  nr.,  pp.  145, 
193,  433),  Clifford  (Warkt,  p.  123),  and  Palatini.  The  last  named  (Rom,  Ace,  L,  Bend,, 
YoL  xn.)  has  proved  the  possibility  of  the  redaction  in  general  for  ternary  quantics  above  the 
fourth  order.  The  uniqueness  of  the  uolution  for  the  quintic  has  been  proved  by  Hilbort 
(I^ouvilWt  Journal^  1888),  Richmond  {Quarterly  Journal^  1902),  and  Palatini.  Laaker*8  paper 
(Math.  Atmalen,  Vol.  Lvm.)  g^ves  a  valuable  method. 
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Let  Uif  Us,  Us  be  these  three  contraoubics.    We  then  have 


and  therefore 


A»U,L;  =  0     (s  =  1,  2,  8 ;  r  =  1,  2,  ...,  7) ; 
A»U,g=0     (5=1,2,8), 


A»Fg  =  0 


that  is,  Ui,  Ug,  Us  are  apolar  to  Q. 

Of  contracubics  apolar  to  Q  there  are  four,  since  any  contracubic  V 
contains  ten  coefficients,  and  these  must  satisfy  six  conditions  if  the 
identity 

is  to  hold  good. 

Let  Vi9  Fs,  Fg,  Vi  be  the  four  contraoubics  apolar  to  Q  (giving  the 
four  cubic  operators  which  destroy  or  annihilate  Q).  Then  U^,  U^  U, 
must  be  linear  combinations  of  V^  F„  V^  V^  and  the  equations 
CT^  =  Ug  =  Us  =  0  are  equivalent  to 


Vi     V,     Fs     F, 
Oi    Oj     a,     a^ 

in  which  Oi,  a^  Of,  a^  are  constanta. 
The  Jacobian  of  Ui,  U^,  U^  is  then 


=  0, 


"Sx" 


3F, 
"37' 


<h,        Oji 


aTj 
ax' 


"ST 


^4      I 


=  Q,  say. 


Now  the  equations  Uj  =  Ug  =  Us  =  0  have  a  common  solution  Ar,  Mr»  vr* 
Hence  Q,  a  sextic,  and  its  three  first  derivatives  Qi,  Og,  Og,  quintics^ 
vanish  for  the  same  values  of  X,  ^i,  v,  that  is, 


and 


A^sLI  =  0     (s  =  1,  2,  8 ;  r  =  1,  2 7) 

A*^Q,g  =  0     (s  =  l,  2,  8). 


These  three  equations  are  linear  in  Oj,  o^,  Og,  ^4,  the  coefficients  being 
known  in  terms  of  the  coefficients  in  Q,  and  they  therefore  determine  the 
ratios  ... 

Oj  .  O]  .  Os  •  ^4 
•BE.  2.     TOL.  4.     NO.  922.  M 
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uniquely.*     Thus  the  system  of  conditions 

Ui  =  C^a  =  Us  =  0 

can  be  formed,  and  that  in  one  way  only,  and  the  problem  has  one 
solution  only. 

To  prove  that  the  problem  has  been  solved,  suppose  the  contracubics 
Uiy  U29  U^  to  have  been  formed  by  the  above  method  in  such  a  way  that 

A^U.Q  =  A«?7,g  =  AW^Q  =  0, 

A^n^g  =  A^AjQ  =  ^^^Q  =  o, 

where  f2i,  Qj,  Q^  are  the  derivatives  of  Q,  the  Jacobian  of  Ui,  Uq,  Ug- 

Now  Sylvester's  method  of  forming  E,  the  eliminant  of  Ui,  CTq,  C/g,  is 
to  eliminate  linearly  the  twenty-one  coefficients  of  a  quintic  B  from  the 
twenty-one  equations  included  in 

A^Uiii  =  A^UaB  =  A^Ugii  =  0, 

A^iR  =  A^Q^B  =  A^Q^B  =  0, 

which  are  known  to  be  satisfied  when 

B  =  (X'x+^'y+y'z)\ 

where  X',  /j,',  v'  are  values  that  satisfy  the  equations 

U^^  U2=  Us  =  0. 
(See  Salmon,  Higher  Algebra,  4th  ed.,  p.  85.) t 

In  our  case  the  equations  are  satisfied  by  taking 

B  =  Q; 

and  therefore  ^  =  0,  so  that  Uj  =  Ug  =  Ug  =  ^  hskve  a  common  solution, 
Bay  (Xi,  ^ii,  i/j) ;  hence  a  second  form  for  B  is  (KiX+jULiy+viz)^  and  this 
cannot  generally  coincide  with  Q,  which  is  an  arbitrary  quintic.  There 
are  then  two  possible  forms  for  B,  and  the  first  minors  of  the  determinant 
E  must  vanish.  The  first  derivatives  of  E  taken  with  respect  to  the 
coefficients  of  Ui,  U^y  U^  must  then  vanish ;  hence  the  equations 

C^i  =  J7a  =  Ug  =  0 


*  If  ilie  three  equations  for  O],  a^,  a^y  a^  are  not  independent,  we  are  to  take  a  set  of  yalues 
satisfying  Hiem ;  similarly,  if  there  are  more  than  four  contracubics  such  as  F\,  F^,  V^  V^^  any 
four  that  are  linearly  independent  may  be  used. 

t  Salmon's  aigoment  shews  that  the  expression  so  formed  contains  the  eliminant  as  a  faotor. 
It  oan  contain  no  other  faotor  on  account  of  its  degree,  and  it  does  not  yanish  identically,  as  may 
be  proTed  by  taking  J7i  -  X',  V^  -  /*»,  U^  «  i^,  when  Hi  -  64\;i*ir*,  A,  »  64xV%  ^  -  64xV». 
and  the  determinant  does  not  Tinish. 
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have  a  second  common  solution,  say  (Xg,  Ma»  ^a)»  ^^d  there  is  a  third  form 
for  jB,  namely,  Q^x+iuL^y+v^z)^  This  argument  may  be  repeated  so  long 
as  we  know  that  Q  cannot  be  a'  mere  linear  combination  of  the  forms 

(Xl«+/Aly+|'l^)^  (^2ic+May+|'a'2^)^  •••;  wid   i*  therefore  proves  that  the 

equations  ^-         -,.         _. 

^  Ui  =  Ua  =  1/3  =  0 

have  at  least  seven  common  solutions.     Then  we  have  an  alternative,  either 

7 

(3=2    KriKx+fXry  +  VrZ)'^, 
r=l 

for  certain  values  of  ki,  ic^,  ...,  or  else  there  is  an  eighth  common  solution. 
From  the  latter  it  would  follow  that  J7i,  Ui,  U^  were  not  linearly  inde- 
pendent, which  is  untrue  on  account  of  their  mode  of  formation ;  or  else 
that  they  had  a  common  quadratic  factor,  in  which  case  Q,  having  an 
apolar  conic,  would  not  be  the  most  general  quintic ;  or,  again,  that  they 
had  a  common  linear  factor,  in  which  case  the  first  polar  with  respect  to 
Q  of  a  certain  point  would  have  three  apolar  conies,  and  again  Q  would 
not  be  the  most  general  quintic. 

In  each  of  these  cases  there  is  no  difficulty  in  proving  that  Q  can  be 
reduced  to  the  sum  of  six  fifth  powers.  When  there  is  an  apolar  conic 
the  six  lines  are  tangents  to  it  and  one  may  be  chosen  at  will.  When 
Ui,  Us,  Ug  have  a  common  linear  factor  three  of  the  six  lines  pass  through 
the  point  represented  by  that  factor,  and  the  other  three  are  common 
tangents  to  the  conies  represented  by  the  quadratic  factors  of  Ui,  I/3,  U^. 

To  form  Ui,  C/^,  Ug  in  practice  it  is  simplest^  to  make  use  of  the 
fact  that  there  is  a  syzygy  of  the  form 

Oj  Ui+ag  Ua+ag  CTg  =  0, 

where  a^,  o^,  a^  are  linear  in  X,  /x,  i/ ;  this  is  a  known  property  of  cubics 
with  seven  common  points. 

It  follows  that  there  is  a  syzygy 

l3iV,+fi,V,+l3,V,+l3,V,  =  0, 

where  ^j,  ^9,  ^g*  A  ^^e  linear  in  X,  /x,  1/ ;  /3i,  /Sj,  ^3,  /3^  can  be  found  when 
Fi,  Fj,  ...  have  been  formed,  and  if 

I3r  =  gr\+hrfJL  +  krV       (v  =  1,  2,  8,  4), 

we  may  take  Uj,  U^,  U^  to  be  Sg^rFr,  ^hrVr,  and  SArrFr. 


*  This  method  would  seem  to  be  known,  but  we  Iiave  not  met  with  it  in  print. 

H   2 
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II.  BeducUon  of  a  Ternary  Septimic  to  the  Sum  of  Twelve  Seventh 

Powers. 

Let  Q  be  a  homogeneous  septimic  in  x,  y^  z;   it  contains  thirty-siz 

12 

coefficients,  and  the  problem  is  to  reduce  it  to  the  form  X  Lr,  where 

Lr  =  Kx+fXry+VrZ; 

80  that  the  form  proposed  also  contains  thirty-six  arbitrary  constants. 
We  shall  shew  how  to  form  the  independent  contraquartics  which  are 
touched  by  the  twelve  lines  Lr  =  0 ;  their  number  is  three,  and  the  former 
method  can  be  used. 

Let  Ui,  TJ^,  Us  be  the  three  contraquartics,  so  that 

A*(7,L;  =  0     C^  =  1,  2,  8;  r  =  1,  2,  ...,  12) 
and  A*U,(3  =  0     (s  =  1,  2,  8). 

Let  Vi,  F,,  Fg,  F4,  F5  be  the  contraquartics  apolar  to  Q;  there  are 
five,  since  the  fifteen  coefficients  of  the  general  contraquartic  V  are  sub- 
jected to  the  ten  conditions  included  in 

A^VQ  =  0. 

Hence  the  equations  Ui=  U2=  Uf^^^  0  are  equivalent  to 

Vi     V,     Vs     V,     V,     =0, 

dl       CL^       d^       di        d^ 
bi        63       63        ^4        ^6     : 

if  a^,  ...,  a^j  bi,  ...,  65  are  certain  constants,  which  it  is  our  object  to  find. 
To  do  this  we  form  equations  by  Sylvester's  method  (Salmon,  Higher 
Algebra,  p.  86),  but  of  the  seventh  degree*  instead  of  the  sixth. 

Arrange  the  expressions  Ui,  Uj,  U^  in  the  forms  AiX^+Bi/jl+Civ, 
iljA^+Ba/x+Cai/,  AgX^+B^/jL+C^if,  Then,  since  these  all  vanish  for  the 
values  Xr,  /Xn  Vrt  it  follows  that 


fii,  = 


A,    B,     C, 

-^8       -^8       ^8 


a  septimic  in  \,  m»  ^9  vanishes  also.     Arranging   Vi,  F^,  ...  in  the  same 


*  As  in  Sjlrester^s  ColU€t$d  JTarkt^  Vol.  z.,  pp.  76-9. 
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iorm,  80  that  F^  =  EiX^+Fi/i+GiVf  ...,  we  have 


Qi  = 


TP  JP  TP  TP  TjI 

Jl^i  J&2  jC&3  Joj^  Ja^ 

-Pi  Fa  -Pj  Fi  Fs 

Gi  Ga  Gg  G4  Gg 


Oi     a^     a^      a^ 
bi      62      bg      64 


a, 


and  the  condition  A'^Q^  Q  =  0  is  one  of  those  that  most  be  satisfied  by 
Oi,  Oa,  ...,  &i,  69,  ... .  Five  other  conditions  can  be  formed  in  the  same 
way  by  resolving  I/j,  ...,  F„  ...  into  parts  containing  respectively  the 
factors  (X,  ^l^  i/)(A,  Mi  J'*)(Xi  M^  |^(A^  m»  ^^(^^  M^  »')•  These  six  conditions 
may  be  written  AUQ  =  0     (r=1.2 6), 

and  are  linear  in  the  determinants  D129  D^^,  . . .  included  in 

Oi     Oa     Og     6^4     % 
bi     fca     *8     *4     *6 

Since  only  six  of  the  ratios  D^a  :  D^s  I  . . .  are  independent,  the  number  of 

solutions  of  the  six  equations  will  be  finite,  and  the  problem  of  expressing 

12 
Q  in  the  form  £  Ll  appears  to  be  a  determinate  one.     We  have  still  to 

find  the  number  of  solutions,  and  to  prove  that  the  conditions  imposed 
upon  Vif  U2,  Uq  are  enough  to  ensure  that  the  problem  is  solved. 

Now  the  determinants  D^,  D^^,  . . .  satisfy  six  linear  conditions,  and 
therefore  can  be  expressed  linearly  in  terms  of  four  of  them.  They 
also  satisfy  the  five  equations 

D^B^is+D^iDss+D^sD^  =  0,  (1) 

D,gD^+D,,D^+D,,D^  =  0,  (2) 

A2^46+ A4J5M+A5-Da4  =  0,  (8) 

-Dia-D86+ As^sa+J^ifiDas  =  0,  (4) 

D^D^+D^D^+D,,D2i  =  0,  (6) 

v^hich  are  now  reduced  to  homogeneous  quadratics  in  four  unknowns.  Of 
the  eight  sets  of  values  which  satisfy  (1),  (2),  (8)  we  must,  to  satisfy  (4), 
{S),  reject  the  three  which  are  given  by 

D,^       D^       Das  * 


1)45  =  0, 


16 


S5 


there  are  left  five  determinations,  all  of  which  fulfil  the  conditions  (IH^)- 
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Choosing  one  of  the  five  solutions,  we  put 

it  is  to  be  proved  that  the  contraquartics  Ui,  U^f  U^  vanish  for  twelve 
common  sets  of  values  of  X,  /x,  v,  and  that,  if  L^,  L^,  ...,  L^a  are  formed 
with  these  twelve  sets,  we  may  write 

12 

Q=-LLl. 

r=l 

We  follow  Sylvester's   method  of  forming   the    eliminant  of  the  three 

quartics  Uj,  Uj,  Ug, 

If  Xi,  Ml,  vi  is  a  set  of  values  of  X,  /x,  v  for  which  Uiy  Uj,  U^  vanish, 

the  conditions 

A^C^iB  =  0,     A*U^B  =  0,     A^UsB  =  0, 

equivalent  to  thirty,  are  satisfied  by  the  septimic  R  when 

We  also  have  A''Q,B  =  0     (r  =  1,  2,  ...,  6) 

for  the  same  value  of  22.  In  R  there  are  thirty-six  coefficients  which  may 
be  eliminated  from  these  thirty-six  linear  equations;  the  determinant 
thus  formed  coincides  with  the  eliminant  of  Ui,  U^,  U^,  unless  it  vanishes 
identically. 

To  test  this  point  take 

U,  =  XS       U^  =  n\       Us  =  v\ 
Then  fii  =  X/xV,       Q^  =  \W.       fia  =  ^ W 

Q,  =  XV  V,     n,  =  XV  V,     ^6  =  ^ W ; 

the  conditions  to  which  22  is  subjected  actually  involve  thirty-six  equa- 
tions, and  can  only  be  satisfied  when  all  the  coefficients  in  22  vanish. 
Hence  the  determinant  of  the  thirty-six  equations  in  general  cannot 
vanish  identically,  but  must  be  the  eliminant. 

Now  in  the  present  case  the  thirty-six  conditions  are  satisfied  by  the 
supposition  B  =  Q.  Hence  the  eliminant  of  Ui,  U^,  U^  is  zero,  and 
these  three  contraquartics  vanish  for  the  same  set  of  values  of  X,  /ul,  i/,  say 
Xi>  Mi»  1^1*  ^l^d  argument  used  in  the  case  of  the  quintic  may  be  applied 
again,  and  it  follows  that  the  three  vanish  for  at  least  twelve  common  sets 
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of  values  ;  if  there  are  no  more,  then  Q  must  be  a  linear  combination  of 
the  seventh  powers  of  the  twelve  corresponding  linear  expressions,  and 
the  desired  reduction  has  been  made. 

If  Uif  U^f  U^  vanish  for  thirteen  common  sets  of  values,  it  is  known* 
that  there  must  be  a  syzygy 

«!  f^i+oa  C/a+Og  C/a  =  0, 

where  a^,  c^,  og  are  either  constant  or  linear  in  X,  /a,  v.  Now  they  cannot 
be  constant  on  account  of  the  way  in  which  Ui,  Ug,  U^  were  constructed ; 
if  they  are  linear,  then  Fj,  Fg,  ...,  Fg  are  connected  by  a  syzygy  with 
linear  coefficients,  which  is  not  true  in  a  particular  case  that  we  shall 
examine :  the  conditions  for  such  a  syzygy  are  not  satisfied  identically, 
and  therefore  in  general  there  is  no  such  syzygy.  When  there  is,  Q  must 
be  a  linear  combination  of  the  seventh  powers  of  thirteen  linear 
expressions ;  these  are  not  all  independent,  but  are  determined  by  the 
solution  of  a  system  of  equations  such  as 

SJ\  =  SJfi  =  SJv, 

where  Si,  Sg,  8^  are  contracubics.  This  system  of  equations  depends  on 
twenty-three  parameters,  and  thus  the  form  of  Q  apparently  involves 
thirty-six,!  so  that  the  problem  of  reducing  Q  to  this  form  must  be 
porismatic,  while  the  reduction  to  twelve  seventh  powers  is  possible  in 
general. 


*  See  Baoharaoh,  Math.  Annalen,  Vol.  xxte. 

t  [Addtd  in  proof. — The  same  thing  maj  be  proved  otherwiae.    Let 

Q  -  2  Arii, 

r.l 

where  /^,  X^,  ...,  Zis  are  oommon  tangents  to  the  contraqnartios  Ui^  U^,  V%,  Then  X],  ...,  X13 
form  a  special  group,  coresidaal  to  a  single  tangent ;  snoh  a  group  on  a  g^yen  contraquartio  can 
be  made  to  include  11  arbitrary  tangents.    Take  any  curve  of  the  system 

and  let  Xu,  Xis,  ...,  Xas  be  a  second  special  group  of  13  tangents  to  it.  Then  in  aU  we  have 
26  tangents,  which  are  ooresidual  to  two,  and  therefore  touch  one  contraseptimic.  There  is  there- 
fore a  sysygj  »         , 

2  A'LI  -  0. 

r-l 

If  A\  :  A'i :  ...  i  A\  ^  A\i  A^  :  ...  :  An^ 

this  gives  a  new  expression  for  Q  in  the  same  form ;  of  such  expressions  there  will  be  a  singly 
infinite  number,  since  there  are  12  conditions  and  13  unknowns  to  satisfy  them,  namely,  the  ratios 
of  Ai,  Af,  Xi  and  the  podtions  of  Xu,  ...,  X24.] 
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The  special  form  of  Q  that  we  are  to  examine  is 
Here  V,,  V^  V^  V,,  V^  are 

and  it  is  easily  seen  that  when  these  five  are  multiplied  hj  \  jul^  v  the 
fifteen  products  are  linearly  independent. 
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ON  FUNCTION  SUM  THEOREMS  CONNECTED  WITH  THE  SERIES 


n=l    n 


By  L.  J.  RoGEBu. 


[Beodyed  Febraary  12th,  1906.— Bead  Maroh  8th,  1006.] 


1.  The  transformation  of  the  series 


.8 


or  more  generally  the  integral 

-f  logd-a:)^, 
Jo  ^ 

where  a;  is  a  real  quantity,  has  been  considered  in  Bertrand's  Calcule  Integral 
§  270  (1870),  and  connections  are  there  established  between  this  function 

of  X  and  the  same  functions  of  its  co-anharmonic  ratios  1— a?,  — ,   ; , 

-  X      1— a: 

X        ai/""~  1 

It  will,  however,  be  more  convenient  and  will  lead    to 


x-V      X    • 

conciser  results  if  we  take  the  function 


Jo  I  X  1 — X  J 


which,  if  X  is  real  and  not  greater  than  unity,  may  be  represented  by 


3 


«+-2r  +  -^  +...+Jloga;log(l— a;), 

the  logarithms  being  taken  in  their  real  principal  values. 
Calling  this  function  Lx,  we  see  immediately  that 

Lx+HX-x)-Ll,  (2) 

and,  since  logo;  log (l—x)  has  zero  for  its  limiting  value  when  x  =  0,  we 
see  that  LI  =  \t^. 

The  equation  (2)  gives  us  a  connection  between  two  L  functions  whose 
arguments  depend  on  one  variable.  This  relation,  we  may  shew,  is  a 
particular  case  of  a  linear  connection  between  n^+1  such  functions  whose 
arguments  depend  on  n  independent  variables. 
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Let 

y=  1— l>iic+JPa«"— ...ijPnO;*  =  (1— /xia;)(l— Ma^)  •-.  (1— Mna;), 
where  the  m's  are  all  real  and  positive,  represent  a  curve  in  rectangular 


Cartesian  coordinates,  and  let  us  suppose  for  the  present  that  this  curve 
cuts  the  line  ^  =  1  in  n  real  points,  including  (0,  1).  In  this  case  it  is 
evident  that  the  curve  will  cut  the  line  y  =  1— m  in  n  real  points,  pro- 
vided m  <  1 ;  so  that  we  may  put 

m— piaj+jpaX^— ...±Pni»*  =  m(l— Xia:)(l— X^x)  ...  (1 — X»a:), 

where  the  X's  are  also  real. 

Now  consider  the  sum  of  the  n^  terms 


(3) 


where  in  the  positive  terms  /x«  <  \r,  and  in  the  negative  terms  Xr  <  M«f 
while  r  and  s  have  all  values  from  1  to  7u     Since 


we  have 


while 


^dLz  =  loga;dlog(l— «)— log(l— a;)dlog«, 
=  22  [(log  M,— log  Xr)  d  { log  (Xr— Ml) — log  K  \ 

—  { log  (Xr— M*)— log  Xr  }  i  (log  M«— log  Xr)] 
=  22  [Gog  M«— log  Xr)dl0g  (Xr— AtJ 

—  log  (Xr— M*)  d  (log  Mf  — log  Xr) 

—  log  jULs  d  log  Xr +10g  Xr  d  log  /aJ  t 


Xr    _ 


— 222dL  -^  =  —  22  [Oog  Xr— log  /x-)  d  log  (m.— Xr) 

—  log  (Mi— Xr)  d  (log  Xr— log  mJ 
—log  Xr  d  log  M«+l0g  M.  d  log  Xr]. 
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Hence  twice  the  whole   algebraic  sum  (8)  may  be  represented  by  one 
formula 

< 

2    2  [(log  M.— log  K)  d  log  (Xr  ^  At  J  —log  (Xr  ^  m#)  d  (log  m#— log  Xr) 

»=sl   r=sl 

—log  JUL,  d  log  Xr+log  Xr  d  log  /xj-     (4) 
Since,  identically, 

M*— |)iW*"^  +  ...±i?n  =      (t^— Ati)(M— Ma)  ...  («^— Mn)> 

and  mw*— |)iM*'"*+...±p,»  =  m(i^— Xi)(i^— X^) ...  (w— XJ, 

we  have     (Xr— Aii)(Xr— Ma)  .••  (^— Mn)  =  X?— jpiXr""^+... 

=  (l-m)X?,  (5) 

and  (m«— ^i)(m«— ^a)  ..«  (m*— XJ  =  —  {wM?— JPiMr"^+.--[ 

m 

= M?; 

m 

SO  that       (Xi'^M«)(^'^M«) ...  (Xn^Mi)  = M?     (since  m<  1).  (6) 

Now,  in  (4),  the  terms 

22  { log  M«  d  log  (Xr ^M.)  —  log  (Xr-^M*)  d  log  M#  } 
can  be  reduced  by  summing  first  with  respect  to  r,  and,  using  (6),  and  become 

2  I  log M«  d  \n log M.+log -^)  —  \n  log /x.+log ^-^)  ^ log  m«  |  . 

=  logi>n  d  log  ^-^^  -  log  1=^  d  logi>..  (7) 

m  in 

Similarly,  by   summing    first    with   respect    to    5,    and  using    (5),  the 
corresponding  set  of  terms  in  (4), 

22  {  —  log  Xr  C?  log  (Xr'^M«)  +  l0g  (Xr'-'M.)  d  lOg  Xr  }  , 

reduce  to 

2  [—log  Xr  d  {w  log  Xr+log  (1— m)}  +  {n  log  Xr+log  {l—m)\  dlog  Xr], 

=  -log^dlog(l-m)+log(l-m)dlog-22L.  (8) 

The  remaining  terms  in  (4)  can  be  reduced  independently  in  r  and  5,  and 
we  get 

22  { —log  M«  d  log  Xr+log  Xr  d  log  M#  } 

=  —  lOgPn  d  log  -^  +10g^  C?  l0gl)n 

=      logjpn  d  log  w  —log  m  d  log|?».         (9) 
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Collecting  the  reduced  forms  (7),  (8),  (9),  we  have 

\  Ar  fig/ 

=     logpn{^log(l— w)— dlogm}  —  |log(l— m)— logm}  dlogpn 
— (log^n— logm)  d  log  (1— m)+log  (1— m)(d  logp»— d  log  m) 
+logpn  d  log  m— log  m  d  logpn 

=     log  m  d  log  (1 — w)— log  (1  — w)  d  log  m 

=     2(ZI/m. 

Hence,  integratmg,  we  have 


22  (l  ^^L^)  =  C+Lm. 


(10) 


To  determine  the  constant  C,  we  may  notice  that,  when  m  approaches 
the  value  unity,  the  values  of  the  X's  approach  equality  with  the  /x's,  and  we 
may  suppose  K  to  be  that  X  which  is  equal  to  fXr  in  the  limit.  Now  fiJXr 
is  ultimately  equal  to  A«/Mr»  and,  if  r  is  not  equal  to  s,  the  functions  having 
these  fractions  or  their  reciprocals  as  arguments  will  cancel  each  other. 
Noticing  from  the  diagram,  where  OA  =  l//xi,  that  /xj  <  Xj,  /ul^  >  X^, 
M3<Xs,  ...,  we  see  that,  if  n  is  even,  then  the  left-hand  side  of  (10) 
vanishes  and  C  =  —  LI ;  whereas,  if  n  is  odd,  the  left-hand  side  is  LI  and 
C  =  0. 

We  have  then,  for  all  positive  integral  values  of  n,  a  linear  relation 
consisting  of  n^+1  L-f unctions  depending  on  n  independent  variables; 
and  it  is  easy  to  see  that  the  arguments  are  all  real  provided  the  curve  in 
the  diagram  cuts  the  axis  of  x  in  n  real  points,  and  the  line  y  =  1— m  is 
taken  sufficiently  near  to  the  axis  of  x  to  cut  every  wave  of  the  curve. 

When  n  =  2,  the  relation  is 


Xi  Xj  /Xi  Ma 


where  vi  =  ^^ 


and 


X1X2  M1M2 

Let  -1  =  X,     m  =  y, 

.      /fa 


W)  that  T^  =  ^y  5 
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then  Lx+Ly=:L{xy)+L'^+Ll-L^ 

=  Hxy)+L-^+Lfii=:^,    by(l). 

But  Mi+Ma  =  y(Xi+Xa); 

therefore  Xi  «y + Ma  =  y  (Xi +Ma  a;), 

80  that  ^  =  2illl£l ; 

Xi         1— a?y 

whfle  A  =  i-  ^  =  ±Z£  , 

Ml        y     Xi        1— a;j 

sothat  l«2^  =  ?ikz2). 

Ml  1— «y 

Thus,  finally,  we  have 

1«+L,  =  LW+i{^>}+l{!^}.  (11) 

This  formula  is  apparently  the  simplest  that  can  be  obtained  in  two 
independent  variables.  It  is  remarkable  that,  although  (1)  has  been  made 
use  of  in  determining  it,  yet  it  is  not  possible  to  deduce  (1)  directly  from 
it.  We  might  infer,  then,  that  formulae  included  in  (10)  containing  more 
than  two  variables  may  be  so  reduced  that  (11)  cannot  be  deduced  as  a 
particular  case ;  and,  conversely,  it  is  possible  that  formulsB  (10)  cannot 
be  deduced  by  repeated  application  of  (11).  Certain  facts  render  this 
very  probable.     For  instance,  by  making  y  =  x,  we  have 

2Lx=^L{a^+2L  (j^) ,  (12) 

a  relation  which  is  closely  connected  with  the  obvious  identity 

2\lrx+2\lr(-x)  =  V^(a^,  (18) 

where  xfrx  =  x+ '^  +  '^  +  ..., 

when  we  take  note  of  the  connection  given  in  Bertrand's  Calc.  Int.^  §  270, 
(26),  between  . 

yfri-x)     and     V^  (f^)' 

However,  the  equally  obvious  identity 

Syl^x+3yfr{xp)+Sylr{xp^  =  V^(A 
where  1+p+p^  =  0, 
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does  not  appear  to  be  made  deducible  in  any  way  from  (1),  even  when  this 
formula  is  made  adaptable  to  imaginary  arguments. 

2.  By    transforming   the    right-hand    side    of    §  1,  (11),  by  means 
of  §  1,  (1),  we  get 

Lx+Ly+L(l-.,)+L(^)  +  L  (i^)  =8L1. 
These  five  arguments  taken  in  the  order 

^'     ^'      1=^'     ^"^^'      1^ 

form  a  cyclic  group  in  which  any  constituent  is  the  same  function  of  the 
two  preceding  it. 

If  a  and  6  are  the  sides  of  a  right-angled  spherical  triangle,  these 

arguments  may  be  written 

cos^  a,     cos^  6,     sin^  A ,     sin^  c,     sin^  jB, 

the  squared  cosines  of  Napier's  circular  parts. 

This  property  shews  that,  if  we  apply  §  1,  (1)  to  the  function  of  any 
consecutive  three  in  the  cyclic  arrangement  of  the  arguments,  we  again 

get  §1,  (11)  in  another  form,  e.g.,  transferring  Ly,    hi j,   and 

L(l— xy),  we  get 

which  represents  §  1,  (11),  where  y  is  replaced  by  (1— x)/(l— xy). 

The  equation  §  1,  (11)  may  be  written  in  another  interesting  form  as 
follows. 

By  direct  application  of  the  formula,  we  get 

\l+7^/  \l+m/  I    m+x    )  \m+x/ 

By  §  1,  (1),  this  may  be  written 

Lx+L  (-4-)  +  L  j(i^}  +L  (1^)  =L1+L  (-4-). 
\x+m/  I    x+vi    J  \l+m/  \l+w 

Now,  let  the  function  Lx+L  (     .      )  be  called  ilfx,  where  we  may  call  z 
the  argument  and  m  the  parameter.     Then 


L 


ai-x)m]    ,j  (l-x\_^i(l-x)m\ 


1906.]  Function  sum  theorems.  175 

and  Ll+L  (irr—)  =  ^1- 

\l+m/ 

Hence  Mx+m\  ^kz^  I  =  Ml.  (1) 

I    x+m   ) 

When  m  =  00 ,  this  relation  reduces  to  §  1,  (1). 
When  m  =  1,  we  have 

where  f{x)  =  Lx+L  (yx^)  » 

a  result  which  is  virtually  given  by  Bertrand  in  connection  with  the  series 


x^   .    x^ 


aJ+|3-  +  ^+--     (see  §278). 
Again,  we  have 

<...,  t,-t(xj,)+L(^)-L(!,^)=i,l-Ly.  ») 

Looking  upon  ^  as  a  parameter,  and  writing  Yx  for  Lx—Lxy,  we  get 

Yx^y(^^^  =  71.  (8) 

The  equations  (1)  and  (8)  may  be  looked  upon  as  a  kind  of  generaliza- 
tion of  the  formula  §  1,  (2),  where,  if  a:  =  sin^  0,  1— a;  =  cos'  0,  we  get  a 
type  of  relation  of  the  form  ^(0)+^(i7r— 0)  =  Fiiir).  In  (8),  if  x  =  sn'  u, 
y  =  }^y  the  relation  is  of  the  form  jP(w)+J?'(JK'— t^)  =  jP(-ff).  It  is  possible 
that  the  terms  in  §  1,  (10)  may  be  so  grouped  that  by  looking  upon  one 
variable  as  a  modulus  the  identity  may  represent  a  relation  between 
functions  of  the  (n— 1)  remaining  variables,  each  associated  with  this 
modulus  ;  but  it  is  not  easy  to  see  how  such  a  grouping  may  be  effected. 

8.  The  value  of  L  (x+yt)  when  the  argument  is  complex  will  depend 
upon  the  path  of  integration,  but  will  be  unambiguous  provided  the  path 
does  not  cross  the  axis  of  real  quantities  at  any  point  whose  abscissa  >  1 
or  <0.     This  value  will  be  called  the  principal  value  of  L  (x+yi). 

We  may  easily  see  then  that  the  formula  §  1,  (10)  can  be  employed  in 
the  case  of  imaginary  arguments,  provided  we  make  all  the  ^I's  real  and 
positive.     For,  provided  we  make  the  line  y  =  1— m  lie  close  enough  to 
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the  axis  of  x,  we  have  a  case  in  which  all  the  X's  are  real,  even  if  the 
waves  of  the  curve  do  not  reach  y  =  1.  When  m  is  made  to  diminish  so 
that  two  of  the  intersections  are  lost,  then  two  of  the  X's  will  become 
imaginary  and  will  remain  imaginary  up  to  the  final  value  of  m,  viz., 
unity.  The  corresponding  arguments  will  therefore  never  again  cross  the 
axis  of  real  quantities,  and  the  corresponding  L -functions  will  have  their 
principal  values.  The  same  remark  applies  to  all  imaginary  arguments 
that  may  occur. 

If,  however,  the  /u's  are  imaginary,  the   same  process  of  reasoning 
fails,  as  may  be  seen  in  the  following  simple  example. 

In  the  formula  2Lz  =  2t'+2L  (jx^)' 

let  z  =  p,  where  p^+p+1  =  0, 

so  that  apparently  2Lp  =  Lp^+2L  (— p*). 

Now,  it  z  =  e^t  the  value  of  Lz  may  be  taken  as 

^+-25-  +  ^  +...+ilog2log(l— 2r), 

the  principal  values  of  the  logarithms  being  taken.     Thus 

r  /^\  ^  ,  cos  20  ,        ,    .  /  .    /%  ,  sin  20  ,      \ 

L (O  =  cos 0+ — 25~  +...+  ^  ^8m0+— ^  +...J 

— idi{cose+icos2d+...+i(8inO+Jsin2e+...)}. 
The  real  part  of  this  is 

/J  ,  cos  2d  ,  cos  80  ,        ,  , /J  /  .    /J  ,  sin  20         \ 
COS0H — ;^ — I ^  +  ...+40^sm0H ^ ...j 

=  T-f«+T+J«(f-|) 

=  -^ -^      (provided  0  >  0  <  w), 

and  we  get  the  same  value  for  the  real  part  of  L  (e~^\  if  0  >  0  <  w. 
Thus  the  real  parts  of  the  principal  values  of  Lp  and  Lp^  are  zero,  while 
the  real  part  of  L  (— p^  is  ^^it^ ;  so  that  the  relation  cannot  be  true.  It 
will  be  easily  seen,  however,  that,  if  we  make  z  move  from  (0,  0)  to  (0,  1) 
and  thence  along  the  circle  r  =  1  from  6  =  0  to  0  =  f  tt,  then  i^  will 
move  across  the  axis  of  real  quantities  on  the  negative  side  of  the  origin, 
and  the  value  of  Lp^  will  not  be  the  same  as  if  the  point  z  =  p^  had  been 
reached  by  making  0  =  —  f-r.     In  fact  it  differs  by   iri  log  (1— xr),  where 
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z  =  p',  corresponding  to  a  circuit  about  0  of  -^^^.f  ^  i.^.^  — . I  — 

in  the  integrand,  i.e.,  —- .     The  real  part  of   7rilog(l— p*)   is  now 

1 — z 

— J'TT*,  which  cancels  with  the  real  part  of  2L  (— p*)  in  the  formula. 

It  is  seen  then  that  even  in  the  simplest  formula  depending  on 
§  1,  (11)  imaginary  values  of  the  arguments  may  lead  to  what  at  first 
sight  seem  anomalous  results.  It  may  be  observed  also  that  in  this 
formula,  whenever  the  /u's  are  real,  the  X's  must  be  real ;  so  that  imaginary 
arguments  always  imply  imaginary  values  of  the  ^I's. 

The  actual  point  at  which  the  reasoning  in  §  1  fails  for  imaginary 
arguments  lies  in  taking  logarithms  of  each  side  of  equations  §  1,  (5),  (6), 
but  it  is  easy  to  see  that  the  logarithms  differ  by  some  multiples  of  ^in. 
Where  such  corrections  have  to  be  made,  it  will  be  seen  that  the  reduced 
form  for  §  1,  (4)  will  contain  further  terms  consisting  of  27ri  multiplied  by 
differentials  of  logarithms ;  so  that  §  1,  (10)  must  be  corrected  by  the 
addition  of  terms  consisting  of  ^in  multiplied  by  logarithms  of  known 
arguments,  and  an  integral  equation  is  thereby  always  obtained.  General 
rules  for  determining  such  terms  and  the  constant  of  integration  would  be 
very  difficult  to  determine  ;  but,  on  the  other  hand,  the  system  of  arguments 
of  the  L -functions  would  be  simplified,  as  there  is  nothing  to  prevent 
taking  complex  arguments  with  norm  greater  than  unity,  and  so  in  the 
L -function  sum  we  may  start  by  taking  all  terms  positive  and  keeping 
the  ^I's  uniformly  in  all  the  numerators  of  the  arguments. 

4.  It  has  been  shewn  in  §  1  that  a  function  exists  such  that,  for  any 
arguments  x^  y  which  lie  between  0  and  1, 

fix)+f(y)-'f(xy)=f{u)+f{v),  (1) 

where  u  =  ?il=2^)     and     v  =  y^^^=:^. 

To  find  the  differential  equation  which  must  be  satisfied  by  any  such 

functions  we  must  operate  on  both  sides  l>y  5~»  5~  *^^  ^5 ^JT"' 

to  annihilate  the  left-hand  side. 

Now  a:(l-a;)||=  T^i=^a;(l-a;)  =  t*(l-w); 

therefore        »(1— x)^/(w)  =  u{l—u)  j^/M  =  ^i^)  ^^7* 

.  2.    VOL.  4.     KO.  923.  N 


SO  as 
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But 


du  _      X  (1  —x)  . 
^~      a-xy)" 


therefore  «(l-x)^/(u)  =  -  ^^  ^. 

The  operation  z-k y-^  leaves  a  function  of  xy  unchanged,  while 


f    d  d\  X 


therefore    (xg--yg^)  g-^ /(«)=- ^-j-^,  ^F(«) 


«(1-M)  d»_p,(^)_ 


(l-j:)(l-y)(l-xy)  <i« 


By  symmetry,  the  same  operation  on  /(v)  gives 


(l^x){l-y){l-xy)  dv 


whence  u{l—u)^-^u{l^u)—f(u)  =  v{l—v)  ^-^v(l—v)j-f{v), 

where  u  and  v  may  be  considered  as  independent.     Hence 

(P  d 

u{l^u)  rr-suCi—u)  -T-f{u)  =  a  constant.  (2) 

du*  du 

The  complete  solution  of  this  equation  is  easily  arrived  at  by  straight- 
forward integration  and  is  of  the  form 

AiLu+A2logu+AQlog(l—u)+A^  ; 

so  that  it  is  possible  that  a  more  general  form  than  Lu  tor  f(u)  in  (1)  may 
satisfy  that  relation.  Such  may  be  shewn  to  be  the  case,  provided  no 
demand  is  made  that  the  functions  of  the  several  arguments  should  be 
identical.     In  fact,  if  we  write  2L  (a;,  a)  as  denoting 

Lx— J  log  a  log  (1— x)+ J  log  (1— a)  log  x—La,  (3) 
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ve  shall  have  identically 
Hx,a)+L(y,b) 

=  L(x,.a6)+L(xi^.  a^^  +  L{y^^,  bl^);    (4) 

for  the  L -functions  obviously  cancel  out,  and  the  logarithmic  terms  may 
be  easily  shown  to  vanish.  For  such  an  identity  to  hold  it  is  clear  that 
any  multiple  of  the  logarithmic  terms  might  have  been  assumed  in 
defining  L{x,  a),  but  for  reasons  hereafter  obvious  the  form  above  given 
will  be  most  important.  The  cancelling  of  these  logarithmic  products  may 
easily  be  proved  as  follows,  in  the  most  general  case  of  §  1,  (10). 

Let  Qif  a^,  ...,  a^f  fii,  fi^f  ...)  fint  ic  be  a  set  of  quantities  related  in 
the  manner  given  in  §  1,  viz., 

Ka-I3,x)a-I3^x)  ...  {1-I3nx)  =  K-l  +  {l-a^x)(l-a^x)  ...  (1-a^x), 
and  let  us  suppose  that  in  the  equation  §  1,  (8),  viz., 

±2:2:{ioggdiog(i-|^)-iog(i-^).iiogg}. 

we  take  the  operation  d  to  denote  changes  of  the  letter  ^i  into  )9,  X  into 
a,  and  m  into  k.  Then  the  double  sum  will  reduce  as  before  to 
log  m  d  log  (1  — m)— log  (1 — m)  d  log  m,  which  now  denotes 

log  m  log  (1 —ic)— log  (1  — m)  log  /c, 
and  22±L  (^,  ^)  =L{m,  k\  (5) 

\  Ar         Or/ 

the  constant  C  disappearing. 

5.  When  the  argument  ^  of  a  L  function  is  complex,  we  must  define 
2L^  as  the  value  of  the  integral  of 

—log  (1  — -sr)  d  log  -e+log  z  d  log  (1 — -e) , 

taken  along  a  path  which  starts  from  the  origin,  and  where  log  (1—^)  and 
log  jsr  have  those  values  which  correspond  to  integration  along  the  same 
path.  The  principal  value  of  Lz  will  correspond  to  any  path  connecting 
0  and  z  for  which  log(l— -sr)  and  log-?  retain  their  principal  values,  i.e.,  one 
in  which  z  is  never  real  unless  it  is  a  positive  proper  fraction. 

If  we  take 

z  =  re^    and     l—z  =  se'^, 

log z  =  log  r+6i  and   log  (l—z)  =  log  s—<f>i, 

then  the  principal  value  will  correspond  to  the 
case  in  which  6  and  <f>  both  lie  between  ir  and 
—  ir,  r  and  s  being  of  eourse  always  positive. 

M  2 
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We  have  now 

2dLz  =  —  (log  «— ^i)  d(\og  r+dii+dog  r+di)  d  flog  8—</^ 
=  —  log  « e?  log  r+log  r  d  log  8^</>dd+6d<f> 

+i  (6  d  log  8+</>d  log  r— log  8  dO— log  r  d^).  (1) 

The  real  part  of  Lz  will  be  written  22  (d,  0) ,  while  the  coefficient  of  i  in 
idLz  is  easily  seen  to  be 

Od  {log  sin  0— log  sin  (d+^)}  +^(?  {logsin  ^— log  sin  (0+0)  [ 

—  {log  sin  0— log  sin  (6+^)}  eW  +  {log  sin  0— log  sin  (6+^)}  d^ 
=  (0  cot  6— log  sin  ^d0+(0  cot  0— log  sin  0)  d^ 

-  {(0+0) cot  (0+0)-log  sin (0+0) }  rf(0+0). 

Since  the  path  of  integration  for  Lz  will  always  be  taken  as  starting 
from  0,  we  see  that  initially  0  =  0 ;  so  that  the  coefficient  of  i  in  L  (re^)  is 

of  the  form  f(0)+f^^)^f^e+<f>),  (2) 

where  /(0)  =  J  [  (0  cot  0— log  sin  0)  dO 

r    0 

The  symbol  70  will  be  used  to  denote  the  function  I  - — g  dO. 

The  formula  §  1,  (10)  will  lead,  by  consideration  of  imaginary  terms, 
to  sum-formulce  connecting  T-functions  in  conjunction  with  such  functions 
as  0  log  sin  0,  but,  by  virtue  of  the  extended  form  §  4,  (5),  it  is  not  difficult 
to  see  that  these  latter  functions  will  vanish  identically  for 

2L(re*^',  7-e-") 

=  L  {re^')-L  (re-")-i  Gog  r-0i)aog  «-0t)+ JOog  «+0i)  Gog  r+0i) 
=  L(re'*)-L(re-**)+i(01og«+0logr) 

=  2i{r0+r0-r(0+0)}. 

If,  then,  in  §  4,  (5)  all  pairs  of  arguments  such  as  fii/K  and  jSt/or,  m 
and  K  are  conjugate  complexes,  we  shall  obtain  a  relation  in  which  a  sum 
of  9{n^+l)  T  functions,  involving  n  0*8  and  n  0's,  is  equated  either  to 
zero  or  (see  the  end  of  §  8)  to  a  sum  of  logarithms.  The  case  derived 
from  §  1,  (11)  will  be  considered  below  ab  initio  in  §  8,  where  it  will  be 
seen  that  the  T  sum  will  be  equated  to  zero ;  and  it  is  probable  in  all 
cases  that  the  relation  will  be  free  from  logarithmit^  terms. 
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If  r<  1,  we  may  write 

d{T0+Tif>—T(e+i>)}  =edlog8+^d\ogr 

=  d{.d\ogs)—logsd6+^d\ogr    . 
=  d{6  log  s)-i  log  (l-2r  cos  d+r^  d6 

1  X 1     rsin^ 


H tan-' -^dr 

r  1— rcosp 


=  d(e  log  s)+  (r  cos  0+  y  cos  20+  •  •  •) 


dS 


+  (sin  e+  -^  sin  20+ . . .)  dr 

=  d  (0  log  s)+d  (r8ine+^sin20+^  sin  80+ .. .) . 

Integrating  from  0,  where  s  =  1  and  r  =  0,  we  have 

r0+ T4>-  r(0+ ^)  =  r  sin  0+  -J  sin  20+  -i  sin  80+ . . . 

+i01og(l-2rcos0+A  (8) 


i 


If  we  treat  r  as  constant,  this  right-hand  side  may  be  written  in  the  form 

-— tt; ^  .    a  dQj  but  this  integral   will  not  represent  the  left-hand 

aide  when  r>l.  For  the  latter  implies  a  path  of  integration  from  0, 
and,  if  r  is  treated  as  a  constant,  we  must  first  take  the  path  along  the 
axis  of  z  as  far  as  (r,  0)  before  proceeding  along  the  circle  a^+y^  =  ^• 
But,  if  r  >  1,  this  first  path  would  pass  through  U  and  pass  along  the 
axis  beyond  it,  which  is  not  permissible. 

However,   if  r<l,  the    ^-coordinate  of  1/re^*  is  easily  seen  to    be 
X— 0— 0;  so  that  the  expression  Td +70— 7(0-1-0)  becomes 

r0+T(9r~0-0)-r(9r-0). 

Now    dre+dr(7r-e)  =  {--^-^  ^-^   Ide^-iLade; 

ltan0      tan(7r— 0)J  tanO 

therefore  re+T(7r— 0)  =  C+w-  log  sin  0, 

where  C  =  2.T(\ir). 

But 
TJx  =  ^ daotedJd  =  [eiogsind]*'- P'logsmedd  =  —  P'logfltin  Ode, 

which  is  known  to  be  equal  to  \ir  log  2. 


182  Prop.  L.  J.  Bogbbs  [Mareh  8, 

Hence  Te+Tiir—O)  =  ir  log(2  sin  6),  (4) 

and 

=  Te+T<f>—T{ip+e)'-"7r  logr.  (6) 

If,  in  (8),  r  =  1,  then  ^  =  J(7r— 0). 

But  by  differentiating  it  may  be  easily  verified  that 

TO+T {iiir-e)}  -T{i{ir+0)\  =  2T{i0); 

so  that,  changing  6  into  2d,  we  have 

Te  =  e  log (2  sin  0)+^(&m  20+isin  40+^  sin  66+...).         (6) 

Hence  also 

T0+Tft>'-T{0+<f>)  =  0  log  s+0  logr 


+2 


sin  e  sin  ^  Bm{0+<f>)+  Jj sin  26  sin  20 sin 2(0+0)+...  |.     (7) 


In  analogy  to  the  above  transformation,  we  may  consider  the  difference 
of  any  two  L  functions  in  the  form  L(pe^)^L{pe~^\  where  u  is  positive 
and  pe^  <  1. 

If  1— pe*  =  (re"''  and  1— /oe"*  =  (^e^  we  have  p  =  sinht?/sinh(tt+t;) 
and  a-  =  sinh  u/sinh(u+i?) ;  and 

2d[L(pe'^)'—L(pe^'')'\  =— flogo— v)d(logp+w)+(logp+t*)dI(loga— t?) 

+flog  (r+v)d(log /o— w)— flog  p— w)dflog  0-+!;) 

=  2(i?d  log  p+ud  log (T— log  <r  du— log p  dv) ; 

therefore  L{pe'')-L{pe-'')  =  /(u)+/(t?)-/(u+t?), 

where  /(tt)  =  I  (wcothw— log  sinh  w)du  =  21  ,    ^     du—u  log  sinh  u.  (8) 

Jo  Jo  tann  u 

If  in  §  2,  (2)  we  put  x  =  /oe^  y  =  e"^,  we  get 

L{pe'^-L(pe-'')  =  Ll-Le-^^-Lc'^'+Le-^^-^ 
which  may  be  easily  identified  with  (8). 

6.  We  may  now  establish  the  formula  {v.  Bertrand's  Cak.  Int., 
§271)  connecting  Lz  with  L{^/(^— 1)}  and  Lz  with  L{llz)  where  z  is 
complex. 
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The  four  bipolar  coordinates  of  zliz-^l)  corresponding  to  r,  s,  0,  0 
are  r/«,  I/5,  0+0— x,  —  x;   therefore 

2dL  (-37)  =  log«dlog  —  — log  —  d  log«+0d(e+0)— (e+0)d0+xd0 

+ij-0(y-y)-(e+0-7r)^+log5d(e+0)+log^d0|. 

Hence  2dLz-\'2dL  f-^r)  =*'''' h'T^i^ 

by  §  5,  (1),  and,  integrating  from  s  =  1,  0  =  0, 

-^'^■^'^  f-37)  =  i«  log  5+^X0.  (1) 

Again,  the  four  bipolar  coordinates  r"^e"**  are  1/r,  s/r,  —0,  0+0— tt; 
BO  that 

2dL  f—  ^)  =  log  —  dlog  r-logrdlog  —  =F  {ir-e-d>)de-ed{e+d>) 
\  T      /  r  r 

+i|-eilog  ^  +(7r-e-0)dlogr+log-^  de+logrd(0+0)l; 

therefore  2dL(re**)+2dL(r-V**)  =  —  xde+Trtdlogr 

by  §6,  (1),  and         Lz+LH/z)  =  C-ixe+iTrilogr 

when  J8r  =  1,  r  =  1,  and  0  =  0;   so  that  C— 2L1  =  Jtt*  and 

Lz+LH/z)  =  2Ll-i7re+i7ri  logr  (2) 

(cf.  Bertrand,  Calc.  Int.,  §  272). 


7.  We  have  seen  in  §  2  that,  if  z  and  w  are  complexes,  we  are  not 
justified  in  assuming  that 

Lz+Lw  =  L{z(a)+Llz  - — ^)+L(o)  ' ), 

\   1 — zco/         \    1 — zoo/ 

but  that  the  formula  would  have  to  be  corrected  by  the  introduction  of 
logarithmic  terms. 

It  is  not  easy  to  give  a  concise  geometric  meaning  to  the  related 
complexes  in  this  equation,  but,  by  §  6,  (1),  we  see  that  there  can  be 
a  relation  derived  from  the  above  connecting 

Lz,     Lw,    l{'-^^\,    l\^^\,    and     LM. 

I    Z — 1     )  [    0) — 1    ) 

These   complexes   are  connected  with  one  another  and  with  0,  17  in  a 
manner  which  is  worthy  of  notice. 
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If  P,  Q,  12,  S  have  complexes  Zi,  %,  z^  z^,  it  is 
possible  to  find  oniquely  a  point  C  (say,  z^  sach  that 
the  triangle  CPS,  by  rotation  about  C  and  enlargement 
(or  diminntion),  may  take  the  position  CBQ ;  that  is, 
there  is  a  oniqne  centre  of  similitude  of  SP  and  Qi2, 
which,  moreover,  is  the  centre  of  similitude  of  SQ 
and  PB.    The  necessary  and  sufficient  condition  is  that 

{zi—z^iz^—z^  =  (z^—z^Qg^'-z^, 


t.e.f 


Let 


2^  =  _^^iZ:^L^— . 
^8  I  ^4 "~  ^1     ^a 

£r(l— «)  _ 

Zi  =  Zj      Z^=  0),       £r3  —  — =—  ,      Za  — 

z — 1 


_  m(\—z) 


Then  the  vectors  OP.OQ  =^  OR.OS; 

so  that  0  is  the  centre  of  similitude  of  PS  and  RQ  or  of  QS  and  i2P. 
Now  the  vectors  drawn  from  U  are 


1 — Z,       1 — CO, 


1 — ZW  1 — ^Ctf 


—Z  1 — IV 

so  that  UP.UR  =  C^g.TO, 

and  U  is  the  centre  of  similitude  of  PQ  and  522  or  of  PS  and  Qii. 

Lastly,  if  F  is  the  point  whose  complex  is  zw^  the  vectors  drawn  to 
V  from  P,  g,  JB,  S  are 

2r(l— (d).     «(1— J8r),     -^T i.     -i- ^; 

1 — Z  1 — 0) 

so  that  FP.FS  =  FQ.Ffi 

and  F  is  the  centre  of  similitude  of  Pii  and  QS  or  of  PQ  and  iiS. 
Hence  0,  17,  F  are  the  three  centres  of  similitude  of  pairs  of  sides  of 
the  quadrangle  PQRS. 

It  may  be  observed  that  the  shape  of  PQRS  is  quite  general. 

8.  In  establishing  a  function-sum  theorem  for  the  T-function  of 
§  5  the  most  convenient  method  will  be  based  on  the  formula  in  §  2 
where  the  five  arguments  are  expressed  in  the  cyclic  form 


z,    w, 


1-z 
1  —  zw* 


1 — zw, 


1— 


O) 


1-^0)' 


after  replacing  x  and  ^  by  £r  and  o). 

If  (di»  0i)>  (^2*  0s))  •••»  (^5*  ^5)  A^G  ^ho  bipolar  angular  coordinates  of  the 
points  represented  by  these  five  arguments,  we  see  immediately  that 

04   =  ~^l""^lf 
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and  hence,  in  virtue  of  the  cyclic  property,  the  five  points  are 

There  is,  however,  one  relation  connecting  the  five  d's,  which  will 
necessarily  be  cyclic.  Taking  Zi,  z^,  ...  as  representing  the  five  complexes 
and  Ti,  8i9  rg,  s^,  ...  as  their  bivectorial  coordinates,  we  have  z^z^  =  1—z  ; 
so  that  r^r^  =  Si.     But  in  all  cases 

r  =  sin  ^/sin(^+0)     and     s  =  Qia6l&in(<p+0) ; 

so  that     sin  ^  sin  <p^  sin  {</>i+6i)  =  sin  (^a+^a)  sin  (^4+04)  sin  61, 

i.e.,  by  substituting  for  the  ^'s 

BiniO^+e^  sin(di+ea)  8111(6^^+6^-6^) 

+&in{6^+ef^-'6^8m{6^+6^-6^Bm6i=0.     (2) 

This  is  the  relation  required,  but  does  not  appear  here  in  the  requisite 
cyclic  form.  To  attain  this  end  we  may  write  ai,  03,  . . .  for  e^'\  (^**,  . . . 
and  put  Zi  =  rje^**  in  the  form 

8m(6^+6^e^ysm{6^+e^-6{)  =  a,{a^a^-l)l{asa,-a,). 
With  similar  transformations  for  z^f  z^, ...,  we  get 

where  di  =  a^a^ — a^,  ...,  &c., 

and     S  =:  0103030405 — Oj 0208—020304 — 03O4O5 — 04O5O1 — 05O1O2 

+  «4«6+«6ai  +  ai«s+«2«8+a8«4""l»      W 
i.e.,     sin  (01+02+03+04+^6) 

=  sin(0i+02+08— 04— 06)+  four  other  terms  cyclically  derived.     (5) 

We  may  now  consider  the  function  sum  relation  connecting  the 
fifteen  T  functions  corresponding  to  these  five  complexes. 


*  It  is  interesting  to  note  that,  if  the  0'b  ajre  independent,  so  that  S'^O,  the  solution  of 
ai,  O),  ...  from  the  equations  t|  «  ai(«8a4— l)/(as*4~ai)}  •••  ™<^y  ^  effected.  Writing  m^  for 
1— t,— «jC^,  ...  and  Vi  for  1— «6— «i— «j  +  26«i«j,  ...»  we  get 

«i  «  —  «ia|a4  5'/</|<^i^4     and     T]  =  a^a%ti^a^Sld^did^, 

F^rom  these  two  results  we  get  •}  Mj  Vi/v t v§  »  cycUc  analogues  and  ii|  Ui  v^  m,  t<4/rs  r^  •  cyclio  analogues, 
whence,  by  the  relation  axt^d^—a^di  i^  a%a^d^^  we  get  aj  ~  -  t'sV^'i*^*  '"t  thereby  obtaining  the 
Mntion  of  the  a's  in  terms  of  the  s's.  It  is  remarkable  also  that  ( 1  —  oi)  Mi «i  »  ti|  V]  +  r^  v^  s  (i  .x,)  7"^ 
where  Tis  the  cyclic  expression 

..  II  T*0,  oi— l-ai>-0|  —  Oi-oi;  so  that  th«  0's  tre  all  zero  aod  the  f 's  aU  real. 
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In  the  differential 
d{T0,+Tfh'-T{e,+ih)  +  ...]. 

=  Oi  cot  $1  dOi-iOj^+e;)  cot  (68+64)^(^8+^4) 

the  coefficient  of  Bi  is 

cot  01  dOi-cot (61+63)  dl(ei+0a)-cot  (61+65)^(01+65) 

-cot  (68+64-61)  d(68+64-6i)+cot  (61+62-64)  ^^(61+6,-64) 

+  COt  (61  +  65-63)  ^(61  +  65-63), 

_  , ,       sin  61  sin (61+63+64)  sin  (61+65-63) 
~     ^  sin  (6i+6g)  sin  (61+65)  sin  (63+64-61) ' 

=  0  by  (2). 

Similarly,  the  coefficients  of  63,  63,  64,  65  are  zero,  and  the  differential 
of  the  sum  vanishes.  Integrating  then  from  the  origin  where  all  the  6*8 
are  zero,  we  see  that  the  sum  of  the  fifteen  T  functions  is  zero. 

This  relation  between  the  6's,  as  is  also  (4),  is  cyclic,  but  not 
symmetrical.  If,  however,  we  substitute  the  0's  in  the  relations,  they 
will  both  become  symmetrical,  as  may  be  seen  as  follows. 

Since  0i  =  —  63 — 64,  ..., 

we  have    a-  =  -(61+63+63+64+65)  =  i(0i+^+^+04+^6); 

so  that  (4)  becomes 

sin  (T  =  sin  (o— 2^+sin  (o— 2^+sin  (o— 20a)+sin  (o— 2^4) 

+sin  (0—2^5).        (6) 
while,  since 

61  =  —  <r+02+05    and     6i+0i  =  —  o-+0i+02+^5=  0—^—^4, 

we  have  T^— ^(0— ^— ^5)- r(cr— ^— ^4) 

+  r0a-r((r-^-^-r((r-^4-^ 
+  ...  =  0,  (7) 

which  is  symmetric  in  the  five  angles  0i,  ^3,  ^  ^4,  ^5. 

Referring  the  series  from  §  6,  (6)   for  TO,  we   see  that  the  above 
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formula  holds  good,  even  if  we  understand  by  TQ  the  series 

Sin2e+i8m4d+4r8in6e+..., 

since  it  is  obvious  that  the  logarithmic  sum  vanishes  identically. 
If  ^  =  0,  the  equation  (7)  becomes  nugatory ;  for  in  this  case 

sin((r— 01— 02)cos(^i— ^+sin((r— 08-"^4)cob(^— 04)  =  0, 

i.e.,sini(0i+0a— 0a— 04)sini(0i— 02+03— 04)sinJ(0i— 0a— ^+04)  =  O; 

so  that  the  sum  of  two  of  the  remaining  angles  equals  the  sum  of  the  other 
two.     This  makes  the  function  sum  in  (7)  vanish  identically. 

Moreover,  it  is  impossible  that  four  of  the  0*8  should  be  equal  and 
real.     For,  if  0i  =  0^  =  03  =  0^,  then 

sin  <r— sin  (cr— 205)  '=  4  sin  (o— 20i)  =  4  sin  J05, 

sin  05  cos  (<r— 05)  =  2  sin  J05 ; 

therefore  cos  J05  cos  (cr— 05)  =  1,  (8) 

which  is  impossible,  unless  05  is  imaginary. 

Let  04  =  05,  and  call  each  of  these  0.     Then,  if  25  =  0i+0s+0s9 
so  that  2<r  =  2$ +20,  we  have 

sin(«+0)  =  sin(s+0— 20i)+sin(s+0— 202)+sin(s+0— 208) 

+2sin(s— 0), 

whence  tan  ^  =  /°  (^-a^O+sin  (.-2^+8in(s-2^+8in  « 

^       8  cosfi- cos(«— 20i)— cos(s— 20a)— cos(s— 208) 

If  0j  =  02  =  03  =  o),  we  have 

sin  fo)- 3  sinio)         ,,      , 

tan  0  =  -z — ^ — ^  =  J  tan  Jw, 

^       8  cos  fo)— 8  cos  Jo)       ^ 

while        8r(»+2r0-8r(0-ia))-r(|(»-0)-6r(ia>)  =  o. 

It  is  possible  therefore  that,  if  the  0*s  are  all  real,  three  of  them  should 
be  equal. 

Again,  let  0a  =  03  =  0,    say  ;    04  =  05  =  w ;    and  0i  =  ^,   so  that 
<r  =  yr+0+(0.     Now  (2)  may  be  written 

8in(<r— 0|— 0a)  sin  (<r— 0i— 0a)  sin  (a— 0a— 0^) 

+sin  08  sin  04  sin  (<r— 08— 04)  =  0, 
which  now  becomes 

sin  ^r  sin  (0— V^)  sin  (co— V^)  +sin  0  sin  a>  sin  ^  =  0. 
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Bejecting  sin  ^  =  0,  we  have 

sin(0— ^)  sin  (V^— «)  =  sin  0  sin  a>, 
while  the  T  function  relation  becomes 

2r0+2ra)+r(2V^)-r(^-ft>+V^)-r(a>-^+V^) 

-4r^-2r(^-V^)-2r(«-i/r)  =  o. 

It  may  be  observed  that 

=  4Vr  log  (2  sin  ^r)— 2^  log  (2  sin  2)/^) 

+2  (sin V^+-^ sin 2Vr+...) 

—J  (sin  2^+  -^  sin  4^+...) 

=  2^  log  tan  ^+2  fsin^+  -p-  sin  8^+  -p-s^  5^+---); 

so  that 

ift),  ,,        o),^/.      a),1.8()0,1.6a>,       \ 

Returning  to  the  case  in  which  ^  =  02  =  ^=0^,  we  have  seen  in 

(8)  that  ,^         ,^^      ,^,      ^ 

cos  i05  cos  (201— i^g)  =  1, 

where  we  will  suppose  that  ^^5  =  ui  and  20i— ^^5  =  d;    so  that 

cosh  u  =  sec  0. 
The  T  equation  becomes 

4r0i+r05-6r(i05)-4r(0i-i05)  =  o. 

t...,  4  [r  [^)  -  r  (^^)]  =  -  T(2ui)+6T(ut\ 

or,  if  we  had  put  ^^5  =  d,  2^1—^05  =  ui,  so  that  again  cosh  t^  =  sec  d, 
we  should  have 

4  [r  (^"J  +  T  (^)]  =  -  r(2e)+6m 

10.  It  is  shewn  by  Bertrand  (Calc.  Int.,  §  271)  that  for  certain  values 
of  the  argument  x  the  values  of  yfrx  may  be  determined.  The  notation 
of  the  present  memoir  considerably  simplifies  the  results,  which  may  be 
obtained  as  follows. 
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In  §  1,  (2)  let  a;  =  i  ;  then 

Li  =  iLl  =  Air". 
In  §  1,  (12)  let  a;"  =  2-ar,  so  that  x  =  i(-v/5-l) ;  then 

-^=a^    and    2Lx  =  BL{a^, 
viule,  by  §  1,  (2),  Lx+L  {x^  =  LI. 

lence  Lx^L  y    ^  )  =  f-^/l  =  j^, 


rhile 


l(x«)  =  l(8i^)=«li  =  ^. 


Apart  from  these  cases,  it  does  not  seem  possible  to  obtain  a  special 
alue  of  Lx  for  any  real  or  complex  argument. 


\ 
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ON  SOMMERFELD'S  DIFFRACTION  PROBLEM ;    AND  ON 
REFLECTION  BY  A  PARABOLIC  MIRROR 

By  Horace  Lamb. 

[Received  and  Bead  March  8th,  1906.] 

The  exact  solution  of  a  problem  of  diffraction  is  a  matter  of  interest 
to  many  who  do  not  feel  at  home  in  the  refined  mathematical  theories 
on  which  Sommerfeld,  in  his  well  known  paper,*  has  drawn  with  such 
effect.  It  may  therefore  be  worth  while  to  shew  how  a  particular  case 
of  the  problem  discussed  by  him,  viz.,  the  case  of  normal  incidence,  may 
be  treated  by  quite  simple  methods.  Moreover,  when  the  typical  solution 
of  the  differential  equation  is  once  obtained,  it  can  easily  be  varied  and 
combined,  as  Sommerfeld  has  shewn,  so  as  to  represent  the  circumstances 
of  oblique  incidence. 

The  analysis  here  employed  leads  also  to  a  solution  of  the  problem 
of  reflection  by  a  cylindrical  parabolic  mirror,  the  incident  waves,  aerial 
or  electric,  being  plane,  with  their  fronts  perpendicular  to  the  axis  of  the 
parabolic  section.  The  solution  is  so  simple  that  it  will  be  a  matter  of  sur- 
prise if  it  has  not  been  already  noticed  ;  it  would  seem  indeed  to  be  almost 
immediately  indicated  by  the  graphical  representation  which  Sommerfeld 
has  given  of  his  typical  function.  Although  the  results  are  not  altogether 
so  representative  as  could  be  wished,  owing  to  the  special  properties  of 
the  parabolic  form,  they  may  perhaps  possess  some  degree  of  interest. 
Problems  of  reflection  by  curved  surfaces  have  hardly  been  discussed 
hitherto,  on  the  basis  of  the  wave-theory,  except  by  approximate  methods. 
In  the  present  case  the  solutions  are  exact,  and  the  comparison  with  the 
results  of  the  geometrical  theory  may  be  instructive,  notwithstanding 
the  limitation  to  the  special  form  in  question. 

It  was  natural  to  attempt  to  extend  the  methods  to  the  case  where 
the  reflecting  surface  is  a  paraboloid  of  revolution,  the  incident  waves 
travelling  as  before  in  the  direction  of  the  axis.  When  the  waves  are 
aerial  the  solution  is  readily  obtained.  The  case  of  electric  waves  would 
seem  to  be  more  difficult. 


•  '^Mathematische  Theorie  der  Diffraction,'*  Math.  Ann.,  Vol.  XLvn.,  p.  317  (1895). 
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Sommerfeld's  Problem. 

1.  In  the  acoustical  form  of  the  problem,  plane  waves  are  supposed  to 
npinge  on  a  rigid  semi-infinite  screen.  We  will  suppose  that  the  screen 
3cupies  that  portion  of  the  plane  xz  for  which  x  is  positive  ;  and  we  will 
Bgin  with  the  case  where  the  incidence  is  normal,  the  primary  waves 
eing  of  the  type  _  ^a-y^  ^^ 

le  time-factor  e*^^,  where  c  is  the  velocity  of  sound,  being  understood, 
he  complete  solution  will  then  be  of  the  form 

0  =  e*^^  +  Vr,  (2) 

here  ^  is  the  velocity-potential  due  to  an  oscillation  of  the  screen 
ormal  to  its  plane,  with  the  amplitude  and  period  oi  the  incident  waves, 
ut  with  exact  opposition  of  phase,  so  that 


0\fr 


^—ik,    for   y  =  0,x>0.  (8) 

if 

'he  function  \[r  must  satisfy  the  differential  equation 

^  +  ^+^  =  0,  (4, 

r,  in  polar  coordinates, 

ince  the  problem  is  virtually  a  two-dimensional  one.     Moreover,   it  is 
vident  that  ^  is  anti-symmetrical  with  respect  to  the  axis  of  z,  and  there- 
ire  that  along  the  negative  portion  of  this  axis  we  must  have  ^  =  0. 
If,  now,  we  write  for  a  moment 


=  7' 

ox 


(6) 


he  function  x  must  also  satisfy  (4) ;  it  must  vanish  over  the  negative 
ortion  of  the  axis  of  x,  and  its  normal  derivative  3x/9y  must  vanish 
ver  the  positive  portion.  This  suggests  that,  as  regards  the  region 
or  which  y  >  0,  the  value  of  x  will  be  that  due  to  a  singular  point 
f  proper  character  at  the  origin,  singularities  at  infinity  being  (as 
3  easily  seen)  excluded  by  the  circumstances  of  the  physical  problem, 
^he  required  form  of  x  is  ^^  o^ce  indicated  by  our  knowledge  of  the 
olutions  available  in  the  case  of  an  incompressible  fluid,  when  A:  =  0. 
Ve  have  then,  in  polar  coordinates,  the  forms 

r*  cos  Jd,         r"*  cos  iO, 
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where  the  range  of  6  is  from  0  to  ir.  The  proper  generalizations  of  these 

^  Jii(kr)  COB  id,  e7'-j(ifer)cos  Jd, 

or,  omitting  numerical  factors, 

sinA:r        ,^  cosArr        ,/. 

Excluding  sources  at  infinity,  and  taking  therefore  the  combination  of 
these  solutions  which  is  appropriate  to  the  expression  of  diverging  waves^ 
we  may  assume,  at  all  events  tentatively, 


^=  C  ^ 


-ikr 

COS  id.  (7> 


dx  ^(kr) 

The  integration  of  this  partial  differential  equation  of  the  first  order  is 
straightforward,  and  may  be  performed  either  in  terms  of  polar  coordinates, 
or  in  terms  of  the  "  parabolic  *'  coordinates  of  Hankel  and  others.     If  we 

^^*®  k(x+iy)  =  {i+in)\  (8) 

or  kx^e-^.        ky  =  2in,  (9) 

we  have  i  =  (A:r)*  cos  Jd,         ly  =  (kr)^  sin  Jd,  (10) 

where  (we  will  suppose)  the  range  of  6  is  from  0  to  2'7r.     The  curves 

^  =  const.,        fj  =  const. 

form  a  system  of  confocal  parabolas,  the    common  focus  being  at  the 
origin.     The  coordinate    fj  is  everywhere  positive,   and  the  line  17  =  0 


Tb 


represents  the  section  of  the  screen.  The  coordinate  ^  has  opposite  signs 
on  the  two  sides  of  the  axis  of  x,  and  the  line  ^  =  0  represents  the  free 
portion  of  this  axis. 
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We  easily  find         |  =  if      |  =  -if 


r 


-*-•     ^-     *T 


(11) 


and  the  equation  (7)  becomes 

^^-,|fc=2C^,-,(,..V).  (12) 

The  subsidiary  equations  in  Lagrange's  method  are  then 


d£  _  dii_  _        kdr/r 


(18) 


One  integral  is  N  il  =^  o,>  (14) 

where  a  is  an  arbitrary  constant ;  and  with  the  help  of  this  we  find 

=  ^  jc-««+-/0'+««d(^+|.)  +e-*<i-if^-«'dU-j^  I .  (16) 

whence  ^  =  ^  je^*- j        e'^^d^+e'^^X       e-'^m+b,  (16) 

where  b  is  the  second  arbitrary  constant.    The  solution  of  (12)  is  therefore 

"^"^tVu    ^~'^"^f+^"*^'J,     «~'^^}+J^(y)»  (17) 

where  F{y)  is  an  arbitrary  function  of  y. 

From  the  manner  in  which  it  has  been  obtained  it  appears  that  this 
value  of  yjr  must  satisfy 

+ArVr)  =  0,  (18) 

and  so  render  the  expression  on  the  left-hand  side  of  (4)  a  function  of  y 
only.  Again,  it  is  seen  from  (9)  that  when  x  is  large,  whilst  y  is  finite,  the 
first  part  of  (17)  reduces  to  a  sum  of  constant  multiples  of  e^^  and  c"***'. 
Hence,  to  secure  that  (4)  shall  be  satisfied,  it  is  only  necessary  to  put 

F{y)  =  Ae^+Be-^.  (19) 

This  may  be  verified  independently  by  means  of  the  equation 

^  +  ^+4(^''+^V  =  0,  (20) 

which  is  equivalent  to  (4). 

•SB.  2.    VOL.  4.    wo.  924.  0 
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It  remains  to  determine  the  constants  A,  B^  C.    For  y  =  0,  x  >  0,  we 
must  have  dyfr/dy  =  —ik.     Making  use  of  (11),  and  putting  7  =  0,  we  find 

^-B  =  -l.  (21) 

Again,  when  x  is  large  and  negative,  whilst  y  is  finite,  \fr  must  tend  to 
the  limit  0,  the  primary  waves  (1)  being  alone  sensible  in  this  region. 
Hence,  putting  ^+fi  =  oo ,  f  — 7  =  —  oo ,  and  remembering  that 


r 


C08f«df  =  £8inf»df  =  |^,  (22) 


,e  obtain     <l=i|^+^  =  0.         -(1=^+5  =  0.  (23) 

Hence  A  = -h        B  =  h        C  =  ^i±^ ;  (24) 


(26) 


and  the  complete  solution  of  our  problem  is  given  by 

yfr  =    l±i.jc«*r%-*fdf+e-"»f"%-*f*df|-i(c"*-«-"»). 
VK^Tr)  I       Jo  Jo  ' 

This,  in  conjunction  with  (2),  is  equivalent  to  the  form  which  Sommerfeld's 
result*  assumes  in  the  case  of  normal  incidence. 

The  value  of  ^  at  a  point  (or,  —y)  must  be  equal  in  magnitude  and 
opposite  in  sign  to  that  which  obtains  at  the  point  (x,  y).  Since  the 
expression  in  (25)  is  an  odd  function  of  i,  it  will  apply  to  the  region  for 
which  y  <.0  without  modification. 

2.  The  types  of  solution  of  the  equation  (4)  to  which  we  have  been  led 
might  have  been  obtained  in  a  different  manner.  It  was  natural  to 
anticipate  that  all  parts  of  the  field  where  the  ratio  y/x  is  not  great  would 
be  occupied  by  waves  whose  fronts  are  perpendicular  to  the  axis  of  y. 
This  suggests  a  search  for  solutions  of  (4)  of  the  types 

e^^'^u,         e-^v.  (26) 

Taking  the  first  of  these,  we  have 

or,  in  terms  of  the  parabolic  coordinates  ^,  17, 

^  +  ^  +  4»(,^+f^)  =  0.  (28) 


•  Cf.  Carslaw,  Froc.  LoncUm  Math.  Soe.j  Vol.  xxx.,  p.  134  (1898). 
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This  is  satisfied  by              u  =  fH+fi)  =  /(f),  (29) 

say,  provided                          ^  +  2if  ^  =  0,  (80) 

».<5.,  provided                      u=zA+B\      e'^d^.  (31) 
Similarly,  we  obtain  the  solution 

w'  =  A'+B'  [^'\'^'dt.  (82) 


In  like  manner,  taking  the  second  form  in  (26),  we  have  the  solutions 

v  =  G+d\      e^^rff,  (88) 

Jo 


v'  =  C'+D'[^  %-*^df. 


(84) 


These  results  may  be  combined  as  above  so  as  to  satisfy  all  the 
conditions  of  the  problem. 

8.  We  have  so  far  confined  ourselves  to  the  acoustical  form  of  the 
question.  It  is  known,  however,  that  the  same  analysis  applies  to  the  case 
of  electric  waves  polarized  perpendicularly  to  the  plane  xy,  provided  the 
screen  be  regarded  as  perfectly  conducting.  In  this  application  the  symbol  <f> 
denotes  the  magnetic  force,  which  is  everywhere  parallel  to  the  axis  of  z. 

When  the  electric  waves  are  polarized  in  the  plane  xy,  the  surface 
conditions  are  altered.  If  <f>  now  denote  the  electric  force,  which  is  every- 
where parallel  to  z,  the  function  ^  in  (2)  must  be  such  that  ^  =  —  1  f or 
y  =  0,  a:  >  0,  and  3^/3y  =  0  for  y  =  0,  a;  <  0.  This  suggests  the 
assumption 

S^=C-^8inie.  (35) 

ex  ^/{kr) 

The  remaining  steps  are  analogous  to  those  of  the  preceding  investigation ; 
and  the  final  result  is 


V(27r)  (       Jo  Jo  ' 


(86) 


This  is  easily  verified. 


4.  It  must  be  admitted  that  the  procedure  of  §  1  becomes  unsuitable 
when  the  incident  waves  are  oblique  to  the  screen.     But  we  can  readily 

0  2 


(41) 
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adapt  the  solutions  of  (4)  there  obtained  so  as  to  satisfy  the  altered  con- 
ditions.    Thus,  assuming 

0  =  g<fc("in»+»«>-)+^,  (87) 

where  the  first  term  represents  a  train  of  incident  waves  coming  from  the 
direction  0  =  Jtt— a,  we  have  the  types 

xfr^  =  c'e**^"*"*+>'««*>         e-^*d^,  (38) 

yfr^  =  (7«a(x.ina-yoo..)  (^'''^-ifV^  (39) 

Jo 
provided       k{x+iy)e^^  =  (f+^ly)^        k{x+iy)e-'^  =  (i'+ifi'?,  (40) 

or  i=  (Ar)»  cos  J(e+a),         17  =  (Ar)*  sm  i(e+a), 

^'  =  (A:r)*  cos  iiO-ah        17'  =  (Ar)*  sin  JC^-a). 
If  we  combine  these  in  the  manner  suggested  by  the  previous  investi- 
gation, we  find,  for  d  =  tt,  V^i+ V^a  =  0,  and,  for  6  =  0,  — ^i    ^^  =  0. 
Hence  the  surface-conditions  of  the  acoustical  problem  are  satisfied  by 

Moreover,  when  6  lies  between  Jx+a  and  x,  and  r  is  infinite,  the  defijiite 
integrals  in  (38)  and  (39)  become  equal  to  J(l— t)\/(i'"')«  Since  the 
primary  waves  must  alone  be  sensible  in  this  region,  we  find 

C  =  ^^.  (48) 

The  solution  is  thus  completed,  and  will  be  found  to  agree  with  that  given 
by  Sommerfeld, 

As  before,  the  analysis  applies  also  to  tbe  case  of  electric  waves 
incident  on  a  perfectly  conducting  screen,  when  the  plane  of  polarization 
is  perpendicular  to  that  of  incidence.  For  waves  polarized  in  the  plane  of 
incidence  we  should  find 

with  C  determined  by  (43)  as  before. 

5.  Perhaps  the  cbief  interest  of  solutions  such  as  those  above  investi- 
gated lies  in  the  opportunity  which  they  afford  of  comparison  with 
Fresnel's  more  empirical  methods  of  calculation.  Detailed  comparisons 
have  been  made  by  Sommerfeld  and  also  by  Drude,*  who  has  employed 

♦  Lehrbmh  der  Oplik,  Leipzig,  1900,  p.  192. 
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with  effect  the  method  of  Gomu's  spirals.  It  is  easy  to  shew  independently 
that  the  distribution  of  intensity  must  under  the  usual  optical  conditions* 
be  sensibly  the  same  as  that  obtained  on  Fresnel's  hypotheses. 

The  value  of  ^  at  any  point  P  on  either  side  of  the  plane  y  =  0,  in 
terms  of  the  values  of  0  or  of  its  normal  derivative  d^/dn,  at  points  of 
this  plane,  is  given  accurately  by  either  of  the  formulsB 

^p=  -2r   D^{kR)^^dx,  (45) 

J_«  dn 

i>p=      2 1     i>^D^(kB)dx,  (46) 

where  22  denotes  distances  of  P  from  the  points  {x,  0)  at  which  the  value 

of  0  or  d<f>l(hi  is  given ;  and  the  element  {Sn)  of  the  normal  is  supposed 

drawn  towards  the  side  of  the  axis  of  x  on  which  P  lies.     The  function  Dq 

represents    the  velocity-potential  due  to  a  ''  simple  "  line-source  of  unit 

strength,  viz.,  ^   /-«> 

D^ikB)  =  ^     e-^^-^*^^'"^-^!*.  (47) 

ZttJo 

For  large  values  of  12  this  tends  to  the  asymptotic  form 

It  may  be  sufficient  to  take  the  case  of  normal  incidence,  with  the 
boundary  conditions  of  §  1.  On  Fresnel's  plan  we  should  assume  in  the  first 
place  that  over  the  free  portion  of  the  plane  ^  =  0  the  velocity-potential  </>, 
or  the  normal  velocity  d<f>ldyy  has  the  valu3  proper  to  the  primary  waves  (1), 
whilst  on  the  negative  face  of  the  screen  both  these  functions  vanish. 
Now  it  appears  from  (2)  and  (25)  that  for  ^  =  0  we  have 

^0  =  1     [a?<0],         ^^  =  (l+^)wl^     e-'^dC     [a:>0].       (49) 

The  latter  expression  refers,  of  course,  to  the  negative  side  of  the  screen  ; 
it  fluctuates  rapidly  in  phase,  and  becomes  insensible  when  x  exceeds  a  few 
wave-lengths,  its  asymptotic  value  being 

V(2x)  A/ikx) 

For  distances  B  which  are  large  compared  with  the  wave-length,  and  for 
points  in  the  neighbourhood  of  the  edge  of  the  geometric  shadow,  the 

*  Cases  of  considerable  obliquity,  as  regards  the  direction  of  tbe  incident  or  that  of  the 
oteerved  waTes,  are  here  excluded. 
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correBponding  elements  in  the  integral  (46)  will  contribute  nothing 
appreciable  to  the  final  result. 

If  we  employ  the  alternative  formula  (45),  we  require  the  value  of 
3^/3n  for  y  =  0,  a:  <  0.     This  is  found  to  be 

where  z'  has  been  written  for  — ar.  The  asymptotic  value  of  this  is  — »A:, 
and  the  error  involved  in  taking  this  as  the  general  value  is,  in  the 
circumstances  supposed,  insignificant. 

Fresnel,  of  course,*  did  not  employ  the  formulae  (45),  (46),  which  are  of 
much  more  recent  date  ;  but  his  methods  give  for  most  purposes  a  sufficient 
evaluation  of  the  integrals,  on  the  hypothesis  (here  justified)  that  ^  and 
d^/dy  may  be  taken  to  have  their  simplified  values  in  the  plane  y  =  0. 

Reflection  by  a  Cylindric  Parabolic  Surface. 
6.  If  in  §  2  we  had  assumed  for  ^  the  forms 

e^u,     e'^v,  (52) 

we  should  have  found,  taking  the  first  form, 

^  +  ^  +  2t*^  =  0,  (53) 

or,  in  terms  of  ^,  ly, 

3?  +  3;;r+4*(^g|-'/g^j  =  o.  (64) 

This  has  the  solutions         u  =  A+b\ e-^*^di, ] 
The  corresponding  equation  in  v  is  satisfied  by 

- 

v'  =  C'+X>'Je-«''ii7. 

Consider,  for  example,  the  region  lying  to  the  left  of  the  parabola 

1  =  %,  (67) 

and  assume  ^  =  { 1+ c  f  e-'^^'dt]  e""'.  (68) 


(66) 


•  Of.  Loid  Baytoij^,  Phil.  Maf.  (5),  Vol.  xun.,  p.  259  (1897).    [&.  P«p*n,  Vol.  it.,  p.  28S.]  . 
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This  is  symmetrical  with  respect  to  the  axis  of  x,  and,  for  large  negative 
values  of  a?,  tends  to  the  form      ,  _    _ito  /kqx 

The  condition  |^  =  0     or     |&  =  0  (60) 

on  Crj 

will  be  satisfied  at  all  points  of  the  parabola  (57),  provided 

2ii7o  { 1  +  C  r  e-^^d^\  -  Ce'H  =  0.  (61) 

The  formula  (58),  with  C  determined  by  (61),  represents  the  case  of 
plane  waves  of  sound  (or  of  electric  waves  polarized  at  right  angles  to  the 
plane  xy)  advancing  from  x  =  —  oo ,  and  undergoing  reflection  at  the 
convex  surface  of  a  rigid  (or  perfectly  conducting)  obstacle  whose  section 
is  the  parabola  (57).  If/  denote,  in  the  sense  of  geometrical  optics,  the 
focal  length  of  the  convex  mirror,  we  have 

kf  =  fil.  (62) 

When  /  is  very  great  compared  with  the  wave-length,  ijo  will  be  large, 

and  f«  i>-^ni 

e-^df  =  V-,  (68) 

ho  4iJ7o 

approximately.     Hence  C  =  4ifiQ^\  (64) 

and  the  reflected  waves  are  therefore  represented  by 

For  large  values  of  7  this  takes  the  form 

—ikr 

On  comparison  with  (48),  it  is  seen  that  the  waves  reflected  in 
directions  nearly  opposite  to  that  of  the  inoident  waves  are  such  as 
would  be  produced  by  a  simple  line-source  of  strength 

Vi&irkf),  (67) 

coincident  with  the  axis  of  z. 

An  arrangement  of  virtual  sources  adequate  for  all  directions  is 
obtained  if  we  imagine  the  region  to  which  the  formula  (65)  applies  to 
be  continued  backwards  through  the  reflecting  surface.  Putting  17  =  0, 
kdy  =  ^dvf,  we  fijid,  for  2;  >  0, 

wliere  the  alternative  sign  relates  to  the  upper  or  lower  side  of  the  axis 
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of  X.  Taking  the  difference,  we  obtain  the  surface-density  of  the 
fictitious  sources  which  would  produce  the  system  of  reflected  waves. 
These  sources  extend  from  the  focus  of  the  parabola  to  the  right,  vary- 
ing in  phase,  and  diminishing  in  amplitude,  with  increasing  distance 
from  the  focus. 

7»  Next,  consider  the  region  to  the  right  of  the  parabola  17  =  7o>  ^ 
which  fj  varies  from  0  to  j/q.  The  formula  (58),  with  the  same  value  (64) 
of  C  as  before,  will  represent  a  radiation  originating  from  a  suitable 
arrangement  of  sources  near  the  origin,  and  emerging  as  a  uniform  parallel 
beam  in  the  direction  of  x  positive,  after  reflection  at  the  concave  surface 
of  the  parabolic  cylinder.  The  density  of  the  required  distribution  of 
sources  is  4^^  ^(kf)  {kx)'^  g-*^-('- V).  (gg) 

For  large  values  of  17  the  formula  (58)  reduces  to 

^  =  e-+V(¥)««^;7(^y^i^.  (70) 

of  which  the  first  term  represents  the  reflected  beam,  and  the  second  the 
direct  radiation  from  the  sources. 
Again,  the  formula 


</>=  \1+B^  e'^d^ 


e^  (71) 


will  correspond  to  the  case  of  a  uniform  parallel  beam  coming  from  the 
direction  of  aj  =  +  00 ,  brought  by  reflection  to  a  focus  (in  the  loose  sense 
of  geometrical  optics),  and  there  absorbed  by  some  suitable  contrivance. 
The  constant  B  is  determined  by  the  condition 

-2ii7o  { 1+B  ^  e-«^df  j  -£/'"«  =  0,  (72) 

\  Jl|o  ) 

or  B  =  -  ^in^e-^^,  (78) 

approximately,  since  1^  is  supposed  large.  The  density  of  the  sources 
(or  rather  sinks)  at  the  ''  focus  "  is 

-Uk^/{Jcf)  (M~*c**<-^.  (74) 

For  large  values  of  n  we  have 

»  =  e«-+V(¥)e-"^^(43.,^,.  (75) 

of  which  the  first  term  represents  the  incident  beam,  and  the  second  the 
waves  converging  to  the  *'  focus." 

It  is  not  possible  to  combine  the  formulsB  (58)  and  (71)  so  as  to 
represent  the  case  of  an  originally  parallel  beam  reflected  through  the 
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real  **  focus,"  and  returning  finally,  after  a  second  reflection,  back  on  its 
original  course.  It  would  be  interesting  to  have  a  solution  of  such  a 
case,  but  it  must  be  recognized  that  the  present  problem  is  hardly  suited 
for  an  elucidation  of  the  matter.  In  the  first  place,  the  concentration  of 
sources  in  a  plane  is  peculiar  to  the  parabolic  form.  Moreover,  the  applica- 
tion of  our  results  to  a  finite  mirror  is  subject  to  serious  qualification.  If 
we  limit  the  mirror  by  a  plane  perpendicular  to  the  axis,  we  cut  off  a 
whole  system  of  rays  (to  use  for  a  moment  the  language  of  geometrical 
optics)  which  after  the  first  reflection  would  impinge  near  the  vertex,  and 
so  contribute  to  form  the  central  portions  of  the  finally  reflected  beam. 
If  the  plane  of  the  edge  be  on  the  nearer  side  of  the  focus,  no  reflected  ray 
strikes  the  mirror  a  second  time. 

The  solution  obtained  for  the  case  of  the  convex  mirror  does  not 
appear  to  be  liable  to  such  limitations.* 

Befiection  of  Sound-  Waves  by  a  Paraboloid  of  Revolution. 

9.  The  procedure  of  §  6  is  readily  extended  to  the  case  of  a  paraboloid 
of  revolution.  In  the  case  of  symmetry  about  the  axis,  the  differential 
equation  takes  the  form 

where  vr  denotes  perpendicular  distance  from  the  axis  of  x,  which  is  that 
of  symmetry.     If  we  write 

hx  =  e-^,     kTj  =  2in,     kr  =  i'+^,  (82) 

wefind  ¥  =  ^^'      3^  =  -i-2-, 

OX  r  ex  r 

OZT 


i=*f 


(88) 


our 


and  therefore  i  =  2^^{^4~'''^)' 

Hence,  farther, 

*  [The  oase  of  eleotrio  waves  polarized    in  the  plane  xp  ia  omitted,   for  brevity.      The 
formula  (5tt)  is  then  replaced  by  /i| 

K 
where  C  is  given  approximately  by  (64). — Jmie,  1906.] 
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If  we  seek  for  solutions  of  (81)  of  the  types 


e^u^       e'^v, 


(86) 


we  have,  m  the  first  place, 


or 


^u  ,    ^u   .    1    (he   I  fj.y  du      ^ 


0. 


(87) 


(88) 


This  is  satisfied  by 


u  =  A+B 


J"     r 

1 


(89) 


Similarly,  the  corresponding  equation  in  v  has  the  particular  solationB 


i' 


J  1    J 


(90) 


In  the  case  of  sound-waves  incident  from  the  left  on  the  convex  surface 
of  the  paraboloid  .     . 

(ill) 


*l  —   Vl» 


we  assume 


<f>  = 


4 


l  +  O'i    e 


-2i^  of  I  ^-<Jbr 


f  ) 


(92) 


where  C  is  to  be  determined  by  the  condition  that 
This  gives  2i,o  1 1+ C  r  c"**^  $  f-  C  —  =  0. 


■^  =0,    for    >j  =  I/O- 


(98) 


(94) 


For  large  values  of  q,  we  have 


r 


3"> 


(95) 


approximately.     Hence,  if  the  focal  length  /  is  large  compared  with  the 
wave-length. 


and  the  formula  (92)  becomes 


(96) 


<t>  =  {  l-\-Uhf<^^  e-^^]  e-**-. 


(97) 
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For  large  values  of  17, 

J. -iter   I    X^^kf 


e-^ 


^  =  e-^+fe^^    ;.  fl,. .  (98) 


Hence  the  waves  reflected  at  small  obliquities  will  appear  to  come  from  a 
virtual  source  of  strength  Airf  at  the  origin. 
From  (92)  and  (88),  we  find 

3i^^jci-^  =  -iC?±^'— .  (99) 

dor  n      f  m       r 

Hence,  if  we  suppose  the  function  which  represents  the  reflected  waves  to 
be  continued  behind  the  reflecting  surface,  we  find  that  these  waves  may 
be  regarded  as  due  to  a  continuous  distribution  of  point-sources  along  the 
axis  of  X,  to  the  right  of  the  origin,  with  line-density 

^irCe-'^      or       6i7rkfe'^^''^,  (100) 

if  we  substitute  the  approximate  value  of  C  from  (96). 

The  amplitude  of  these  sources  is  the  same  at  all  points  of  the  axis  of 
X  to  the  right  of  the  origin,  but  the  phase  runs  along  continually  with  the 
wave-velocity  appropriate  to  the  medium.  The  reader  who  is  interested 
in  tracing  physical  continuities  will  observe  that  the  uniformity  of 
amplitude  is  connected  with  the  fact  that  the  equipotential  surfaces  of  a 
semi-infinite  uniform  line  of  matter  are  confocal  paraboloids. 

The  case  of  a  concave  parabolic  reflector  might  be  treated  in  a  similar 
manner. 
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INVESTIGATIONS   ON   SERIES   OF   ZONAL  HARMONICS 

By  T.  J.  FA.  Bbomwich. 

[Bead  Maich  8th,  1906.— Reoeived  March  1 3th,  1906.] 

A  NUMBER  of  results  have  been  established  by  Abel,  Appell,  Picard, 
Cesaro,  Lasker,  Pringsheim,  Le  Roy,  Lindelof,  and  Hardy*  on  the 
behaviour  of  a  function  ^anX^  in  the  neighbourhood  of  the  point  x  ^1, 
according  to  the  mode  of  convergence  or  divergence  of  the  series  Z  a^. 

In  the  following  paper  some  results  analogous  to  those  just  mentioned 
are  obtained  for  the  behaviour  of  the  series  of  zonal  harmonics 
2  an  r'^Prt  (cos  0)  in  the  neighbourhood  of  the  point  (r  =  1,  0  =  0).  It  is 
proved,  for  example  (§  7),  that,  if  lim  an'n}'^  =  gr,  where ^  is  positive,  then 


n=!«o 


lim  |>P2anr«P^  (cos  0)]  =^V{p)g  Pp-i(Mi), 

where  /o^  =  1 — 2r  cos  0+ r^,        /omi  =  1  —  r  cos  Q. 

But,  if  2>  =  0  and  cin,  =  l/(w+y),  we  have  (§  3) 

lim  [2a, r'^Pn (cos 0)-log  {2/p(l+/xi)H=  T^^^j^d^. 
p=o  Jo    i  —  I 

On  the  other  hand  (§  1),  if  2  an  converges, 

lim  l^anT^Pn  (cos  0)  =  2a«. 

p=0 

It  is,  perhaps,  noteworthy  that  the  use  of  the  asymptotic  formula  for 
Pn  (cos  Q)  leads  to  erroneous  results  with  regard  to  the  behaviour  of 
2artr'*Pn  (cos  6) ;  see  §  4  below. 

One  point  of  difference  from  the  power  series  is  to  be  noted :  in  the 
power  series  we  can  deduce  the  behaviour  of  the  series  at  any  other  point 
of  the  circle  |x|  =  1  from  the  behaviour  at  x  =  1.  To  be  more  exact, 
if  1^1  =  1  and  2anr  diverges,  the  behaviour  of  2anX"  near  j;  =  Hs  easily 
determined  by  writing  the  series  as  ^ant'^^xjtY ;  such  a  method  cannot  be 


*  Abel,  (Euvre*^  1. 1.,  pp.  223,  618;  t.  n.,  p.  203  (Sylow-Lie's  edition).  Appell,  Comptu 
Rthdm,  t.  Lzxzvn.,  1878,  p.  689.  Picard,  Traite  d* Analyse^  t.  n.,  1893,  p.  73.  CesJLro,  Rend.  d. 
E,  Aee.  d.  Napoli  (2),  1893,  p.  187.  Lasker,  Phil  Tram,,  Vol.  196,  A,  1901,  p.  431.  Pringsheiiii, 
Acta  Mathematiea,  Bd.  zxTzn.,  1904,  p.  1.  Le  Boy,  Bulletin  de*  Set.  Math,,  t.  zziv.,  1900, 
p.  245  ;  Annate*  de  IhHloute  (2),  t.  n.,  1900.  Lindelof,  Acta  Soe.  Sci,  Fmnicte,  t.  xxxi.,  190S, 
No.  3.    G.  H.  Haidy,  Froe.  London  Math,  Soe.  (2),  Vol.  3,  1905,  p.  381. 
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applied  to  series  of  zonals.  I  have  found  some  results  concerning  the 
behaviour  of  2 a«r*Pn  (cos  0)  near  r  =  1,  d  =  a,  when  Za«  cos  na  and 
2  a«  sin  na  are  divergent ;  but  the  present  paper  deals  only  with  the  point 
(r  =  1,  d  =  0),  as  there  are  some  difficulties  still  to  be  settled  in  the  other  case. 


1.  Extension  of  AheVs  Theorem  on  Power  Series. 

In  the  first  place,  if  the  series  Za»  is  absolutely  convergent,  it  is  evident 
from  the  familiar  result  |  p^  (cos  0)  |  <  1 

that  the  terms  of  the  series 

2anr*Pn  (cos  ^  =  Zo^Xn 

are  not  greater,  in  absolute  value,  than  those  of  the  convergent  series 
Z|a»|,  provided  that  r  ^  1.  Thus  the  series  ^OnX^  converges  uniformly 
at  all  points  (r,  Q)  within  or  on  the  unit  circle  r  =  1. 

But,  if  Za^  converges,  although  not  absolutely,  another  method  must 
be  adopted.     By  Abel's  transformation  we  can  write 

V  K  — 1 

2     dnXn^    2   Un  — -4^(Xn  — Xn+l)  +  UK  — -4^X,„ 

where  i4n  =  Oo+^i'!'^'!'---'!"^     ^^     »«  = -4n— -4n-i. 


Thus 


^+1 


<  2U„-^J  \X,-Xn^x\-\-\A-A^\\X,\, 

and,  by  §  2,  we  have  |  Xn— X»+i  |  <  /or*, 

where  /o*  =  1— 2r  cosfl+r*.     Also  |X^|<r^;  and,  in  virtue  of  the  con- 
vergence of  2  an,  it  is  possible  to  fix  jm  so  that 

\An—Aj<a',     if     n: 

Combining  these  results,  we  see  that 


M" 


2anXn  </oo-  2  r"+(rr^; 


that  is. 


2  anX» 


Ll-r 


r-(r+p~l) 


1-r      J 


Now  />  >  1  — r ;  so  that 


2  OnXn 


+  1 


p(T7^'''         pa- 
l—r        1— r 


Further,  Pringsheim*  has  proved  that 


l—r 


cos  a 


*  MSnthmier  SittungihtneKtt,  Bd.  xxxi.,  1901,  p.  5U  ;  Acta  Mathmatiea,  Bd.  xsna.,  1904,  p.  4. 
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if  the  point  (r,  6)  is  restricted  to  lie 
within,  or  on  the  boundary  of,  the 
area  0 ABC  (Pig.  1)  bounded  by  the  circle 
of  radius  }  (touching  the  unit  circle  at  1) 
and  two  straight  lines  making  angles  a 
with  the  radius  through  1. 

Thus,  finally,  within  OABC  we  have 


2<7/cos  a  ; 


which  proves  that  the  series  ^a^Xn  con- 
verges uniformly  at  all  points  within  (or 
on  the  boundary  of)  the  area  OABC. 


Fio.  1. 


2.  Lemma  on  Zonal  Harmonics, 
We  have  assumed  in  §  1  that 

and  we  now  proceed  to  prove  this  inequality. 
It  is  known  that,  if  /x  =  cos  0, 


Pn  (cos  e)  =  ^\ 


V'dt 


27riJc(l-2/x^+^* 

where  the  path  of  integration  C  is  a  closed 
curve  enclosing  the  two  points  t  =  e**,  1  =  6"^^ 
in  the  plane  of  the  complex  variable  t 


t 


Fio.  2. 


ThuB 


and  now  take  as  the  path  C  an  ellipse  of  semi-axes  a,   b,  whose  foci 
coincide  with  the  points  e^y  e~^,  so  that  a^—b^  =  sin^0. 

If  0  is  the  eccentric  angle  on  the  ellipse,  we  can  write  in  the  integral 

t  =  cos  0+6  sin  <f>—ai  cos  <f>. 

It  is  then  easily  seen  that 

©  =  (icos^+aisin^y-^  =  (62-a^)-(^-cos0)'  =  -(1-2^^+^; 
so  that 


dt 


Hence 


i(i-274<*)»i~'^^' 

|X,-X,+i|<£j^'|<r  \l-rt\  d</>. 
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Now 
<  I  *  =  (cos  e+b  sin  ^)»+a*  cos*  ^  =  (cos  O+b  sin  ^)*+(6*+sm*  0)cos*  <p ; 
so  that  Ul  *  =  1+26  cos  6  cos  ^+6*— sin* 6  sin*  0, 

and  therefore  |  ^  |  ^  1 + 6. 

Again 

I  l-r^|«  z=  (1— r  cos 0-6r  sin  0)*+aV  cos* </> 

=  1— 2r  cos  e+f^—2br  sin  0(l-r  cos  0)+6*t^— r*  sin*  6  sin*  ^ ; 
80  that  I  l-rt  I*  <  p^+2brp+b^r^ 

and  |l— r^|</o+6r 

where  />*  =  1— 2r  cos  0+r*. 

Hence  |X.-Xn+i|<  |^  j''(l  +  6)>+6r)d^ 

or  |Xn-Xn+i|  <  [r(l+6)]>+6r). 

Now  b  may  be  supposed  as  small   as   we  please,   and   so  the  last 
inequality  implies  ,  ^^      v      \  ^    ^ 

I  An — An+l  I  ^  />'    • 

3.  Some  special  Series  of  Zonal  Harmonics. 
(A)  Consider  the  special  series  of  zonal  harmonics 

F(r,  0)  =  l  +  |(^+n-l)nr"P»(cos0), 

Now  p.,e„,«)  =  ^j^_0_^, 

where  the  contour  C  is  any  closed   regular   curve  in  the  plane  of  the 
complex  variable   <,   which  encloses   the   two   points    ^  =  6^,    t  =  e~^. 


oo 


because  (1-rO"'  =  1+  2(p+7i-l)nr"r, 


1 


and  this  series  converges  uniformly  on  the  path  C,  provided  that  the  curve 
does  not  pass  through  the  point  t  =  1/r. 
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Write  now    ^     ^^  _    ,, 

1 — rt  =  pu 

where     />*  =  1 — 2r  cos  0 + r*. 

We  have  then 

=  t^-2Atr(l-/>t*)  +  (l-/)w)* 
=  />M-2/xiW+tt^ 

where  /o/xj  =  1— ^tr. 

It  is  easy  to  give  a  geometrical  interpretation  to  p  and  mi  ;   niark  the 
points P,  (r,  0),  and  ^4,  (1,  0)  in  a  diagram.   Then  AP  =  p  and  /xi  =  cos  flj 

P 


Fio.  3. 


Fio.  4. 

if  0j  =  O^P.  When  the  substitution  for  t  is  made  in  the  integral  F{r,  0) 
we  find  _p  r  u~^du 

where  the  path  of  integration  C  is  now  a  closed  regular  curve  in  the 
plane  of  the  complex  variable  u  which  encloses  the  two  points  *  tx  =  tf^s 
«  =  «-«'.     Hence  F(r,  6)  =  p-'P,-i{coB  B^), 

and  this  expression  gives  the  value  of  the  series  so  long  as  r  <  1 ;  but 
analytically  the  expression  /o"^Py-i(cos0i)  has  a  meaning  for  all  values 
of  (r,  6)  except  those  for  which  6  =  0  and  r  >  1  (making  cos  ^^  =  —  1). 
Thus  /o-iPp_i(cos0i)  gives  an  analytical  continuation  of  F(r,6)  over  the 
whole  plane  if  we  exclude  by  a  cut  the  part  of  the  line  0=0  which  lies 
beyond  the  point  r  =  1.  Of  course,  this  analytical  continuation  is  not 
to  be  confused  with  the  potential  function 

V  =  r-^+i;(i?+n-l)nr-<'»+^>Pn(cos0), 

which  is  appropriate  for  r  >•  1  ;  a  similar  investigation  will  show  that  V 
can  be  put  in  the  form       p-rrP-'p^.,(eoQ  OP  A), 

which  is  plainly  continuous  with  F(r,  0)  at  r  =  1. 


♦  BeoauBe  <  ■=  •*  gives  ^  —  1  —  r^  —  1  —  r  cos  0^ir  em0  or  pu^  p  cos 0i— ip  sin  B\  ;   i.r.. 


,-i#. 
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CB)  Take  next  the  series 

*/^  A  _   1  4.  y  r*P»(coB  6)        .   ^  -. 

If  i^e  follow  the  method  given  by  G.  H.  Hardy  *  for  the  associated  power 
senes,  we  shall  write 


^=j:h(i)r''-"* 


(y+>'7-      yo 

w^bich  can  then  be  transformed  into  an  integral  along  a  closed  regular 
cuirve  iii  the  ^plane,  starting  and  ending  at  the  origin,  and  enclosing  ^  =  1. 
Ii:^  tliis  manner  we  have 

1     _  ra- 


'-^\  OogO'-'^-'^-^d^, 


wh^x-e 


Oog  f)«-^  =  exp  [(g  - 1)  log  Oog  t)\ 
p-^  =  exp[(y-l)log^], 
log  t^  log  Gog  f)  are  real  at  the  point  A  (see  Fig.  5). 


kr-v-** 


Pig.  5. 


Hence 


#(r,0)  =  ^^^ 


0-5)  f      Oog Q^-^ ^^-^      ,, 
2«     Jc(l-2Mr^+^^*      ' 


where  the  square  root  is  taken  so  as  to  be  positive  at  the  point  A  ;  and 
the  path  C  is  supposed  to  be  drawn  so  as  not  to  enclose  the  points 
t  =  r-^e**,  t  =  r'^e"^^  at  which  the  denominator  is  zero.  That  the  series 
2  (rO'^Pn  (cos  0)  converges  uniformly  at  all  points  of  C  is  evident  if  A  lies 
between  1  and  1/r. 

If  we  write  t  instead  of  rt,  we  obtain  (see  Fig.  6) 

^^'^'^^"'    27rir>    Jc,      (1-2m<+^* 

If  cuts  are  made  from  0  to  r  and  from  e"*^  to  e*^  in  the  plane  of  the 
complex  variable  t,  it  will  be  evident  that  the  subject  of  integration  is 

«  Proe,  London  Math.  Soc.,  Ser.  2,  Vol.  3,  1905,  p.  381. 
.  2.    TOL.  4.     vo.  925.  ' 
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made  one-valued  ;   and,  further,  that 

Jc,        JC3       Jc, 

the  paths  being  those  indicated  in  Fig.  6. 


Pia.  6. 

Now,  when  r  tends  to  1  and  6  to  0,  the  integral  along  C^  approaches 
a  definite  finite  limit 


27rt      Jcs         1  —  ^ 


Thus  we  may  now  write 

where  e  tends  to  zero  as  (r,  6)  approaches  1  ;  a7id  7iow  the  square  root  is 
supposed  to  be  positive  at  the  point  B.     (Fig.  6.) 

To  evaluate  the  remainmg  integral,  write  t  =  r'\-pv,  where 

p^  =  l-2rcos0+r'; 
and  then  we  obtain 

2Tnr    J  (1— 2^2^+^;* 

where  /o/xq  =  ^t— r  ;  or  /xj  =  cos{0+0i)  in  the  notation  of  (A)  above. 
The  path  of  integration  is  now  a  regular  closed  curve  surrounding 

and  excluding  the  origin.  Now,  since  our  object  is  to  determine  the 
behaviour  of  $(r,  d),  when  (r,  6)  is  near  to  1,  so  that  p  is  small,  we  can 
easily  assign  a  value  of  pq  such  that  |  pv/r  \  is  less  than  1  at  all  points 
of  the  path  of  integration  provided  that  p  <  pq\  and  then 

log(l+/ot?/r)  =  pvlr—lipvlrf+lipvlrf—,.., 

(l+pvlr)y-'  =  l+(y-^l)(pvjr)+i(y-l)(y-2){pvlrf+,.,. 
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ThoB 

=  T(l-q)  [fi^p,_iOuj)+i(2y-g-l)  ^1  P>a)+...]+L+e. 

Conseqaently,  when  p  is  small,  the  most  important  term  in  the  value  of 

*(*"'^*8  ra -?)/,«-!  r-'Pj-iOua), 

because  q  <.  1. 

It  may  be  noted  that,  if  g  =  1  —p, 

lim    $(r,  e)lF(r,  $)  =  r(l-g)  =  Tip) 
because  lim/xg  =  lim/xi. 

The  case  9  =  1  can  be  deduced  from  the  expression  just  found  for 
^(r,  $)  by  passing  to  the  limit  and  using  the  identity 

(l-g)r(l-gr)  =  r(2-g). 

But  it  is  easier  to  proceed  directly ;  for  we  have 

y+n      Jo 

y       1      y+^  Jod— 2Mr^+r2r)* 

the  convergence  being  uniform.     Now  we  have 

a-^firt+r'^-idt  =  —log    ^"^^ 


£ 


.^^u-*  P         ^~^dt  1,        1+Ai      ,n     «>-»-l)<i< 

^  *^'**  Jo  (l-2^r^+>^^*  =  V  ^^g  ^(IT^  +  Jo  (TTv 


and  in  this  series  the  coefficients  form  an  absolutely  convergent  series. 
Thus,  by  §  1, 

p=o  Jo(l  —  2Mre+r^r)*       \y         /       i  (n+y)(n+l)       Jo    1  —  ^ 

where  the  transformation  of  the  series  into  the  integral  is  justifiable  by 
the  aid  of  a  test  due  to  G.  H.  Hardy.*  It  is  also  possible  to  justify  the 
step  by  direct  reasoning. 

*  Meitenger  of  Mathematiety  December,  1905. 
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Consequently 

p-oLly        1       y+n     )  pH+t^J      Jo    1—^ 


4.  In  §  8  we  have  determined  the  behaviour  near  (1,  0)  of  certain 
series  of  the  type  2i,;'P,(co80)  =  Id^X, 


'■l»f 


where  2rf»  is  divergent,  though  2d„r"  converges  if  r<l.  From  the 
results  there  established  it  is  clear  that  the  behaviour  of  the  series  Sc2»2» 
near  (1,  0)  is  analogous  to  that  of  the  associated  power  series  Z(7»x*  near 
z  =  l;  and  we  are  led  to  expect  the  existence  of  theorems  for  series 
^dnXnOt  A  similar  character  to  the  theorems  established  for  ^dnX^  by 
Pringsheim  and  others  (see  the  papers  quoted  on  p.  204  above). 

It  is,  of  course,  obvious  that  when  d  =  0  the  series  J,dnXn  reduces 
to  the  power  series  Xdnt^;  and,  consequently,  any  result  established  for 
'LdnXn  ought  to  reduce  (for  0  =  0)  to  a  known  result  for  the  power  series 
^dnT^.  This  remark  gives  some  verification  of  the  conclusions  already 
obtained  in  §  8  ;  thus,  in  (A),  I^dnV^  =  (1— r)"^  and  p  =  1— r,  ©i  =  0 
(when  e  =  0);   so  that  />-^Pp_i(co80i)  =  (1— r)"^. 

It  might  be  thought  at  first  sight  that,  if  ZdEn  is  a  divergent  series,  the 

behaviour  of  the  series  ^  ,    -^  ,      ^. 

2  a»  r*Pn  (cos  0) 

near  the  point  (r  =  1,  0  =  0)  could  be  determined  by  making  use  of  the 
familiar  asymptotic  formula 

P^(cos  6)  =  ( ^y  sin  [(n+i)0+ Jtt]. 

\mr  sm  0/         ^ 

For  it  might  be  urged  that,  although  this  formula  is  not  correct  for  small 
values  of  n  and  6,  yet  it  gives  a  good  approximation  (even  when  6  is 
small),  provided  that  (n  sin  6)  is  large ;  thus,  since  the  divergence  of 
2  in r*Pn  (cos  0)  is  due  to  the  terms  of  high  order,  one  might  anticipate 
that  the  asymptotic  formula  would  lead  to  correct  results.  But,  as  a 
matter  of  fact,  this  anticipation  is  quite  incorrect. 

For  instance,  take  the  series  Sr^'P,,  (cos  0) ;  if  we  replace  P„  by  the 
asymptotic  formula,  we  obtain 


00 


!+(▼  sin  0)-*[(cosi0+sin  ^6)  2  w-*r"  cos  /zd 

00 

+  (cos  i^— sin  iO)  2  n''^r'^  sin  n0]. 
Now,  according  to  Pringsheim  [ActalMatheviatica,  t.  xxviii.,  p.  11,  (10)], 
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ilie  value  of  2  w^e*^  is  given  by  the  approximation 

(vising  the  notation  of  §  3).     Hence  the  asymptotic  formula  combined  with 
I^XTxigsheim's  would  give  for  the  approximation  to  ^r^Pn  (cos  6) 

p-^  (cos  idi+sin  idi)  (sin  Oj)'^ 

l>y  'writing  sin  0  =  />  sin  djr. 

^nt  the  actual  value  of  2  r*PH  (cos  0)  is  /o"\  no  matter  what  may  be  the 
^^^cdne  of  Oy ;  and  this  contradicts  the  result  obtained  from  the  asymptotic 
formula  for  P»  (cos  0),  The  correct  value  p~^  may  be  found  from  either 
1^  or  (B)  of  §  3. 

6.   Uniform  Divergence. 

Pringsheim  has  proved*  that,  when  x  is  free  to  take  complex  values 
^^^ear  the  point  x  =  1,  the  equation  lim|2dna;^|  =  oo  is  by  no  means  a 

^^^nsequence  of  the  divergence  of  2(2n«     That  the  same  is  true  for  2e2»Z» 
^B  evident  by  considering  §  3  (A).     For  example,  if  ^  =  8,  P^iM-i)  =  0  if 
^508  01  =  3~* ;  and  so,  for  this  special  value  of  6^,  ^dnXn  is  zero  for  any 
^alue  of  p  ;  thus,  lim  1 2  (2n^n  I  is  not  always  oo . 

Following  Pringsheim,  we  shall  say  that: — The  series  of  zonals  2dn-X» 
diverges  uniformly  at  (1,  0),  provided  that 

lim  1 2(i^Xn|/|2d!;,r~|  =  a  >  0, 

p-O 

mthin  a  properly  chosen  area  of  the  type  indicated  in  Fig,  1  (p.  206). 

6.  Comparison  of  the  Divergence  of  Two  Series. 

The  fundamental  theorem  is : — 

If  2d»r*  is  convergent  for  r  <  1,  but  2d»  is  divergent  {where  dn  >  0), 
then,  if^dnXn  is  uniformly  divergent  at  (1, 0),  the  series  2a»Xn  converges 
for  r  <  1  and  diverges  uniformly  at  (1,  0),  provided  that 


lim  li.an/i>dn]  =  g^ 

»'=»   \o        /    0        / 


Further,  im  (ZanXJ^dnXr^  =  g. 

p=0 

For,  write  D^  =  2d»,  Ay  =  2an  ;    then  it  is  evident!  that  2i)n^* 

converges  if  r<l;    and   consequently  l>Anr^  is  also     convergent,  and 
therefore  2anr*  converges.     Thus  2anX»  converges  for  r  <  1. 

•  X.«.,p.  6.  Pringriieim's example  is  <r»/(i-»)',  which  gives  lim  |i?i/(»-*)'|«l  if  a,-i»,  orOif  tf,  >  Jir. 
t  Because  2Dnr^  -  (l-r)-»lrf»»*. 
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Now  ^anXn  =  2^n(Xn— Xn+i)  +  2^n(Xn  — X„  +  i), 


0 

< 

K-1                                                                             X 

0                                                    »» 

80  that 

Assume  now  for  the  present  that  gr  =  0,  so  that  by  proper  choice  of  v  we 
can  make  all  the  quotients 

Ay/Dy,  Ay  +  llDy+lf  Ay^o/Dy  +  i,  "•  tO      00 

less  than  an  arbitrary  positive  fraction  o- ;  thus 


00 


ZAniXn  —  Xn+l) 


<30 


0-Sl)JXn-X,+i    . 


But,  by  §  2, 


and  BO 


Now 


|X,-Z„+i|  </)/•", 


oo 


2^  An,  (All       A.n  +  i) 


GO 


p<rJ:Dr,r''<p<rI,Dnr^. 


0 


00 


00 


IDnT''  =  (l-r)-^2(i^r'*  <  a-^(l-r)-^ 

0  0 


00 


2(f^X„ 

0 


in  virtue  of  the  uniform  divergence  of  XdaXn,  provided  that  the  point 
(r,  6)  lies  within  a  suitably  chosen  area  round  the  point  (1,  0).     Hence 


2i4„(Xn  — Xn+i) 


-i-.^-i 


/o(l  — r)  Va 


00 


2rf  da  Xk 

0 


or,  using  Pringsheim's  inequality,*  we  find 


00 


2.4„(X»— Xn+i) 


<  2cr  (a  cos  a) 


-1 


00 


2c?nXn 
0 


Thus  we  have 


00 

2  (In  Xn 
0 


••- 1 
^  An(Xn  —  Xn  +  i) 


0 


+  2(7  (a  cos  a) 


-1 


idnXn 
0 


or 


00 

2anX„ 

2 

00 

2dnX» 

0 


K-1 

2  ^;^(X»— Xh+i) 

0 


0  I 


+ 


2o- 


a  cos  a 


But,  from  §  2, 


and 


V^,(x,-Xn+i);  <  p  V|^,|»*, 


0 


oo 


00 


0  0  0 


See  f  1  above,  p.  206  (foot). 
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that 


r-l 


0 


^dnXn 
0 


a(l-r) 


CO 


^DnT^ 


Hence 


oo 
0 


00 
0 


SO  that 


lim 

p=0 


a  cos  a 


00 

^anXn 
0 


>»— 1  \ 


00 


00 

^dnXn 
0 


2D„r" 

0 


2<r 

a  cos  a 


since 


lim  iDnr**  =  lim  SD^r*^  =  oo. 

p=0    0  r=l    0 


But  (r  can  be  made  arbitrarily  small  by  proper  choice  of  i/,  so  that 

\im(lanXnlldnX)  =  0. 

p=0    \0  /    0  / 

Return  now  to  the  case  lim  AJD^  =  a ;  we  have  then 

V=HXi 

lim  {Ay—gD,)ID^  =  0, 

v=oo 

so  that,  in  virtue  of  what  has  just  been  proved, 

lim  ll,(an—gdn)Xnl^dnXn)  =  0- 

p=0    \0  /    0  / 


Consequently 


lim  {LanXnr^dnXn)  =  9, 

p=0    \0  /    0  / 


and  from  this  the  uniform  divergence  of  ^anXn  is  at  once  evident. 

If  it  happens  that  lim  {aJd^  =  a,  it  is  known  that  lim  (Ay/D^)  =  g 

**  n  =  oo  >'=co 

by  the  Cauchy-Stolz  theorem  (see  p.  219)  ;  consequently  the  same  con- 
clusions apply. 

7.  If  now  we  take,  as  the  series  of  comparison,  the  series  F(r,  6) 
discussed  in  §  8  (A),  we  have  at  once  the  following  conclusions  from  §  6  : — 

I/t  Son  =  (p+v)^gy    or  if  an  =  (p+n—l)ng,  then 


GO 


lim  /oP  2  ttnXn  =  gPp-.i(juLi). 

p=0  0 


*  This  theorem  is  due  to  Abel,  but  was  published  posthumously  {(Euvr&s,  t.  n.,  p.  203). 
t  The  equation  A^*!  B^g  implies   lim  (A^B^)  *-  g.    It  should  be  noted  that 


y  aCO 


2(p  +  ii-l)»-  (p  +  v),. 

0 
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A  direct  application  of   §  6  would  require  the  exclusion   [from  th 
domain  of  (r,  6)']  of  every  line  through  A  on  which  Pp_i(/Lti)  =  0  ;  for  w< 
have  seen  that  F{r,  6)  is  zero  corresponding  to  these  values  of  /xi.     Con 
sequently  the  series  F(r^Q)  ceases  to  diverge  uniformly  on  these  lines 
But  the  theorem  at  the  foot  of  p.  215  is  still  true  even  for  these  valuee 
of  fXi ;  for,  just  as  in  §  6,  we  can  prove  that 


oo 


0 


K-l 


00 


/3  2  Mn-9i)J/^+/>o-22)«r». 

0  0 


But  here  l:D^r^  =  (1—r) -<''+*>;  so  that 

0 

0  I  0 

Now,  by  Pringsheim's  inequality,  /)(1  — r)"'  ^  2/cosa  ;  so  that 


P" 


00 


^{an—gd^Xn 

0 


1—1 


fJ^^^  2  |^»-flri)Jr*+(T(2/cosa)''-^^ 
0 


Hence 


and  so 


limp'' 

p=0  '^ 


00 


0 


<(T{2/cosa)'^+\ 


00 


00 


lim  pi^  2  anXn  =- g\\m  pP^dnX^^  gPp-iijjLi). 

p=0  0  P=0  0 


Since  lim  {p+n—l)nn}''^  =  T{p),  the  theorem  obtained  above  may  be 
put  in  the  slightly  more  convenient  form : — 

If   ia-nZg  n\    then    lim  U^a^X^  =  r(p+l).?.  Pp-i(Mi) ;  or,  if 
0  p=o  \      0  / 

ttn  =  S'  mP"\  ^/i€?i   lim  (pP2a»Xn)  =  r(jp).  (/.  Pp_iOui). 

p=0    \       0  / 

It  is  at  once  evident  that  the  second  of  these  results  is  in  agreement 
with  §  8  (B). 

8.  We  pass  now  to  the  consideration  of  series  which  diverge  more 
slowly  than  those  already  discussed.  For  this  purpose  we  need  certain 
properties  given  by  Pringsheim*  with  reference  to  a  continuous  function 
X(2;)  which  steadily  increases  to  infinity  with  x,  but  more  slowly  f  than 
any  power  of  x ;    for  integral  values  2;  =  n,   it  is  convenient  to  write 


*  Acta  Mathematical  Bd.  zzvm.,  1904,  pp.  12-14. 
t  For  initanoe,  log  «,  log  |  logx  |,  .... 
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X(n)  =  X«.     Then  the  tvo  chief  properties  are 


n 


(i.)     lim  f- (\,-X«_i)  =  0, 
(ii.)     lim  Mkx)IX(x)  =  1. 

S=ao 

The  first  of  these  is  more  conveniently  written 

(iii.)     lim  xX'(a;)/X(x)  =  0, 

case  the  differential  coefficient  X'  (x)  exists. 
Consider  now  the  series 


00 


shall  show  that 


JPx  =  Xo+2(Xn-Xn-i)Xn: 
1 

limrJ4^=l. 


7^  xaip) 

The  proof  is  exactly  similar  to  Pringsheim's  for  the  corresponding  theorem 
on  power  series.* 

For  any  integral  value  of  v,  we  have 

V 

X„  =  Xo+  2  (Xn — Xn-l), 
1 

«o  that  F^-X  =  2  (X,-X„_i)(Xn- 1)+  2  (X,-X,_i)X. 

1  v  +  1 

and  I  F^-\  I  <  i  {K-K-i)  I  X,-l  I  +  2  (X„-X,_i)  1  X,  | . 

1  v+\ 


Now 


|Xn~l|<(l-r)B+|0|e, 


where  B,  6  are  the  maximum  values  of 
hood  of  the  point  (1,  0). 

SXn 

"57 


a»- 

and 

in  the  neighbour- 


But 


=  nr^-'Pn(coB  0),        ^  =  r-^ 


W 


d0  ' 


so  that  B  =n;  as  for  6,  we  can  easily  prove  that! 


dP, 

dO 


n,  and  so 


♦  L,e.,  pp.  16-18. 

t  In  fact,  Fn{ooB0j  »  a^oo%n$-^ui006{n''2)e+ ..,    to    i(«  +  l)    or    k(»*2)  terms,  where 
«0f  «!»  •••  ^*^  ^  podtiye  and  2a  >b  l.    Thus 


d9 


or 


— fuipBinfitf— (n— 2)a|8m(»— 2)0— ...  ; 

I    **    I   < 
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e<n.     Thus 

|X,-1|  <n[{l-r)+|0|]. 

Further,  we  have  (1— r)^  ^  1  — 2r  cos  6+r^  ^  p^ 
and  1 0  K  I  tan  e  I  <  /o/(l-/o). 

Hence  |  X^— 1 1  <  np (2— />)/(! —/>)  <  8n/o, 

provided  that  /o  <  J.     Thus,  if  we  write 

we  find  I  F;,-X.|  <  8/>  iMnXH+  2  (X^-X^-Jr", 

because  I  Xn  I  ^  r". 


Now,  since  lim  /x»  =  0  (in  virtue  of  the  first  of  Pringsheim's  proper 
ties),  we  can  choose  JV  so  that 

0  <  /Xn  <  (T,       if     ;/  >  JV, 

however  small  the  positive  number  a-  may  be.     Thus,  if 

we  can  write  X,i— Xn-i  =  Xa/x„/;i  <  arXn/n, 

Now,  although  Xn  tends  to  oo  with  n,  yet  it  does  so  more  slowly  than  w, 
and  therefore  (at  least  after  a  certain  stage)  XJn  must  steadily  decrease 
as  n  increases.*     Hence  Xn/n  <  Xjv  and  so 

Xn  — Xn_i  <  arXyIVy       if      ?2  >  J/  >  JV, 

thus  2  (X,-Xn-i)  r*  <  ((tX./.)  I  r^< -rf^, . 

v+i  I'+i  1/(1  — r) 

Making  use  of  this,  we  have 

2/X„Xn  2/AnX»  o^ 


or 


$-> 


i/Xy  1/(1 — r)  i/X^         v/ocosa 


*  In  f aot  ^w    Ah-1  _  ^(^w-^w-i)— ^>i  ^  Aw  (^- 1) 

'  M     fl— 1  «(«— Ij  w(«— 1) 

which,  after  a  oertain  stage,  muist  be  oozistantly  neg^tiyef^  because  /am  tends  to  zero. 
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in  virtue  of  Pringsheim's  inequality, 


1— r       cos  a' 
Now,  by  a  theorem  of  Gauchy's,  generalized  by  Stolz, 

lim -^  =  lim  ^"^'--S 

provided  that  the  second  limit  exists  and  that  b^  steadily  increases  with 
w ;  thus  we  have 

lim-L— -=Um   ,       ^'\.       =  lim      /''^'x      =0' 

y-»       j/Ay  y=<»  PAp  —  [y — 1;  A„«i         »'=<»  ^t„A„-t-A„_l 

because  lim  /a„  =  0     and     lim  Xy/X^^i  =  1. 


VXiVO  v=« 


Hence,  e  being  arbitrarily  small  and  positive,  by  a  proper  adjustment  of  N, 

1    *' 
we  can  make  both  -r-  2  mh^*  <  i^,  and  o-  sec  a  <  ^  simply   by   taking 

Suppose  now  that  v  and  p  are  connected  by  the  condition  that  v  is  the 
integral  part  of  l//> ;  thus  i/  >  N,  it  p  <  ll(N+l).     Then 


§- 


3    " 
-r- 2  AtnXn+4<7 sec  a  <€,         if    /><1/(2V+1). 


Hence  lim  {FjJXy)  =1. 

But,  since  i//o  lies  between  1  and  i//(i/+l),  we  have,  by  the  second  of 
Pringsheim's  results  quoted  on  p.  217, 

lhn^=l. 

P»0         \ 

F 
so  that  lim  ^  ,^)  .  =  1. 

P=o  X(l/p) 

In  particular,  if  d  =  0,  we  get 

^  X[l/(l-r)]  ^  "^' 

00 

where  *x  =  Xo+  2  (X»— Xn-i)  r^ 

Now,  since  1  <  -r^—  < 

1— r       cos  a 

within  the  area  OABC  (Fig.  1,  p.  206),  we  have 


^xtxia~r)r^ 
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in  virtue  of  Pringsheim's  second  property  for  \(z).     Hence 

lim  (Fx/*J  =  1 ; 

p=0 

and  therefore  the  series  F^  diverges  uniformly  at  (1,  0) ;  it  is  therefore 
possible  to  apply  §  6  and  deduce  the  theorem : — 

r 

If  ^an^gK,  or  if  On  ~g  (X,— X,-i),  or  again  »/  a»  ~  g\'{n),  then 

lim  iMl/p)']-'  2  a,X,  =  g. 

An  example  of  this  theorem  is  given  by  the  series  discussed  in  §  8  (B), 
l,Xnliy+n),  for  which  we  can  take  X(n)  =  logn  and  g  =  1. 

9.  Although  it  has  not  proved  difficult  to  modify  (see  §  8)  Pringsheim's 
discussion  of  the  series 

Xo+  2  (Xn-Xn-i)  x^ 

so  as  to  obtain  results  for  the  associated  series  of  zonal  harmonics,  yet  it 
does  not  seem  to  be  possible  to  obtain  from  this  series  information  as  to 
the  two  series  „  « 

2XnX„    and    2X-^Xn 

0  1 


by  the  method  which  Fringsheim  adopts  for  the  corresponding  power 
series. 

However,  we  have,  just  as  in  §  8  (A), 

«  1    f       iKJrtr     ., 

o^^'*"2^Jc(l-2Ai^+^*     ' 

where  the  path  of  integration  is  that  given  in  Fig.  8  (see  p.  208).  And 
Pringsheim's  results*  show  that 

!^»W  =  T^x(|T:^)(i+a 

where  |  ^|  can  be  made  arbitrarily  small  by  taking  1 1— r^  |  small  enough, 
provided  that  the  phase  of  (1— rO  is  less,  numerically,  than  some  fixed 
value  a  (<  J^r).  Now,  if  we  take  the  path  C  sufficiently  close  to  the  cut, 
this  condition  will  be  satisfied  at  all  points  of  (7,  provided  that 

1  >  All  >  A;  >  cos  a  >  0, 

where,  as  in  §  8  (A),  pfx^  =  1— p/x. 


Lxny  pp.  19-21. 
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Thus  we  find,  by  writing  pv  =  1— r^, 

^here  |^|<i€,  if  p<po. 

Now  the  path  C  can  be  taken  so  close  to  the  cat  in  the  t^-plane  that 
&t  all  points  on  C  we  have 

cos  a  <  I  tJ  I  <  Z, 

if  2  is  an  arbitrary  number  slightly  greater  than  1.     Thus  at  all  points  of 

in  virtue  of  the  second  of  Fringsheim's  properties  as  to  X  (x) ;  and  there- 
fore we  can  find  pi  such  that 

where  |  ^  |  <  e,  if  />  <  />i.     It  follows  that 

because  the  subject  of  integration  is  continuous  at  all  points  of  C.    The 
last  integral  is  Po(mi)  =  1»  so  that 

In  like  manner  we  can  show  from  Pringsheim's  results  as  to  ^nP'^X^^z"^ 

limpp[x(i)]^'(2^-^xrXn)  =r(i?).Pp.iCui)      (p>  0). 

From  this,  by  an  obvious  modification  of  the  discussion  in  §  7,  we  deduce 
that 

If  OnZ gn^'^Xl  {where  p>0,  a  =  —  1,  0,  or  +1),  then 
while,  if  an  ^  ?(Xn— Xn_i),  or  if  On,  ^g\'(n),  tlien 

-I    /oo 


l«?[^(7)]'(!^"^)  =  ^- 
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.00- 

We  can  obtain   an  independent  treatment  of  the  series  'ElognXn,  by 

09 

differentiating  the  series  Z  n^Xn  with  respect  to^;  now  the  leading  term 
(in  the  second  series)  is 

by  §  3  (B).     Thus,  if  we  differentiate*  with  respect  to  p,  we  get^as  the 
leading  term  in  ^lognXm 

i.  [F  (l)-log  p+log  i  (l+/ia)] ; 
P 

and  consequently     lim  p  [log  (1/p)]"^  (S  lognXn)  =  1, 

in  agreement  with  the  theorem  at  the  foot  of  the  last  page  (with  a  =  1, 
i>  =  l). 


•  Since  Pp(u,)  «  l-^?l^±i)  l=:M?  +  i^!ziL)^iP±lll£±2)  I^lZH^V 

_(P'-2){p^\)p{p^\){p^2)(p^Z)  [\rtH\\_^ 

('<J'L.-n-*»(^:<')'*»(4"r- ] 
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THE    CANONICAL    FORMS    OF    THE    TERNARY    8EXTIC    AND 

QUATERNARY    QUARTIC 

By  A.  C.  Dixon. 

[Beoeiyed  Maioh  28th,  1906.— Bead  April  26th,  1906.] 

Let  Q  be  a  homogeneous  sextic  in  x,  y^  z;  it  is  known  *  that  there 
exist  linear  expressions  L^,  Lg,  ...  and  constants  Ai,  A^y  ...  such  that 

Q  is  identically  equal  to  lo 

2  ArLl, 
1 

and,  further,  that  Liq  may  be  arbitrarily  chosen.  I  propose  to  shew 
how  the  reduction  is  to  be  actually  carried  out,  and  to  find  the  number 
of  ways  in  which  it  is  possible. 

Since  a  cubic  can  be  described  through  nine  points,  there  must  be 
a  contracubic,  U,  such  that 

\^UK  =  0     (r=  1,2,  ...,9), 

and  therefore  A^C/Q  =  A^^^^UL\^, 

a  simple  multiple  of  Lio.  The  ratios  of  the  ten  coefficients  in  TJ  are 
uniquely  determined  by  the  fact  that  ^^TJQ  is  to  be  a  constant  multiple 

of  Lio,  and  the  value  of  ^lo  is  thus  also  uniquely  determined. 

Hence  the  problem  is  to  reduce  the  known  sextic  Q—Aif^Li^y  which 
is  destroyed  by  the  known  cubic  operator  A*?7,  to  the  form 

^ArL\. 

1 

Now,  if  we  take  18  arbitrary  tangents  L\y  ...,  Lig  to  the  contracubic 

ft 

XJy  we  can  express  Q—Ay^Lxq  in  the  form 

1 


•  See,  for  instance,  Palatini  (Rmn,  Ace.  Lineei,  Hendiconti,  Vol.  xn.).     For  the  notation  see 
a  paper  on  the  the  ternary  qnintic  and  septimic  by  Dr.  Stuart  and  the  writer  {ante,  p.  160). 
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With  19  arbitrary  tangents  or  with  18  that  touch  a  contrasextic  there 
is  a  syzygy  of  the  form  ^  j  r*  =  n 

We  shall  discuss  this  syzygy  and  deduce  a  method  for  reducing 

18 


1 


to  an  expression  of  the  same  form  containing  only  nine  terms. 

Since  Lr  is  a  tangent  to  a  given  contracubic,  we  may,  by  a  suitable 
linear  transformation,  put 

where  a,  b,  6  depend  on  x,  y. 

Now  let  Viy  ...,  Vig  be  any  18  arguments  whose  sum  is  0  and  let 

18  /|19 

the  function  <r(w— w?)n<r(w— t?r)/n<r(tt— i^) 

I  /   1 

is  doubly  periodic  in  u  and  its  poles  are  t^i,  n^,  ...,  n^.    Hence  the  sum 
of  the  residues  is 

I L       =  0 

19  I    •••    —  v» 

2 

Putting       Vi  =  t?a  =  . . .  =  t?6  =  a,       t?^  =  t?g  =  . . .  =  t?j2  =  6, 

^18=  ...  =^18  =  —a— 6, 

19 

we  have  here  the  syzygy  XArL^r  =  0» 

1 

and  it  appears  that 

Ar  =   (r(ttr'-W)((rtlry^  /        11         <r{Ur^Ut). 

I  •=1.2,  ...,19 

The  next  thing  is  to  find  t^i,  t^  ...,  t«g  when  t^o>  •••»  ^g  c^d  the  ratios 

^10*  ^11' ••• '-^19  are  given.     Let  Wi+t^+...+^  =  a>  ^o+-"+^  =  i8» 
and  consider  the  function 

9  /  19 

F{u)  =  a^{u—l3)lI<r{u—Ur)/(r{u—a—l3)U<r{u—Ur). 

1  /  10 

F{u)  is  doubly  periodic  and  its  residue  at  the  pole  Wr  (^  =  10,  ...,  19)  is 

^T  I  «=10,  ...,  19 
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has  one  other  pole,  a+)8,  and  thus 

F{u)=    'i  Br{^iu-Ur)-i{u-a-l3)}+B, 

r«10 

bere  B  is  constant. 
We  also  have  F(^  =  0,  F'(j3)  =  0.     From  the  second  of  these 

'iBr{P{fi-Ur)-Pa}    =   0, 
10 

^ch  gives  Pa  uniquely,  since  fi  and  the  ratios  B^q  :  Bu :  . . .  :  Bj^  are 
lown.  There  are  two  distinct  values  of  a ;  taking  either  of  them,  we 
id  B  from  the  condition  _,,^        ^ 

id  then  Wi,  Wg,  ... ,  1*9  are  the  zeros  of  F{u)  other  than  fi. 

Hence  it  follows  that  the  sum  of  ten  terms  of  the  form  AL^  can  be 
duced  to  nine  in  two  ways.  The  two  sets  of  nine  must  be  tangents 
the  same  contrasextic ;  this  follows  either  from  the  syzygy  *  or  from 
e  fact  that  the  two  values  of  a  are  equal  and  opposite. 

The  sum  of  18  terms  can  be  reduced  successively  to  17,  16,  ...,  and 
stly  to  9.  Hence  the  original  problem  is  solved  and  the  number  of 
lutions  is  two. 

The  reduction  from  18  to  9  may  be  accomplished  directly  as  follows : — 

If  n  >  18,  there  will  be  n— 18,  say  m,  syzygies 

lArLl^O. 

1 

)  exhibit  them,  take  the  doubly  periodic  function 

m  18  In 

Jl(r(u—Wr)li.<r{u—Vr)/lI(r{u—Ur), 
1  1  /   1 

lere  Zt?^  =  0  as  before,  Si^r  =  ^Ur-  The  sum  of  the  residues  is  again 
ro,  and  we  deduce,  as  before,  that 

m  # 

Ar='n.Cr{Ur'-Ws){(rUy^/         H         a-iUr  —  U^. 
«=1  /  «=1,2,  ...n 

3re  tOi,  w?a,  ...,  Wm-i  are  arbitrary. 

To  make  the  reduction  we  must  take  n  =  27,  suppose  Uiq,  tij,,  ...,  Un 
d    AiqI  All'.  ...:  An    given,   and    find    the  values   of    Ui,  u^,   ...,  ti^, 

,  W2J   ...,  Wra^ 

*  It  oould  be  seen  from  the  beginning  that  not  more  than  two  solutionB  were  possible  ;  for, 

re  had  2^Z;«  «  2^'Z'«  =  2^"Z"«    the  lines  L  would  be  residual  to  Z'  and  also  to  X",  and  the 
1  1  1 

»  Z'  to  L",  Hence  each  set  of  nine  would  be  residual  to  itself  and  would  not  be  of  fuU 
leralitj. 

8BB.    2.      VOL.    4.      KG.   926.  Q 
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Consider  the  function 

2m  9  /m  n 

F{u)  =  JI(r{u^fir)l^<r{u^UT)/Jl(r(u^Wr)JI(r{u—Ur), 

1  1  /     1  10 

where  jSj,  jSg, ...,  iS2w  are  any  fixed  arguments  whose  sum  is  2(ttio+...+w«)- 
We  have  n  m 

10  1 

im  I 

where  ArBr  =  (<rttr)"  11  (r{Ur—fiii        11      <r*(«^— w,), 

«sl  /  «=10,  ...,n 

»*r 

SO  that  the  ratios  of  B^q,  B^,  ...,£»  are  known,  while  C,  C^,  Cs«  ...  are  to 
be  determined. 

Let  iBr{^(u-Ur)-^u\  =  G(tt), 

10 

1 

80  that  G{u)-\'H{u)  =  F(u). 

Then  6(ti)  is  a  known  function,  and  H(u)  is  a  doubly  periodic  function, 
of  which  we  know  the  following  facts : — 

(1)  Hifir)  =  -G(j3r)     (r  =  1,  2,  ...,  2m) ; 

(2)  H(0)   is   infinite,   the   residue    being    the    known   quantity   1.B, 
(=-2a); 

(3)  H(u)  has  m+1  poles  in  all. 
Hence  we  may  put 

from  (2)  we  have  Nm  =  0 

and  (m+l)Mm+^BrNn,-i  =  0  ; 

from  (1)  we  have  2m  other  equations  linear  in  the  2m+4  unknowns 
MyNy  —  Thus  all  the  coefficients  are  determined  in  terms  of  two  of 
them,  say  M,  N  and  n(ti)  =  {MP^{u)+NP<i{u)} l\MQi(u)+NQ^iu)\y 
where  Pi,  P2,  Qi,  Q2  are  known  functions  with  poles  at  0  of  orders  m+2, 
m+2,  w+1,  w+1.  To  satisfy  (3)  we  must  make  the  numerator  and 
denominator  of  H{u)  have  a  common  zero ;  this  will  be  a  zero  of 

PiVa     P2QV 

Now  PiQi'-PaQi  has  the  2m  known  zeros  fii,  fi^*  •••»  fizms  and  its 
pole  0  is  only  of  order  2m+2.     Hence  it  has  two  other  zeros,  say  y^,  y^. 
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Taking  either  of  these,  y,  we  can  complete  the  determination  of  H{u), 
Then  t^,  t^,  •••>  ttg  are  fixed  as  the  unknown  roots  of  the  equation 

G{u)+n(u)  =  0, 

and  when  they  are  determined  the  problem  is  solved :  w?!,  W29  ...,  Wm  are 
the  zeros,  other  than  y,  of  the  denominator  of  H{u).     The  two  values  of 

n 

2t<?  are  —  yi,  —  ya»  whose  sum  is  2^  or  222^.     Hence,  as  before,  the  two 

9  10 

values  of  2  Ur  are  equal  and  opposite. 

The  use  of  elliptic  functions  in  the  discussion  is  convenient,  but  not 
essential.  As  a  matter  of  actual  working,  the  process  of  reduction  is 
algebraic. 

Tlie  Quaternary  Qicartic, 

Let  Q  be  a  homogeneous  quartic  in  x,  y,  z^  w.     The  problem  is  to 

10 

reduce  it  to  the  form  XArL^,  where  Lr  is  linear   (see   Reye,  CrelU's 

1 

Journal^  Vol.  lxxviii.,  pp.  123-9).  Here,  again,  Lio  may  be  chosen  at 
will,  and  the  quadratic  operator  ^TJ  (notation  as  in  the  ternary  case) 
which  destroys  L?  (r  =  1,  2,  ...,  9)  is  determined  uniquely  by  the  fact 
that  it  reduces  Q  to  a  multiple  of  L\q  ;  ^10  is  also  determined.  Then  Lg 
can  be  chosen  at  will  among  the  tangent  planes  to  17  =  0 ;  the  quadratic 
operator  A^F  which  reduces  §  to  a  multiple  of  L\  can  be  found,  as  also 
^9,  and  again  uniquely. 

We  now  have  a  known  quartic  Q— -^gL^— ^lo^^Jo  destroyed  by  two 
known  quadratic  operators  A^U^,  A^F.     Such  a  quartic  can  be  put  in  the 

10 

form  2^'^'/  where  L\,  ...,  L\^  are  arbitrary  common  tangent  planes  to 
1 

D'  =  0,  F  =  0.  There  would  be  a  syzygy  2^L^  =  0  with  17  such  planes, 
or  with  16  if  they  all  touched  a  contraquartic  surface. 

Here  we  have  Lr  Qc  (z^xpur—yp'ur^p"ur)  after  a  suitable  linear 
transformation.  The  syzygy  may  be  discussed  as  before,  and  we  again 
conclude  that  Reye*s  reduction  is  possible  in  two  ways. 


Q  2 
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ON   PERPETUANTS   AND   CONTRA-PERPETUANTS 

-Bj^  E.  B.  Elliott. 

[Received  March  2ard,  1906— Read  April  26th,  1906.] 

[Since  the  reading  of  this  paper  the  desirability  of  a  bibliographical 
preface  to  it  has  been  urged  upon  me.  The  following  are  salient  writings 
on  the  subject,  and  they  present  a  number  of  different  methods  of  investi- 
gation, none  of  which  can  be  regarded  as  superseded  by  those  who  would 
appreciate  aright  the  problem  of  the  enumeration  and  specification  of 
perpetuant  systems. 
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7.  Cayley.    '*  On  Symmetric  Functions  and  Seminvariants  "  :  Atner.  Joum,,  xv.  (1893),  pp.  1-75. 
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XXVI.  (1895),  pp.  262-284. 

9.    **  Seminvariants  of  Binary  Quantics,  the  order  of  each  Quantic  being  Infinite  *' : 

Camb.  Phil,  Soc.  Tram.,  xix.  (1901),  pp.  234-248. 

10.  Grace.     **  Tjrpes  of  Perpetuants  "  :  Ftve.  Lond.  Math.  Soe.,  xxxv.  (1902),  pp.  107-111. 
U. "On  Perpetuants"  :  Froe.  Lond.  Math.  Soe.y  xxxv.  (1902-3),  pp.  319-331. 

12.  Wood.     **  On  the  Irreducibility  of  Perpetuant  Types  "  :   Ft-oe.  Lond.  Math.  Sac.,  Sor.  2, 
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(1904),  pp.  144-149. 
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'JO.  Yoimg.     '*  On  Relations  between  Perpetuants"  :  Camh.  Phil.  Soe.  TS-ant,,  Vol.  xx.  (1905). 
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In  1  the  term  perpettuint  is  introduced,  the  idea  being  that,  in  the 
consideration  of  seminvariants  which  are  irreducible  in  terms  of  other 
seminvariants  of  extents  greater  as  well  as  not  greater  than  their  own, 
there  is  involved,  not  the  whole  of  the  old  severe  question  as  to  what  sem- 
invariants are  leaders  of  irreducible  covariants  of  an  assigned  quantic  or 
system  of  quantics,  but  the  perpetually  relevant  simpler  and  self-contained 
question  as  to  what  seminvariants  always  lead  irreducible  covariants  of 
quantics  with  orders  as  great  as  we  please,  to  which  they  can  appertain. 
These  perpetuants  are  enumerated  up  to  degree  4,  after  which  progress  is 
blocked  by  difficulties  as  to  syzygies.  In  2  the  degrees  5  and  6  are  dealt 
with,  without  complete  success.  In  3  the  difficulties  of  degree  5  were 
conquered ;  and  in  4  MacMahon  devised  a  method  which  enabled  him  to 
state  with  some  confidence  that  for  every  value  of  n  the  correct  numericiU 
generating  function  is  that  written  down  in  §  1  below.  In  5  the  accuracy 
of  this  f  or  n  =  6  and  7  was  established. 

In  6  Stroh  introduced  a  new  and  powerful  method,  and,  on  certain 
very  natural  but  unproved  assumptions,  justified  MacMahon's  presumption 
in  all  its  generality.  His  new  symbolism,  given  as  purely  umbral,  is 
effectively  the  same  as  that  of  the  differential  operators  6  used  below. 
The  beginnings  of  the  use  of  the  operators  6  themselves  are,  I  believe,  to 
be  found  in  a  paper  by  Kempe  {Proc.  Lond.  Math,  Soc,  Vol.  xxiv.,  1893, 
p.  102)  which  has  no  direct  reference  to  perpetuant  systems.  In  7  Cayley 
associates,  examines,  and  elucidates  the  methods  of  MacMahon  and  Stroh 
in  great  detail.  In  8  and  9  MacMahon  adopts  the  theory  of  Stroh,  brings  to 
bear  on  its  conclusions  his  own  discovery  of  the  one-to-one  correspondence 
between  seminvariants  and  non-unitary  symmetric  functions,  and  succeeds 
in  exhibiting  in  a  notation  of  partitions  all  the  individuals  of  the  complete 
system  of  perpetuants  with  which  be  is  concerned,  in  8  for  the  case  of  a 
given  degree  in  one  set,  and  in  10  for  given  partial  degrees  in  different 
sets.     His  investigations  thus  reach  their  climax. 

No.  10,  strangely  enough,  marks  the  first  determined  effort  to  bring 
the  orthodox  Clebschian  symbolism  to  bear  on  the  subject.  It  deals  with 
perpetuants  of  n  unit  degrees  in  n  sets.  In  11  there  is  at  the  outset  an 
introduction  of  the  idea,  hardly  thought  worth  noticing  hitherto,  of 
alternative  complete  systems,  and  then  a  passage  to  perpetuants  of  degree 
n  in  one  set,  and  to  those  of  assigned  partial  degrees  in  different  sets. 
The  numerical  generating  functions  of  MacMahon's  4  and  9  are  arrived  at 
from  conclusions  which  effectively  afford  real  generating  functions  in 
mnbral  symbolism.  In  12  a  logical  defect  in  the  earlier  theory  is 
remedied,  so  far  as  perpetuants  of  n  unit  degrees  in  n  sets  are  concerned, 
by  a  proof  that  all  forms  retained  as  no  doubt  irreducible  are  so  in  reality. 
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(It  is  believed  that  the  paper  here  prefaced  has  the  same  efficacy  for  any 
given  degrees,  when  taken  in  connection  with  16,  and  with  the  fact  that, 
if  one  system  obtained  as  complete  is  non-redundant,  so  also  most  be  any 
alternative  complete  system  with  the  same  number  of  individuals.)  The 
remaining  papers  of  the  list,  except  those  dealing  with  syzygies,  are  to  a 
great  extent  concerned  with  the  possible  vast  choice  between  alternative 
complete  perpetuant  systems.  They  depend  largely  on  the  notice  in  16 
and  17  of  the  critical  importance  of  the  question  whether  a  given  rational 
integral  function  is  or  is  not  annihilated  by  a  product  of  simple  linear 
operators,  denoted  in  16,  and  in  the  paper  now  to  follow,  by  IID.] 

I.  Perpetnants, 

1.  A  theorem  proved  by  Mr.  Grace*  may  be  stated  as  follows,  when 
translated  from  the  symbolical  notation  ordinarily  used  in  the  invariant 
theory  of  binary  forms  into  the  notation  of  differential  operators,  which  I 
prefer  and  have  employed!  in  exhibiting  systems  of  perpetuant  types. 
A  complete  system  of  perpetuants  of  degree  ?&  in  a  single  set  of  coefficients 
tto,  %,  a,,  . . . — i.e.,  a  system  of  seminvariants  of  degree  n  in  the  set,  with 
the  property  that  no  linear  function  of  them  is  a  linear  function  of 
products  of  seminvariants  of  lower  degrees,  but  that  all  seminvariants 
of  degree  n  can  be  linearly  expressed  in  terms  of  such  products  and  oi 
individuals  included  in  the  system — is  exactly  specified  by  the  system 
of  operating  products  which  are  terms  in  the  expansion,  in  products  of 
powers  of  the  <S's,  of 

Oj        or,       ...On_2  0n-l 


(l-«jJ)(l-<Sj<Sa)(l-5j5253)...(l-5j<Sa53...(5»_i)' 
Here,  for  r  =  1,  2,  3,  ...,  n— 1, 

Sr  =  Or  —  Or^U 

in  which,  for  r  =  1,  2,  3,  ...,  n, 

^^-"^^  a^+^-^  aar+^»  aa^ 

and  the  explicit  form  of  the  seminvariant  specified  by  any  function  of  the 
^'s  is  what  we  arrive  at  by  operating  with  the  function  on  the  product 


♦  Paper  11. 

t  Paper  16.    For  independent  and  almost  simultaneous  investigations  ooyering  much  the 
name  ground  in  ordinary  notation,  of.  P.  W.  Wood,  Proe,  Land,  Math.  8oe.    (Pcipers  17,  19). 
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and  eventually,  in  the  type  seminvariant  arrived  at,  replacing  all  the  n  sets 
of  letters  a^^^,  a^{\  a^^  ...,  for  r  =  1,  3,  ...,n,  by  the  single  set  a^,  ai,  Og, ... . 
This  accords  with  the  fact  that  the  namber  of  weight  7v  in  a  complete 
system  of  perpetuants  of  degree  n,  in  one  set  of  coefficients,  is  the  coefficient 
of  x^  in  the  expansion  of 


x^  -'la-x^a-x^ ...  a-x% 

Mr.  Grace  also  obtained  a  complete  system  of  perpetuants  of  given 
partial  degrees  in  two  sets  of  coefficients,  the  number  of  those  of  weight 
w  in  a  complete  system  of  partial  degrees  m,  n  being,  in  accordance  with 
a  previous  result  of  MacMahon's, 

ar'*"'-V(l-a:^(l-a;^)  ...  (l-a;'^)(l-a;)(l-ar*)  ...  (l-x~). 

His  method  is  to  examine  all  symbolic  products  which  remain  in  a 
linearly  independent  system,  selected  from  a  formally  full  system  by 
systematic  application  of  the  fundamental  identity  which,  in  my  notation, 

'^  {e^-e^+(es-e,)+{e,-e^  =  o, 

and  further  reduce  their  effective  number  by  consideration  of  identities 
which  must  hold  among  them  in  consequence  of  interchanges  in  them 
of  symbols  which  eventually  refer  to  the  same  set  of  coefficients  being 
lawful. 

It  occurs  to  me  that  a  more  symmetrical  and  less  searchingly  analytic 
method,  based  on  the  use  of  symmetric  functions,  ought  to  suffice  for  the 
discovery  of  complete  systems  equivalent  in  their  aggregates  to  those  at 
which  Mr.  Grace  has  arrived,  and  to  have  suggestive  value. 


2.  A  little  recapitulation  from  my  paper  in  the  Quarterly  Journal 
{loc.  cit.)  is  needed  for  clearness.  I  showed  that,  if  J2  is  a  function  of 
the  differences  of  6i,  dg,  ...,  On  of  2*"^— 1  dimensions,  which  is  not 
annihilated  by  the  product,  ILD«,  of  the  2'^"^—!  distinct  linear  operators 
that  are  parts  of  9         3         3  3 

dOi      062      o6q  30,1 

and  do  not  contain  ^ ,  then  the  system  of  operators  included  in 

B  X  all  Unearly  independent  functions  of  differences  of  0i,  dg,  . . . ,  6^ 

exactly  specifies  a  complete  system  of  perpetuants  of  the  first  degree  in 
each  of  n  different  sets  of  coefficients,  i.e.,  a  system  of  perpetuant  types 
for  degree  n. 
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For  22  may,  for  instance,  be  taken  either  of  Grace's  two  functions 

but  some  prominence  was  given  to  the  lawfulness  of  taking 

This  last  has  advantages,  with  symmetricization  in  view,  but  it  wiU 
noticed  that  it  has  not  the  advantage  of   introducing  the  individual  ff 
to  comparatively  low  degrees,  which  attaches  to  Grace's  second  form 
that  form  is  better,  and  probably  the  best  possible  with  n  general,  whe 
it  is  desired  to  exhibit  a  complete  perpetuant  system  without  going  od-j 
to  any  unnecessary  extent  in  any  series  Oq,  o^,  o^,  ...  of  coefficients. 

ipr  =  ©iH"daH"..-H"^n  —  W0r       {f  =  1,  1,  8,  ...,  fl). 

Instead  of  ^f    "*,  we  may  take  for  B  any  0^""  "'  or,  again. 

In    fact,    every    IlD$<t>^'  '^    ^^   ^^e    same    non-vanishing    constant    as 
ILD$<f>l  '  'K     For,  if  in  IID*  as  formed  above  we  replace  each  factor 

involving  -^  by  minus  the  complementary  part  of 

9,3,        ,3 

which  annihilates  every  function  of  differences,  we  produce  (—1)**'   times 
the  product  of  those  parts  of  the  sum  which  do  not  involve  ^ ;   and  we 

take  n  >  2. 

We  notice  that  every  difference  of  two  d's  is  one  n-th  of  the  difference 
of  the  two  corresponding  ^'s,  so  that  functions  of  differences  of  d's  are 
functions  of  differences  of  0's,  and  so  are  functions  of  0's.  Moreover, 
every  ^  is  a  sum  of  differences  of  d's ;  and  the  sum  of  all  the  ^'s  vanishes, 
so  that  one  of  them  may  be  replaced  by  minus  the  sum  of  all  the  others. 
Thus  linearly  independent  functions  of  7^—1  of  the  0's,  linearly  independ- 
ent functions  of  differences  of  the  0's,  and  linearly  independent  functions 
of  differences  of  the  d's  are  equally  numerous.     It  follows  that 

(any  form  of  i2)/(l—0i)(l— ^a)  •••  (1— ^n-i), 
equally  with 

(any  form  of  R)l\\-{e^-e^'\[\- {6^-0^1  ...  [l-(ei-0«)] 

and      (any  form  of  -B)/[l-(ei-0a)][l-(0a-08)]  ••.  [l-C^-i-^J], 
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specifies  by  the  terms  in  its  expansion  a  complete  system  of  perpetuants 
of  n  unit  degrees  in  n  sets.  ,.-,_i 

All  alike  give  the  correct  generating  function  .^_  v^_i  for  numbers  of 

perpetuant  types  of  the  various  possible  weights,  of  which  2**"*— 1  is  the 
least. 

8.  Every  reducible  seminvariant  in  n  different  sets  either  remains 
reducible  or  vanishes  when  the  sets  are  identified.  Thus  every  per- 
petuant of  degree  n  in  one  set  is  the  result  of  identification  of  sets  in 
ft  perpetuant  of  unit  degrees  in  n  sets.  A  complete  system  of  perpetuants 
ot  degree  n  in  one  set  cannot  then  contain  more,  for  any  weight,  than 
persist — i.e.,  do  not  vanish  after  identification  of  the  sets — in  either 
of  the  complete  systems  above  specified. 

We  will  now  see  that 


(l-^a)(l-^8)...a-i>«)' 


in  which  pr  denotes  the  sum  of  the  products  r  together  of  0i,  ^a,  ...,  ^u, 
and  in  which  the  numerator  may  be  replaced  by  any  other  of  the  forms 
of  iJ,  exactly  includes  the  aggregate  of  perpetuants  which  persist.  When 
we  have  also  seen  that  the  persistents  remain  linearly  independent  after 
the  identifications,  and  that  no  linear  function  of  them  loses  its  property 
of  irreducibility,  we  shall  have  established  that  the  aggregate  constitutes 
a  complete  system  of  perpetuants  of  degree  n  in  one  set  of  coefficients. 
Now,  first,  if  F{i/>i,  02,  ...,  ^JZ^*""'"^  or,  more  generally, 

specifies  one  of  the  perpetuants  of  unit  degrees  in  n  sets,  the  result  of 
identifying  in  this  perpetuant  the  sets  of  coefficients  referred  to  by 
6i,  029  ...»  On  is  the  same  as  the  result  similarly  obtained  from  the  per- 
petuant specified  by  any  rearrangement  of  the  d's  in  the  same  operator ; 
and  any  rearrangement  of  the  6'a  means  the  same  rearrangement  of  the 
0's.  Consequently  i^C^r^,  0r„  ...,  ^rJS^^'"*-^  where  ri,  rj,  ...,  rn  are 
I9  2,  ...,  n  in  any  order,  leads  to  the  same  result  after  the  identifications  ; 

and  so  does  —  2F(0i,  ^j*  •••>  <t>n)^<p      "S  which  is  symmetric.    It  follows 

that  S(0i,  02,  ...,  <l>n)^<l>^  "\  where  S  is  the  most  general  symmetric 
function  of  dimensions  w—2^~^  +  l  in  its  n  arguments,  includes  enough  of 
the  complete  system  of  perpetuants  of  n  unit  degrees  to  provide  all  those 
of  weight  w  which  persist  in  the  case  of  one  degree  n. 

But  S(</>i,  02,  ...,  0n)    can  be  rationally  and  integrally  expressed  in 
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tennB  of  the  elementarr  svmmetric  fnnetions 

2^=/>i  =  0,     2^^=/^     -^^^  =  />^     ...,     ^94    •*»  =  In- 
consequent ly  G  ip^  p^  . . . ,  />  j  Z  ^^ 


v^*— '-1 


where  G  has  foil  generality  as  a  rational  integral  function  of  its  arga- 
ments  of  weight  ir— 2*'^+l  ua  suffixes,  includes  all  perpetuants  of 
weight  IT  which  persist. 

No  particular  G  is  such  that  the  above,  looked  at  as  a  function  of 
O'Sf  vanishes.  For  pi=^0  is  the  only  relation  connecting  the  ji  functicms 
0  of  the  ^s.  Moreover,  no  particular  G  is  such  that  the  result  of 
operating  with  the  above  on  the  product  of  n  leading  coefficients,  and 
then  identifying  the  sets  of  coefficients,  vanishes.  For  every  GZ^^  "^  is 
a  non-vanishing  symmetric  function  of  the  0's,  and  every  non-vanishing 
symmetric  function  leads  to  a  non-vanishing  result  after  the  operation 
and  the  identifications :  if,  for  instance,  the  symmetric  function  contains 
a  part  k\L(^{ff.]  ...  0;^  as  it  must  for  some  values  of  the  Ts  and  A',  the  final 
result  contains  a  term  nlkai^ai^.^.ai^j  with  no  other  against  which  it 
can  cancel.  Thus  the  full  number  of  perpetuants  in  fi  sets  of  which  the 
operators  have  the  above  symmetric  form  produces  the  same  exact  number 
of  linearly  independent  seminvariants,  including  all  perpetuants,  of  degree 
n  in  one  set. 

Lastly,  the  full  number  are  irreducible  after  the  identifications,  as 
well  as  lx:forehand.     For  suppose,  if  possible,  that  a  particular 

produces  a  reducible  seminvariant  y  of  degree  n  in  the  eventual  single  set 
of  coefficients.  From  y  can  be  derived  by  w  —  1  polarizations  a  semin- 
variant y  of  unit  degrees  in  n  sets,  and  this  is  still  reducible,  y'  repro- 
duces y  upon  identification  of  sets,  by  Euler's  theorem  as  to  homogeneous 
functions.  It  is  not  specified  by  g{p^,  p^ '",  Pid^^  ~^^  as  it  is 
reducible.  But  it  presents  itself  as  symmetric  in  the  n  sets,  and,  even 
if  it  did  not,  could  be  symmetricized  by  taking  a  mean,  and  still  reproduce 
y.     There  is  then  a  symmetric  (r(^,  ^,  ...,  ^n)  distinct  from 

such  that  the  difference 

produces  a  vanishing  result  of  operation  on  a^^a^^ ...  a^*^  when  the  sets 
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are  identified.  But  it  has  just  been  seen  that  no  non-vanishing  symmetric 
function  can  produce  a  vanishing  result.  The  supposition  made  is  then 
untenable. 

There  is  then  neither  incompleteness   nor   redundancy  in  the  entire 
system  of  operators  given  by  expanding 


2^ 


a»»-»-i 


(1  — Pa)  (1  —p^  ...  (1  —pn) 

for  the  specification  of  a  complete  system  of  perpetuants  of  degree  n  in 
one  set. 

The  numerator,  the  specifier  of  a  single  perpetuant  of  the  minimum 
possible  weight  2'*"^—!,  may,  of  course,  be  replaced  by  any  other  J3  of 
§  2,  symmetricized  or  not.  The  correct  numerical  generating  function 
(of  §  1)  is  afforded. 

4.  In  precisely  the  same  way,  if  we  identify,  not  all  the  n  sets 
of  coefficients,  but  only  w— 1  of  them,  namely  those  referred  to  by 
da,  ds,  ...,  Or,  and  if  we  take  the  elementary  symmetric  functions 

of  ^,  ^,  ...,  <f>ny  we  obtain,  as  specifying  a  complete  system  of  per- 
petuants of  partial  degrees  1,  n— 1  in  two  sets,  the  terms  of  the  ex* 
pansion  of  ^2»-»-i 


(l-0i)(l-g2)(l-g8)  ...  (l-?n-i) 


Here  the  numerator  is  already  symmetrical  in  6^,  6^,  ...,  On.  It  may,  of 
course,  be  replaced  by  any  more  convenient  B,  The  correct  numerical 
generating  function  according  to  §  1  immediately  results. 

It  is  easy  to  obtain  a  complete  system  for  the  general  case  of  any 
assigned  partial  degrees  in  assigned  sets  of  coefficients.     Take 

n  =  v+i/'+i/'+..., 

and  identify  the  sets  referred  to  by  Oi,  dg*  --m  ^i^  with  a  set  Uq,  aj,  o^,  ..., 
those  referred  to  by  O^+i,  Oy+2,  ...,  Oy+y'  with  a  set  a©,  o^,  a'g,  ...,  those 
referred  to  by  d„+,/+i,  Oy+y'+^t  -m  ^v+v+v'  with  a!Q,a[,a2,  ...,  and  so  on. 
Take,  as  before, 

for  r  =  1,  2,  8,  ...,  n.  Denote  by  2„  symmetric  summation  in  the  first 
set  of  d's,  i.e.f  of  0's ;  by  Z^^  symmetric  summation  in  the  second  set ; 
and  so  on.      Also  let  p^p^,  *'*,Pv]  PvP29  "*9py*  PvP2f  '"fPy"  >  •••    ^ 
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the  elementary  symmetric  functions  of  the  various  sets  of  ^'s  separately. 
The  one  relation  connecting  all  the  ^'s  is 

Pi+i>'i+i>i+.-=0. 

We  observe  that  every  function  of  the  ^'s  which  is  symmetric  in  the 
first  V  of  them,  in  the  second  p\  in  the  third  i/*,  &c.,  may  be  linearly 
expressed  in  terms  of  products  of  the  form 

80  that  it  is  a  rational  integral  function  of  pi,  p^,  ...» 1?^ »'  JP'i>  Pi*  •••>  i>^; 
Pv  Pi*  "'9  pl/f'f  '"I  ^^^  that,  conversely,  any  rational  integral  function 
of  these  has  the  various  symmetries  described.  A  single  one  of 
Pv  Pii  Pv  •••  ^ay  be  omitted  without  loss  of  generality,  in  virtue  of 
^p^  =  0.  Otherwise  there  is  complete  linear  independence  of  all  products 
of  jp's  from  the  various  sets.  The  details  of  the  reasoning  of  §  8  need  not 
be  repeated ;  but,  exactly  as  there,  we  find,  for  a  complete  system  of 
perpetuants  of  partial  degrees  v,  v\  i/',  ...  in  different  sets  of  coefficients, 
the  system  obtained  by  identification  of  the  first  i^,  the  second  v\  &c.,  sets 
of  coefficients  in  the  results  obtained  from  the  product  of 

leading  coefficients  by  operation  on  it  with  the  terms  of  the  expansion  of 

(i-i?2)(i-i>8)...(i-pj.(i-i>;)(i-i>;)...  ' 

...(i-y^).(i-y;)(i-i>D...(i-i>:^)... 

and  this  gives  for  the  numerical  generating  function  which  determines,  by 
the  coefficient  of  x^  in  its  expansion,  the  number  of  those  perpetuants  of 
the  system  which  have  any  possible  weight  Wy 

__^ a:^""'-^ 

The  form  of  this  is  that  indicated  by  the  continuation  of  Mr.  Grace's 
series  of  theorems.    It  has  also  been  arrived  at  by  MacMahon  (paper  9). 

There  is,  of  course,  no  reason  to  believe  the  particular  symmetric  form 
of  generating  function  of  operators  to  specify  a  complete  system,  which  it 
has  been  found  easy  to  arrive  at  above,  to  be  in  itself  preferable  to  others 
which  can  be  formed  in  great  variety.  Operators  of  any  one  system 
provide  seminvariants  which  difiier  from  linear  functions  of  seminvariants 
provided  by  operators  of  any  other  only  by  reducibles 
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II.  The  Dual  Theory, 

6.  So  far  as  I  know,  no  attention  has  been  paid  to  the  question 
whether  anything  of  interest  can  be  obtained  by  correlating  with  the 
theory  of  perpetuants  Hermite's  doctrine  of  reciprocity  between  degree 
and  extent  in  systems  of  seminvariants.  My  representation  appears  to  be 
the  one  best  fitted  for  use  in  examining  the  duality ;  and  I  proceed  to 
write  down  a  few  of  the  more  obvious  results  of  such  an  examination, 
confessing  in  advance  that  I  am  disappointed  at  finding  them  to  be  prima 
fade  of  but  small  importance,  more  useful  probably  in  throwing  reflected 
light  on  perpetuants  than  intrinsically. 

The  duality  is  that  which  arises  from  the  formal  identity  of  the 
adequately  symmetricized  operators  in 

which  produce  seminvariants  of  total  degree  n  from  a  product  of  n  leading 
coefficients,  and  the  expressions  in  terms  of 

^U    Ctflj     •••>    ^1 

the  n  roots  of  quantics  with  n  for  the  sum  of  their  orders,  for  semin- 
variants appertaining  to  those  quantics. 

For  instance,  there  is  one-to-one  correspondence  between  seminvariants 
of  n  unit  degrees  in  distinct  sets  of  coefficients  and  invariants  of  n  distinct 
forms  of  unit  order  ;  and,  again,  between  seminvariants  of  degree  n  in  one 
set  of  coefficients  and  expressions  in  terms  of  the  roots  for  seminvariants 
of  one  n-iQ. 

Two  corresponding  seminvariants  have  the  same  weight ;  for  a  multi- 
plication by  an  ar^-ag  and  an  operation  with  a  dr—6g  equally  increase 
weight  by  unity.  We  are  going,  as  in  the  last  statement,  to  exclude  the 
case  of  weight  zero,  and  not  always  to  distinguish  between  S,  the  semin- 
variant  of  lowest  degree  provided  by  an  expression  in  the  roots,  and  the 
result  of  multiplying  S  by  any  powers  of  the  leading  coefficients  in  the 
quantics  with  which  it  is  associated. 

Consider  a  seminvariant,  defined  by  a  ^-operator,  and  let  its  partial 
degrees  in  the  different  sets  of  coefficients  which  it  involves  be  v,  v\  i/',  .... 
We  may  consider  that  the  sets  referred  to  by  the  first  v,  the  second  v\  &c., 
of  the  0's  have  been  identified.  The  lowest  possible  order  of  a  quantic 
with  coefficients  belonging  to  the  first  set  to  which  the  seminvariant  can 
appertain  is  the  index  of  the  highest  power  to  which  any  one  of 
dp  02»  •••>  ^v  occurs  in  the  operator,  when  this  is  symmetricized  in 
01,  ©a,  ...,  6y,  and  in  the  other  sets  of  0*8  separately ;  and  similarly  as  to 
lowest   orders  of   quantics   to  whose   coefficients   the   other   sets  of   d's 
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respectively  refer.  The  partially  symmetricized  operator  leads,  when  we 
replace  in  it  every  6  by  the  corresponding  a,  to  the  corresponding  root- 
(Bxpression  for  a  semin variant  of  a  v-ie,  a  i/'-ic,  a  i/'-ic,  &q.  The  lowest 
degree  in  the  coefficients  of  the  i^-ic  of  a  seminvariant  provided  by  this 
root-expression  is  the  index  of  the  highest  power  to  which  each  of 
Gi,  a^f  ...,  ay  enters,  i.e.,  is  the  same  as  the  lowest  order  of  the  qnantic  to 
which  the  degree  v  could  refer  in  the  case  of  the  corresponding  d-semin- 
variant ;  and  similarly  as  to  lowest  degrees  in  coefficients  of  the  /-ic,  the 
i/'-ic,  &c.  Other  seminvariants  afforded  by  the  same  root-expression  are 
only  results  of  multiplying  the  one  of  lowest  partial  degrees  by  powers  of 
the  leading  coefficients.  Those  seminvariants  of  the  i^-ic,  the  i^'-ic,  &c., 
whose  partial  degrees  are  m»  m'»  -m  and  cannot  be  depressed,  correspond 
to  those  of  partial  degrees  v,  v\  ...  which  belong  to  a  /x-ic,  a  /x'-ic,  &c.,  but 
not  to  lower  quantics  in  the  same  sets  respectively ;  and  hence  arises  a 
simple  classification  which  gives  Hermite's  principle  in  its  generality : 
that  there  is  a  one-to-one  correspondence  between  all  seminvariants  of 
partial  degrees  v,  v\  ...  appertaining  to  a  /x-ic,  a  /x'-ic,  &c.,  and  all  semin- 
variants of  partial  degrees  /x,  /x',  ...  appertaining  to  a  i/-ic,  a  i/'-ic,  &c., 
conjugate  weights  being  always  equal. 

But,  in  the  case  of  perpetuants  of  assigned  partial  degrees  v,  v\  i/*,  ..., 
the  idea  of  orders  of  quantics  referred  to  is  irrelevant.  These  orders  are 
only  taken  large  enough  to  provide  all  the  coefficients  which  occur  in  the 
full  explicit  expressions  of  the  perpetuants  in  question.  For  the  class  of 
seminvariants  of  quantics  of  assigned  orders  v,  v\  i/',  ...  which  correspond, 
in  the  above  scheme  of  duality,  to  perpetuants  of  degrees  v,  v\  i/',  ...,  I 
venture  to  use  the  name  contra-perpetuarits  of  those  quantics.  In  respect 
of  contra-perpetuants  the  idea  of  degrees  in  the  coefficients  of  the  i^-ic,  &c. 
is  irrelevant.  The  degrees  must  be  made  great  enough,  by  powers  of  the 
leading  coefficients  applied  as  factors  to  their  root-expressions,  to  make 
them  integral  in  the  coefficients,  and  need  not,  but  may,  be  greater.  No 
harm  can  arise  if  we  take  unity  for  the  leading  coefficient  in  each  of  the 
i/-ic,  the  I/'-ic,  &c.  The  necessary  least  degrees  of  any  contra-perpetuant 
of  which  we  have  obtained  the  explicit  expression  in  terms  of  coefficients, 
subject  to  such  an  apparent  particularization,  will  be  put  in  evidence  as 
what  are  necessary  to  secure  homogeneity  in  each  set  of  coefficients, 
retaining  integralness. 

The  prerogative  of  a  contra-perpetuant  of  a  quantic  or  quantics,  among 
other  seminvariants  of  the  quantic  or  quantics,  cannot  then  have  reference 
to  irreducibility  in  degree.  Its  reference  must  be  essentially  to  the  quantic 
or  quantics  to  which  the  contra-perpetuant  as  such  appertains,  and  be 
concerned  with  their  orders. 
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6.  Let  us  first  consider  the  prerogative,  and  the  specification,  of  those 
semin variants  of  n  linear  forms 

which  are  contra-perpetuants  of  the  system  of  forms. 

Seminvariants  of  the  forms,  omitting  mere  products  of  leading  co- 
efficients, are  the  various  homogeneous  functions  of  the  differences  of 
Gi,  a^,  ...,  an,  each  made  integral  in  the  coefficients  by  any  adequate  pro- 
duct of  powers  of  a^^\  af^\  ...,  a^"*^  as  a  factor.  The  contra-perpetuants  of 
the  forms  are  given  in  this  way  (cf .  §  2)  by  those  homogeneous  functions 
df  the  differences  which  are  not  annihilated  by  IIDa,  which  is  the  product 
of  the  2*"^— 1  linear  operators  that  are  parts  of  the  sum 

3,3,        ,3 

oai      oa^  can, 

and  do  not  involve  ^  (or  any  other  one  term  we  like  to  choose).     The 

prerogative  of  these  functions  of  differences  is  that  no  one  of  them  can  be 
written  as  a  sum  of  parts  each  of  which  is  a  product  of  two  factors  (both 
functions  of  differences,  or  one  perhaps  constant)  such  that  one  involves 
some,  but  not  all,  of  aj,  og,  ...,  a^,  and  the  other  does  not  involve  any  of 
those  letters  which  are  present  in  the  first.  In  other  words,  the  pre- 
rogative of  the  contra-perpetuants  is  that,  however  multiplied  by  products 
of  leading  coefficients  of  the  n  linear  forms,  they  cannot  be  written  as  sums 
of  parts  each  of  which  is  a  product  of  a  seminvariant  of  some  (but  not 
all)  of  the  n  forms  into  a  seminvariant  of  the  remainder. 

A  complete  system  of  contra-perpetuants  of  the  n  linear  forms  is  given, 
but  for  leading-coefficient  factors  which  have  lower,  but  not  upper,  limits  of 
degree,  by  a  complete  system  of  linearly  independent  functions  of  the 
differences  of  01,02,...,  an  such  that  every  one  of  them  has  the  prerogative 
above  explained,  and  that  every  function  of  differences  which  has  the 
prerogative,  but  is  not  a  linear  function  of  them,  can  be  expressed  as  a 
linear  function  of  them  and  of  other  functions  of  differences  not  possessing 
the  prerogative. 

By  §  2  there  is  great  variety  of  ways  in  which  a  complete  system  of 
contra-perpetuant  functions  of  the  differences  can  be  written  down,  one  of 
the  best  consisting  of  the  products  of  the  fi's  which  occur  in  the  expansion 

""^  ^r'-V(i-A)(i-i82)...(i-^,_i), 

where  ^r  =  ai+a2+...+an—nar     (r  =  1,  2,  8,  ...,  n). 

The  common  factor  given  in  the  numerator  of  this  generating  function 
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may  be  replaced  by  any  12«  of  dimensions  2*^~^— 1  which  is  not  annihilated 
by  ILD«,  and  in  particular  by 

(ai— oj)**"  (ai— ag)*"  ...(aj— a„-i)*(ai— aj, 
or  by  (oi— aj)**"  (04— ag)**"  ...(a»_2— a«_i)'(a»-i— aJ. 

It  is  interesting  to  take  distances  from  an  origin  along  a  line  meaanred 
numerically  by  a^,  a^,  ...,  a»,  and  express  our  conclusions  as  facts  in  tht 
geometry  of  ranges.    For  instance,  taking  n  =  4,  we  obtain  the  following: — 

(1)  Every  expression  of  dimensions 

less  than  7  (=  2'— 1)  in  the  distances     g jj j g g 

from    one   another  of    four   coUinear 

points  Af  B,  Cf  D  can  be  linearly  separated  into  parts  in  which  only  two 
of  the  points  are  mentioned,  parts  in  which  only  three  are,  and  parts 
which  are  products  of  powers  ot  AB  and  CD,  of  AC  and  BD,  and  of  -4D 
and  BC. 

(2)  Every  expression  of  dimensions  7  can  be  linearly  separated  into 
parts  as  in  (1)  and  a  multiple  of  a  single  term,  which  may,  for  instance, 
be  taken  as  either  AB^.AC^.AD  or  AB^.BC^.CD  or  MA\  where  M  is  the 
centre  of  mean  position  ot  A,  B,  C,  2),  i.e.,  the  centroid  of  equal  masses  at 
those  points:  but  neither  MA'^  nor  AB^.AC^,AD  nor  AB^,BC^.CD  can 
be  separated  as  in  (1). 

(8)  Every  expression  of  dimensions  exceeding  7  can  be  separated  into 
parts  as  in  (1)  and  parts  of  either  we  like  to  choose  of  the  forms 
MA^'^^MB'.MC,  ABr^\AG*''^.Aiy^\  AB''^\BC"'\CD'''\  with  r,  s,  t 
zero  and  positive ;  but  no  linear  function  of  terms  of  either  of  these  last 
three  forms  can  be  separated  as  in  (1). 

7.  Consider  now  contra-perpetuants  of  one  w-ic.  Their  prerogative 
among  seminvariants  appertaining  to  the  n-ic  is  that  none  of  them  either 
is,  or  can  be  multiplied  by  any  power  of  the  leading  coefficient  so  as  to  be 
made,  linearly  expressible  in  terms  of  products  of  seminvariants  of 
quantics  of  lower  orders  which  are  complementary  factors  of  the  n-ic. 

For,  as  in  §  6,  the  essential  fact  is  that  the  root-expression  for  the 
contra-perpetuant  be  not  annihilated  by  IIDa.  This  prevents  it  from 
being  a  linear  function  of  products  of  functions  of  the  differences  of  com- 
plementary sets  of  the  roots  a.  Now  it  is  symmetric  in  the  roots,  and  a 
function  of  the  differences  of  aj,  o^,  ...,  a«  which  is  symmetric  must,  if  it 
be  a  sum  of  terms  like 

(function  of  differences  of  oj,  oj,  ...,  a  J 

X (function  of  differences  of  a^+i,  a„+2,  ...,  aj, 
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be  a'fium  of  teirms  like 

—  2 (function  of  differences  of  ai,  og,  ...,  a„) 

X  7 r:  2 (function  of  diflferences  of  a^+i,  a„+i,  ...,  a^, 

\n — v)\ 

which  is  the  product  of  the  root-expressions  for  two  seminvariants  of 
complementary  factors  of  the  n-ic.  Accordingly  the  prerogative  of  cohtra- 
perpetuants  is  as  stated  above. 

To  specify  a  complete  system  of  contra-perpetuants  of  the  w-ic  we  can 
employ  §  8.  For  instance,  we  can  at  once  assert  that,  if  aj,  aj,  ...,  an  are 
the  roots  of  the  n-ic,  and  j8i,  ^83,  ...,  ^n  are  written  down  as  in  §  6,  the 
root-expressions  for  a  complete  system  are  afforded  by  the  terms  in 
the  expansion  of       Vioa-^-i //1        'x/i       'x      /1       '\ 

where  pi(=  0),  j)2, p8»  ...,i>'n   are    the  elementary    symmetric  functions 

ot  ^u  Ai»  ...,  ^n. 

Accordingly  we  have  the  following  conclusions. 

(1)  Every  seminvariant  of  weight  less  than  2**""^  — 1  appertaining  to  an 
n-ic  can,  at  any  rate  when  multiplied  by  a  power  of  the  leading  coefficient, 
be  linearly  expressed  in  terms  of  seminvariants  of  quantics  obtained  by 
omitting  factors  from  the  n-ic  and  products  of  seminvariants  of  quantics 
of  lower  orders  than  n  which  are  complementary  factors  of  the  n-ic. 

(2)  Every  seminvariant  of  weight  2*~^  — 1  appertaining  to  an  n-ic 
which  cannot  be  expressed  as  described  in  (1)  can,  at  any  rate  when 
multiplied  by  a  power  of  the  leading  coefficient,  be  given  the  form  of  a 
linear  function  as  in  (1)  together  with  a  multiple  of  a  single  contra- 
perpetuant  seminvariant,  which  may,  for  instance,  be  taken  as  the  one 
specified  by 

2^^""^-^      or     2(ai  — a2)''^"''(ai  — ag)^""'  ...  (aj  — a^-i)^  (aj— aj, 

or  2(01  —  03)-"     (ag— Qg)^"     ...  (an-2--aft-i)^(an-i  — On); 

but  this  single  contra-perpetuant  cannot  be  expressed  as  in  (1). 

(8)  For  a  weight  exceeding  2**"^  — 1  there  are  as  many  contra- 
perpetuants  in  a  complete  system,  linearly  independent  when  made  of 
one  degree  by  powers  of  the  leading  coefficient  a  as  factors,  t.6.,  as  many 
seminvariants,  of  the  weight  w  and  appertaining  to  the  n-ic,  but  not  con- 
sidered as  distinct  when  they  differ  only  by  powers  of  a  as  factors,  which 
cannot  be  expressed  as  in  (1),  as  there  are  seminvariants,  a  factors  dis- 
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regarded,  appertaining  to  the  ?i-ic  and  of  weight  w?— 2*~^+l ;  and  in 
terms  of  these  and  sums  as  in  (1)  all  semin variants  of  the  weight  for  the 
9i-ic  can,  at  any  rate  when  raised  in  degree  by  a  factors,  be  linearly 
expressed.  Such  a  system  of  contra-perpetuants  has  been  exhibited 
above ;  and  others  will  be  noticed  presently. 

8.  To  lessen  verbiage  take,  as  it  was  noticed  in  §  5  that  we  may, 

(1,  tti,  Uz,  ...,  an)(x,  yY 

for  our  n-ic.     Notice  that,  if  we  deprive  it  of  its  second  term  by  putting 

—  = cii  = 1 (ai+a2+...+an), 

y      y  y      n 

we  give  it  a  form  (1,  0,  o-i,  ...,  ai)(a;',  y)*, 

of  which  the  n  roots  are  —  1/n  times  j8i,  jSj,  ..,,  fin  respectively. 

Thus  a.;,  as,  ...,  a^  are  multiples  of  the p^^p',,  ...,!?;  of  the  generating 
function  in  §  7,  and  may  be  put  in  place  of  them.  Also  they  are  the 
results  of  putting  1  for  a^  in  the  unreduced  protomorph  seminvariants 

2  2  S 

A^  =  dod^ — ^i>         -^3  ^=  ^0^8 — 8aoaiaaH-2ai, 
-44  =  ao^4 — 4at)aia8H-6ao^i^^ — 3^i»     •••» 

Consequently,  if  C  denote  a  contra-perpetuant  of  least  weight  2*~*  — 1, 

either  that  specified  by  2)8^"  "\  or  that  by  any  other  proper  1?.,  a  com- 
plete   system   of    contra-perpetuants  is  comprised  in  the  terms  of  the 

expansion  of  Clil-A^H-A^  ...  (l-A,). 

The  system  here  presented  is  one  the  members  of  which  are  of  un- 
necessarily high  degrees,  and,  though  the  notion  of  degree  is  irrelevant 
to  that  of  a  complete  system,  it  would  seem  best  to  exhibit  a  system  with 
members  of  as  low  degrees  as  convenient.  Now  we  only  need  a  generating 
function  of  which  the  expansion  shall  be 

CXall  seminvariants  of  (1,  a^,  aj,  ...,  a  J  (a;,  y)*, 

the  replacing  of  Uq  by  1  being  effective  in  removing  all  distinction  between 
seminvariants  which  only  differ  by  ao-factors.  The  right  minimum  degree 
of  a  seminvariant  when  made  homogeneous  by  the  reintroduction  of  Uq  ia 
that  of  the  highest  terms  in  ai^  a^,  *»-y  an  present  in  its  expression  when 
an  =  1. 
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We  depress  degrees  in  a  complete  system,  for  the  various  weights,  by 
expressing  the  factor  "all  aeminvariants  of  (1,  %,  o^,  ...,  a^^^x,  y)*"  in 
terms  of  a  most  reduced  system  of  protomorphs 

Va>  ^8»  ^4*  ^5»  V6»  •••»  ^»t» 

which  are  alternately  quadratic  and  cubic,  so  that  8n  means  Q«  or  Cn 
according  as  n  is  even  or  odd,  instead  of  in  terms  of  A^,  A^,  ...,  A^. 
Thus  the  expansion  of 

comprises  the  members  of  a  depressed  complete  system  of  contra- 
perpetuants,  and  this,  except  in  so  far  as  the  common  factor  C  is  con- 
cerned, is  the  most  depressed  which  can  be  expected  to  be  attainable  in 
general.  It  is  not  the  most  depressed  which  exists,  but  to  obtain  a 
perfectly  depressed  system  the  probably  inaccessible  knowledge  of  a  real 
generating  function  for  seminvariants  of  the  n-ic  in  which  all  irreduciblea 
should  be  represented  would  be  needed. 

Notice  that  the  duals  of 

where  the  terms  summed  are  what  occur  in  Grace's  denominator  of  §  1, 
and  the  summations  are  symmetrical  in  d^,  62,  ...»  On,  are  the  root- 
expressions  for  a  set  of  quadratic  and  cubic  protomorphs  Q2,  Cg,  Q4,  Cg,  .... 
We  may  expect  then  that  a  symmetrical  perpetuant  system  closely  allied 
to  Grace's  unsymmetrical  one  will  have  the  advantage,  among  other 
equally  complete  and  non-redundant  systems,  of  being  reduced  in  extent, 
in  the  set  of  coefficients  referred  to,  to  the  minimum  which  there  is  much 
hope  of  arriving  at  without  knowledge  of  a  real  generating  function  for 
seminvariants  of  an  n-ic  in  which  all  irreducibles  occur. 

But  the  best  numerator,  or  common  factor,  B  ox  C  for  the  purpose  has 
yet  to  be  exhibited,  for  the  general  n.  Resuming  the  language  of  the  dual 
theory  of  contra-perpetuants,  the  G  of  lowest  degree  for  the  weight 
2*"*—!,  which  is  at  present  before  us,  is  the 

2  {a^^a^^    (oa— ag)^"     ...  (an-2— 0^-1)*  (an-i— aj 

provided  by  Grace's  numerator.  This  cannot  be  replaced  by  one  of  lower 
degree  when  n  =  4 ;  but  already  for  n  =  5  its  degree  12  is  unnecessarily 
high.     It  is  pointed  out  to  me^  that  Mr.  P.  W.  Wood  has  examined  all 


*  Since  the  reading  of  this  paper. 
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pfodacifi  of  the  form 

to  aiscertain  wbicb  of  them  are  not  annihilated  by  IID^,  for  n  =  5.  From 
his  list  (Proceedings,  Sen  2,  Vol.  8,  p.  818)  it  is  at  once  clear  that  there 
is  a  choice  of  suitable  contra-perpetuants  C  of  degree  8  only.  For 
instance,  we  may  have 

C  =  2  (ui^a^*  {aa'~<^*  (03— "4)*  (04—05)*. 

9.  Let  us  exemplify  the  results  of  the  last  two  articles  by  consideration 
ot  the  case  n  =  4,  i.e.,  of  contra-perpetuants  of  the  quartic 

(a,  i,  c,  d,  e){x,  yY  =  a{X'-ay){x''fiy){z—yy){x—8y). 

The  degree  of  2  (a-fi)^  (fi-yfiy-S) 

is  5,  not  6  as  would  at  first  appear,  for  ^  has  a  vanishing  coefficient  in 
the  sum.  The  expression  for  the  symmetric  function  is  readily  seen  to 
be  a  numerical  multiple  of 

i  (a»d-8aic+26»)(ae-46d+8c^. 
a 

In  fact  the  numerator  here  is  the  only  semin variant  of  weight  7  and 
degree  6  for  the  quartic.  [No  seminvariant  of  weight  7  and  degree  less 
than  6  exists.] 

Thus  a  complete  system  of  contra-perpetuants  of  the  quartic  is  com- 
prised in  all  products  of  the  form 

(ac-6y(a»d-8a6c+268)'+Ma«-4W+8c^'-^S 

with  r,  8,  t  zero  and  positive,  i.e.,  in  the  terms  of  the  expansion  of 

C8«4/a-«2)(i-C8)(i-g4); 

and  this  system  consists  of  members  depressed  in  degree  as  far  as  is 
possible  by  the  methods  of  general  applicability  which  have  been  ex- 
plained. 

But  for  the  quartic  there  is  a  known    real  generating   function  of 
seminvariants,  expressed  entirely  in  irreducibles,  namely, 

(l  +  C8)/(l-a)(l-g^(l-g4)(l-e7), 

where  J  is  the  invariant  ace+^bcd—acP'—b'^e'-'t^,  and  Q4  is  the  invariant 
usually  called  /.  Accordingly,  as  we  ignore  superfluous  powers  of  a,  we 
are  able  for  the  quartic  to  write  down  a  system  of  contra-perpetuants, 
given  by  the  expansion  in  terms  of  Q^,  C^,  I,  J  ot 
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the  members  of  which  are  all  of  absolutely  indepressible  degrees.  Notice 
that  the  numerical  generating  function,  which  tells  us  how  many  there 
are  in  the  system  for  each  weight,  is  given  by  this  real  generating 
function  to  be 

which  is  what  we  know  ought  to  be  the  case. 

For  a  cubic  the  equally  perfect  complete  system  of  contra-perpetuants, 
arrived  at  in  like  manner,  consists  of  the  terms  of  the  expansion  of 

where  A  is  the  discriminant. 

Reverting  to  the  dual  theory  of  perpetuants  of  (§  1),  we  deduce  that, 
for  degrees  4  and  8,  complete  systems  of  perpetuants,  rendered  perfect  in 
that  all  their  members  go  to  no  unnecessary  extent  in  the  set  of  coefficients, 
are  given  by  the  expansions  respectively  of 

where  ^4  means  61+82+6^,  i.e.,  Oi—O^,  and 

where  A'  means  the  product  of  the  squares  of  differences  of  di,  6^9  6^,  6^. 

Lastly,  from  §  7  with  n  =  4,  we  get  the  following  examples  of  theorems 
in  the  geometry  of  ranges  of  points  : — 

(1)  Every  rational  integral  expression  of  dimensions  w  less  than  7  in 
the  mutual  distances  of  four  C9llinear  points  Ay  By  Gy  D,  which  is 
symmetrical  in  its  reference  to  the  points,  can  be  written  as  a  sum  of 
zero  or  numerical  multiples  of  terms  of  the  forms  ^AB^,  ^AB^,AC^~^, 
^AB'.CD'"-'. 

(2)  I.AB^.AC^.AD,  I:AB*.BC^.CD,  XMA^  where  M  is  the  centre 
of  mean  position  of  Ay  B,  C,  D,  cannot  be  expressed  as  in  (1).  Every 
other  symmetric  expression  of  dimensions  7  which  cannot  is  the  sum  of  a 
multiple  of  either  of  these  three  we  like  and  an  expression  which  can. 

(8)  If  w>ly  no  expression  of  dimensions  w  such  as  described  which 
has  either  'LMA'^  or  "LABKAC^.AD  or  ZAB^.BC^.  CD  or 

i:ab\bc^ab\bc.cd 

for  a  factor  can  be  expressed  as  in  (1) ;  but  every  other  symmetric  function 
can  be  expressed  as  the  sum  of  a  part  as  in  (1),  and  a  part  with  either  of 
the  above  symmetric  functions  we  please  as  a  factor. 
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10.  It  would  be  easy  to  give  the  dual  interpretation  to  the  general 
expansions  in  differential  operators,  written  down  in  §  4,  for  complete 
systems  of  perpetuants  of  any  partial  degrees  we  like  in  different  sets ; 
but  the  statement  would  be  only  tedious.  It  is  not  unlikely,  however, 
that  a  close  examination  of  the  dual  conclusions  would  decide,  for  instance, 
whether  a  system  of  perpetuants  closely  allied  to  that  exhibited  by  Grace 
for  two  partial  degrees,  and  naturally  led  on  to  in  general  by  his  processes, 
has  the  same  superiority,  in  respect  of  lowness  of  extents  in  the  various 
sets  of  coefficients,  over  other  equally  complete  and  non-redundant  systems 
of  which  the  formation  is  all  that  is  practicable  except  for  particular  and 
very  low  degrees,  as  attaches  to  a  system  like  his  for  the  case  of  a  single 
set  with  the  degree  general. 
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SOME  THEOREMS  CONNECTED  WITH  ABEL'S  THEOREM  ON 

THE  CONTINUITY  OF  POWER  SERIES 

By  G.  H.  Hardy. 

[Keceived  March  Slst,  1906.— Reivd  April  26th,  1906.— Received  in  revised  form  May  6th,  1906.] 

1.  It  will  probably  make  the  object  of  this  paper  more  easily 
intelligible  if,  at  the  risk  of  repeating  a  certain  number  of  well  known 
facts,  I  preface  it  with  a  brief  historical  resume. 

In  his  famous  memoir  on  the  Binomial  Series  Abel  proved  that,  if  a 
series  Y,a^is  convergent ,  the  series  San-c**  is  convergent  for  all  positive 
values  of  X  less  than  unity,  and  represents  a  fwiction  f(x)  which  is  con- 
tinuous for  all  such  values  of  x,  unity  included,* 

An  alternative  proof  of  Abel's  theorem  was  given  later  by  Dirichlet.t 

Stated  in  the  language  of  the  modern  theory  of  functions,  Abel's 
theorem  runs  :  **  If  a  power  series  in  x  converges  to  the  sum  s  at  a  point  P 
on  its  circle  of  convergence,  and  f(x)  is  the  function  represented  by  the 
series  within  the  circle,  then  /  (x)  tends  to  the  limit  s  when  x  tends  to  P 
along  a  radius  vector  from  the  origin." 

This  theorem  has  proved  the  starting  point  for  a  considerable  number 
of  later  researches.  Stolz  was  the  first  to  prove  that  the  result  still 
holds  if  X  tends  to  P  along  any  path  which  lies  entirely  within  the  circle 
of  convergence.!  At  a  later  date  Pringsheim  returned  to  the  subject  in 
a  very  instructive  memoir,  §  in  which  he  shows  that  Abel's  proof  suflSces 
to  prove  not  only  the  continuity  of /(x),  but  also  the  uniform  convergence 
of  the  series  2anX'*  throughout  the  interval  (0,  1).  Of  this  the  continuity 
of  f(x)  for  35  =  1  is  a  corollary  ;  but  Abel  had  really  proved  more  than 
mere  continuity,  and  Pringsheim  justly  remarks  that  Dirichlet's  proof  is 
inferior  to  Abel's  in  that  it  obscures  this  fundamental  point. 

This  is  not  the  only  direction  in  which  Abel's  theorem  has  been 
generalised.     The  property  of  the  special  function  x*,  upon  which  Abel's 


•  CreHe,  Bd.  i.  ;  (Euvres,  T.  i.,  p.  223. 
t  Lumville,  Ser.  2,  T.  vn.  ;    Werkt,  Bd.  n.,  p.  306. 

X  ZeitMhr.f,  Math.,  Bd.  zx.,  p.  370,  and  Bd.  zziz.,  p.  127.     This  statement  is  somewhat 
loose  ;  see  \  4. 

4  Munchetiier  SittutigMberichte,  1897,  p.  343. 
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proof  was  based,  was  simply  that  expressed  by  the  inequality 

^n^^a+i     (0<a:<l), 

and  it  was  at  once  suggested  that  similar  theorems  must  hold  for  more 
general  classes  of  series  of  the  type  2a„/„(;r).  And,  in  fact,  Dirichlet 
and  Dedekind^  arrived  at  the  following  results,  which  for  the  sake  of 
brevity  I  state  on  the  hypothesis  that  the  functions  /,» (x)  are  real  functions 
of  X  defined  for  the  interval  0  ^  a:  ^  1. 

(a)  If  Mx)  >/n+i  W  >  0     (0  <  a;  <  1), 

and  Sttn  is  convergent,  then  ^a„fn{x)  is  convergent  and,  if  every /» is 
continuous,  the  sum  of  the  series  is  a  continuous  function  of  x, 

(6)  If  Sa„  oscillates  between  finite  limits  of  indetermination, 

/«(a*)  >/n+i(x),     and     lim/n  =  0, 

then  Xanfni^)  is  convergent ;  and,  if  every  /»  is  continuous,  the  sum  of 
the  series  is  a  continuous  function  of  x. 

Dirichlet  and  Dedekind  were  concerned  mainly  with  applications  of 
these  theorems  to  Dirichlet's  series,  and  pass  somewhat  lightly  over  the 
general  properties  of  series  which  are  involved  in  them.  Their  exposition 
is  also  obscured  to  some  extent  by  the  fact  that  they  do  not  utilize  the 
notion  of  uniform  convergence.  I  have  therefore  discussed  the  question 
further  in  §  2,  and  have  stated  a  few  theorems  which  summarize  the 
conclusions  which  can  be  drawn  from  the  discussion.  I  cannot  claim  any 
particular  originality  for  these  theorems,  but,  so  far  as  I  know,  they  have 
not,  in  the  form  in  which  I  state  them,  been  included  in  any  published 
work.  They  would  naturally  suggest  themselves  to  any  one  who  under- 
took a  careful  analysis  of  the  various  theorems  stated  in  this  section,  and 
Prof.  Bromwich  informs  me  that  he  has  himself  included  Theorem  I.  a  in 
a  tract  on  the  theory  of  series  which  will  ultimately  form  one  of  the 
Cambridge  Tracts  in  Mathematics  and  Mathematical  Physics. 

I  have  also  included  in  §§  8,  4  some  applications  of  these  theorems 
which  do  not  appear  to  have  been  noticed  hitherto,  and  in  §  5  I  have 
discussed  a  passage  in  Kronecker's  Vorlesungen  iiber  Integrale  which  is 
concerned  with  the  subject,  but  appears  to  contain  serious  errors. 

There  is  yet  another  form  of  generalisation  of  Abel's  theorem  which 
has  occupied  the  attention  of  mathematicians.  It  may  happen  that  the 
series  ^anX^  is  divergent  at  a  point  on  the  circle  of  convergence,  but  is 
capable  of  "  summation  "  by  one  or  other  of  the  methods  furnished  by 


Vorlesungen  uber  Zahlenthfiorie^  J)  100  and  143-4. 
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the  theory  of  divergent  series,  Cesaro's  method  of  mean  values,  or  Borel's 
method  of  exponential  summation;  or  one  of  the  various  generalisations 
of  either  method.  And  it  results  from  the  combined  researches  of  a 
number  of  writers  that,  if  2a„  has  the  sum  s  when  summed  according  to 
«wy  of  these  methods,  then  fix)  toids  to  the  limit  s  when  x  tends  to  the 
point  in  question  on  the  circle  of  convergence  by  any  path  subject  to 
certain  restrictions.  In  the  latter  part  of  the  paper  I  have  occupied  my- 
self with  series  summable  by  Cesaro's  method.  The  theorem  for  such 
series  which  corresponds  to  Abel's  original  theorem  was  first  proved  by 
Frobenius,*  and  states  that,  if 

and  lim  ^P+^i+'"+''^  =  5, 

n+1 


n=ao 


then  lim/(a;)  =  s. 


x=l 


I  have  attempted  to  prove  a  general  theorem  which  shall  stand  to  this 
theorem  in  the  same  relation  as  Theorem  I.  to  Abel's  theorem.  This 
theorem  (Theorem  II.)  is  the  principal  result  of  the  paper :  it  will  be 
found  in  §  6. 

Finally,  I  have  illustrated  some  of  the  most  obvious  applications  of 
this  general  theorem,  and  I  have  indicated  some  further  questions  which 
are  naturally  suggested,  but  which  I  cannot  profess  to  have  completely 
solved. 

I  may  remark  that  I  was  led  to  this  investigation  by  considering 
various  problems  concerning  the  limits  approached  by  the  g-series  of 
elliptic  functions,  when  q  tends  to  a  point  on  the  unit  circle,  and  a 
number  of  my  illustrations  are  furnished  by  g-series.  But  I  have  not  in 
this  paper  attempted  to  treat  any  such  particular  class  of  problems 
systematically.^ 

2.  Theorem  La. — If  foix),  fiix),  /a  (a;),  ...   is  a  series  of  real  finite 
positive  functions}  su/^h  that 

(1)  fn(x)>fnMx)     (0<a:<l), 


•  Crelle,  Bd.  ulxxix.,  p.  262. 

t  A  finite  functioD  (fonetion  bornee)  is  a  function  whose  absolute  value  is,  throughout  the 
ixitenral  of  variation  of  the  independent  variable,  lew  than  a  constant  K.  It  would  obviously  be 
enough  to  assert  that  |  /o  |  <  K, 
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and  San  is  any  convergent  series^  then  the  series  ^a^fn(x)  is  uniformly 
convergent  throughout  the  interval  (0,  1). 

For 

n  n— 1 


r=m  v=TX 


Choose  f/io  BO  that,  for   v'^m^  m^ 


Then 


2  a^f^ 


€/m  <  eMy 


where  M  is  the  maximum  of  /o  (a;)  in  the  range   (0,  1).     The  theorem  is 
therefore  proved. 

Corollary. — If  the  functimis  fn{x)  are  continu^yus,  the  series  2a»/»(a:) 
represents  a  function  of  x  co7itinuous  throughout  the  interval  0  ^  a;  ^  1. 

Theorem  I.  a  1. — If  the  restriction  thut  fn  is  real  and  positive  is  re- 
moved, and  the  condition  (1)  is  replaced  by  tlie  condition  that 


n 


(la)  2|/,(a:)-/,+,(a;)|<ir, 

where  K  is  a  cojistant,  then  tlie  series  ^anfn  is  still  ujiiformly  convergent.* 

We  first  observe  that  the  existence  of  such  a  constant  K  involves  that 
of  a  constant  L,  such  that  \fn{x)  |  <  L,  for  all  values  of  x  and  n.     For 


Hence 


n 


2  a  J, 


e[^l    |/.-/,^l|+|/n|}<€(M+2J50, 


and  the  result  follows  as  before. 

Corollary. — If  the  functions  fn  are  continuous,  the  sum  of  the  series  is 
continiums. 

An  obvious  generalisation  is — 

Theorem  I.  a  2.  —  The  conclusions  of  the  preceding  theorems  and 
corollaries  still  hold  if  the  terms  of  the  series  So*  are  functions  of  x, 
provided  the  series  is  uniformly  convergent,  and  {in  the  corollaries)  the 
functions  an  are  continuous. 


*  We  may  suppose  either  that/M  is  a  oomplez  function  of  a  real  variable,  or  a  funotion  of  a 
complex  yariable  ;  in  the  latter  case  the  interral  (0,  1)  must  be  replaced  by  a  region. 
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These  theorems  all  arise  from  the  Theorem  (a)  of  Dirichlet-Dedekind. 
It  is  with  this  rather  than  with  Theorem  (6)  that  I  am  concerned  in  this 
paper ;  but  the  latter  also  raises  interesting  questions. 

Thborem  I.  b. — If  the  functions  fn  {x)  satisfy,  in  addition  to  the  con- 
ditions of  I,,  the  condition  lim  /»(x)  =  0,  and  if  Sa^  oscillates  between 

finite  limits  of  indetermination*  then  tJie  series  ^a^fn  is  uniformly  coii- 
vergent. 

In  the  first  place  there  is  a  number  K  such  that 

I  a^+a^+i+,..+ay\<K 

for  all  values  of  m  and  v.  In  the  second  place  fn  (x)  is  a  function  of  x 
which  never  increases  as  n  increases,  and  whose  limit  zero  is  a  continuous 
function  of  x.  The  convergence  otfn(x)  to  its  limit  is  therefore  uniform,^ 
and  we  can  choose  m^  so  that,  for  m  ^  m^,  and  for  all  values  of  x, 

\fm{x)\<e. 

The  theorem  now  follows  immediately  from  (1). 

Corollary. — If  the  functions  /»  are  continuous^  the  sum  of  the  series 
2  anfn  (x)  is  a  continuous  function  of  x. 

Theorem  I.  b  1. — If  the  restriction  that  the  functimis  fn  {x)  are  real  and 
positive  is  removed,  and  the  conditions  to  which  they  are  subject  are 
replaced  by  the  condition  that  the  series  2  |/„(a:)— /n+i(x)|  is  convergent, 
the  series  ^Onfn  is  convergent. 

Theorem  I.  b  2. — If  in  addition  the  functions  /»  are  continuums  and 
either  of  the  equivalent  conditions  (i.)  that  tlie  series  2|/»— /n+i  lis  uniformly 
convergent,  or  (ii.)  that  its  sum  represents  a  continuxyus  functio7i  of  x,  is 
satisfied,  the  series  ^anfn  will  be  uniformly  co?iverge7it  and  continuous. 

Theorem  I.  b  8. — The  preceding  conclusions  are  not  affected  if  the  an's 
are  functions  of  x,  provided  a  cotistant  K  exists  su^h  that 

l«o+%+---+^»  I  <^ 

for  all  values  of  n  and  x,  and  {if  the  continuity  of  the  series  is  asserted) 
the  functions  On  are  continuums. 

These  theorems  follow  at  once  by  trifling  modifications  of  the  preceding 
arguments.  It  will  be  seen  that  the  series  of  theorems  I.  b,  bl,  b2,  bS 
runs  almost,  though  not  exactly,  parallel  to  the  series  I,  a,  al,  a  2. 

*  Le,,   I  «0  +  ai -♦-...  +  «„  I  <  K, 

t  Dini,  GriMdloffen,  pp.  148,  149.  The  corollary  is  HubBtantially  Dedekind's  theorem :  his 
proof  is  leM  simple,  owing  to  the  fact  that  he  doea  not  employ  the  notion  of  uniform  oonvergenoe. 
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8.  Of  the  preceding  theorems  those  of  which  the  applications  are 
most  interesting  are  I.  a  and  its  extension  I.  a  1. 

Since  /«  ^fn^-u  fn  tends  to  a  limit  f or  n  =  oo  for  all  values  of  z ;  but 
in  general  it  will  not  tend  uniformly  to  this  limit,  and  the  limit  will  not 
be  a  continuous  function  of  x.  In  the  most  important  applications  such 
a  non-uniformity  or  discontinuity  occurs  at  one  or  other  end  of  the 
interval  (0,  1),  and  the  interest  of  the  theorem  lies  in  its  application  to 
establish  the  continuity  of  the  series  ^anfn  at  this  end.     Thus 

(i.)    If  Mx)   =  X^      fn  >/n+l, 

lim/n  =  0  (0  <a:  <  1),      lim/,  =  1  (x  =  1), 
and  we  obtain  Pringsheim's  form  of  Abel's  theorem. 

lim/„  -  0  (0  <  ar  <  1),         lim/„  -  1   (or  -  0), 
and  we  deduoe  that  the  Diriohlet's  series 

1'      2*      3' 

is  anifoimly  oonverg^t  throughout  (0,  1),  and  so  oontinuous  for  x  ^  0,  which  is  one  of  the 
Dirichlet-Dedekind  theorems. 

(iii.)  If  (denoting  the  independent  variable  now  by  q)  we  take 

fn  (q)  -  r^,, 
1  +^* 

SO  that  fn-/»^i  = 9** (^-9)         ^  0, 

and  Urn  /,  =  0  (?  <  1),    -  |    (^  -  1), 

and  we  deduce  that,  if  2  Oh  is  convergent, 

lim  2  ~^-  "  i2a,, 
9-1       1+^" 

numerous  applications  of  this  result  [and  the  similar  results  for  2 o^ ;**/(!  -f  q^),  ...]  maj  be  made 
in  the  theory  of  elliptic  functions.     For  instance,  from 

logAr  -  log4*/g+42  AzS]!-* 
®  ®        *  w(l  +  ^«) 

we  deduce  lim  log >&  »  21og2-4  (i~|-f  ^— ...)  -  0, 

as  may  be  verified  independently. 

(iv.)  Let  us  next  consider  the  series 

2  wfl„ ^  ( 1  —  q)  ^  ^  ftOnq'^ 

1  — j»  l+j  +  j'+... +5*-'* 

Here  /„  (j) ."«" 


*  Jaoobi,  Fundamtnia  Nova,  p.  103. 
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W6  dednoci  that 


2a„, 


proTided  only  the  latter  eerios  is  conyergent.     This  result  h  as  been  proved  (by  a  special  method 
depending*  apoQ  integrals)  by  Franel.*    Similar  results  may,  of  course,  be  proyed  for  such  series 


as 


For  instance,  from 
we  deduce 


-logAr'-Si  - 


iln-fl 


0   (2n+l)(l-^-2) 


i^.?''-2-(wr 


audfrom  ??^  ^(p„.^)  -  cosec^  +  U  j^!!^ 


2o» 


sin  ((2«^  1)^1 
•^       l-<r  2«+l  1-^ 


we  deduce  —  V(pU' 

IT  -       i—y  a«+i  1— J 

according  to  the  yalue  of  u.     In  the  last  equation  we  must  suppose  that  «  is  constant  and  that 
«'  Taries  in  such  a  way  that  q  tends  to  1  along  the  real  axis. 

In  an  interesting  note  recently  published  in  the  Mett$nger  of  Mathematic*y\^  TmS.  Bromwich 
establishes  the  asymptotic  equality 

1   sinhnO         0 

for  e  -1  0.    This  result  follows  immediately  from  what  precedes  if  we  write  q  iar  ^,    1  shall 
refer  later  on  to  Prof.  Bromwioh's  further  results. 


4.  I  shall  DOW  consider  some  examples  of  the  use  of  Theorem  I.  a  1. 

(i.)  Suppose  that  fn(x)  =  ar*,  and  that  the 
region  of  variation  o{  a;  is  a  triangle  formed  by 
joining  0  and  1  to  any  point  inside  the  unit 
circle. 

It  is  easily  verified  that  a  constant  K  (de- 
pending only  on  the  triangle)  can  be  found  such 
that  for  all  points  within  or  on  the  boundary  of 
the  triangle  li_x|    ^  ^ 


1— i»l 


Hence,  if  |  x  |  =  r, 


m  mm 


*  Math.  Afmalen,  Bd.  Ln. 

-f"  FimdamtHta  Nova,  he. 

X  Halphen,  FoneHont  £lHptigustf  t.  i.,  p.  431. 

f   '*  Some  Contributions  to  the  Theory  of  Two  Electrified  Spheres/*  Mettengevy  Vol.  xxxv.,  p.  1. 
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and    the    conditions   of    the  theorem  are   satisfied.      We  thus  obtain 
Pringsheim's  generalisation  of  Abel's  theorem.* 

(ii.)  The  theorem  may  be  applied  to  g-Beriee  snoh  as  those  preriouslj  oonsidared  when  q 
mores  (let  us  say)  along  a  radios  veotor  to  a  rational  point  on  the  unit  drole,  t.^.,  a  point  ^ ", 
where  a  and  h  are  integers.  Take,  $,g,f  the  series  for  log  4;  ooniddered  aboTe,t  and  sappose  that 
q  ^  r»«<*/i,  where  b  is  even  and  a  odd,  and  that  r  tends  to  unity  along  the  radius  roatat  (0,  1). 
Then  none  of  the  terms  of  the  series  become  infinite  in  the  limit ;  also 

where  ^.U)  «  S i.TLP) . 

This  last  series  satisfies  the  criteria  of  I.  a  1  for  uniform  convergence  throughout  the  interral  (0, 1 ) 
of  values  of  p.    For,  if  ««,  —  (»)'"/(ffia  •!-«),  SOm  is  convergent.    Also,  if 


l^pm^»/mf»wikfm* 


f    io\'^f      iTo^-  P**(^--P) 

where  A  -  d^«*/«.    Now 

If  cos  (»wb/a)  >  0,    this    is  greater  than  unity ;    if  cos  {nrhj*)  <  0,   it  has  a  minimum  when 
^^tlm  s,  .Qos  {iwh/a),  this  minimum  being  |  sin  {»wb/a)  |  .    And  in  any  ease 

\A{p)-fm.i(p)\  <  JTp-a-p), 

from  which  it  follows  at  once  that  the  conditions  of  I.  0  1  are  satisfied. 

Hence  the  original  series  for  log  A;  converges  uniformly  when  q  »  re**^f;  0  ^  r  <  I.    For 
r  «B  1  it  assumes  the  form 

2a  1      n     \  a   /        a  1  m  a 

and  this  is  therefore  the  value  to  which  logk  tends  as  r  approaches  unity.    The  series  on  the 
right  may  be  summed  in  finite  term8.t 


5.  In  a  passage  in  his  Vorlesungen  iiber  Integrale,  which  has  doubt- 
less puzzled  many  readers  besides  myself,  Eronecker  apparently  essays  to 
prove  a  theorem  designed  to  be  a  generalisation  of  Abel's  theorem  some- 
what on  the  lines  of  Theorem  I.  a^  except  that  there  is  no  mention  of 
uniform  convergence.    The  whole  passage  is  obscure  ;  but  the  suggested 


♦  Miinchener  S\tzung»berichtef  l.c, 
t  §  3,  iii. 

X  See  H.  J.  S.  Smith,  **  On  some  Discontinuous  Series  considered  by  Riemann**  {Megungtr, 
Vol.  XI.,  pp.  1-11 ;  CoiUeted  Math.  Papert,  Vol.  11.,  p.  312) ;  Dedekind's  Note  in  liiemaan's 
JFerke,  pp.  427-447  ;  Q.  H.  Hardy,  *<Note  on  the  Limiting  Values  of  the  Elliptic  Modular 
Functions,"  Quarterly  Jottrttalf  Vol.  xxxiv.,  pp.  76-86. 
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theorem  seems  to  be  as  follows : — *  "  If 

(i.)  S  On  is  a  convergent  series, 

(ii.)  the  functions  fn(x)  are  positive  and  continuous  throughout 
(a,  A), 

(iii.)/,(a;)>/n+i(x), 

(iv.)  \imfn{x)  =  lim/»(a;),  for  all  values  of  m  and  n, 

then  'Zon/nix)  will  be  convergent  and  continuous  for  x  =  A.'* 

My  criticisms  on  the  passage  are  in  brief  (i.)  that  the  conditions  are 
redundant,  the  fourth  of  them  being  quite  unnecessary  and  having  nothing 
to  do  with  the  essence  of  the  matter ;  and  (ii.)  that  the  proof  is  altogether 
unsound.  The  unsoundness  of  the  proof  appears  to  have  arisen  from  a 
mistaken  idea  of  the  importance  of  condition  (iv.).  Eronecker  argues  as 
follows.  Starting  from  Abel's  partial  summation  lemma,  the  origin  of  all 
these  theorems,  viz., 


w 


and  putting  c„  =  —  (a„+ a^ + 1 + . . .), 

he  deduces 


00  00 


— /o  2  ay+^  a^_i/^-.i  =  —  2  (/^-i— /r)  2  a«— /»  2  a, 


QO 


=  —  (fo—ffdMn—fn  2  a«, 
where  Mn  lies  between  the  least  and  greatest  of  the  values  of 

00 

2  a«      (•^  =  1>  2,  ...,  n). 


ao 


Making  n  tend  to  infinity,  and  observing  that  2  a„_i/„_i  is  convergent,  we 
obtain 


00  00 


— /o  2a^+  2  a^_i/^_,  =  —  (/o— lim/n)ilf, 

00 

where  M  lies  between  the  least  and  greatest  of  all  the  values  of  2  a^. 

He  then  makes  x  tend  to  A,  and  (unless  his  meaning  has  been  entirely 
obscured  by  misprints),  argues  that,  because 

lim  /o  =  lim  /„ 

x=A  x—A 


I  have  altered  Kroneoker's  notation  so  as  to  ag^ee  with  my  own  (Kronecker,  /.r.,  pp.  88,  89). 
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for  all  values  of  n,  therefore 


lim  (/o— lim  /*)  =  0  ; 


OB 


and  therefore  lim  2  a-_i  L^i  =  lim  /o  X  2  a, 

But  it  is  obvious  that  all  that  he  is  justified  in  asserting  is  that 

lim/o  =  lim  (lim /J, 

X  =  A  «=ao       X=A 

and  not  lim  /«  =  lim  (lim  /»), 

the  two  repeated  limits  only  being  equal  in  exceptional  circumstanees. 
And,  in  fact,  in  the  very  simplest  case,  when  /» (x)  =  x^  and  -4  =  1, 

lim  lim  x^  =  1,         lim  lim  a;*  =  0 ; 

80  that  his  argument  does  not  even  suffice  to  prove  Abel's  theorem  itself. 
And  a  careful  examination  of  the  passage  will,  I  think,  lead  any  reader  to 
the  conclusion  that  the  flaw  in  it  is  fundamental  and  not  to  be  repaired  by 
any  alterations  merely  of  detail. 

6.  I  shall  now  consider  the  case  in  which  the  series  Son  is  divergent 
but  summable  by  Cesaro's  method  of  mean  values.  I  use  the  following 
notation  and  terminology.     We  shall  say  that  Son  is  summable  if 

^n"r  ^1  I   ' "  "r  ^it 
?l+l  ' 

where  Sn  =  aoH-«i+...+^» 

tends  to  a  finite  limit  f or  n  =  oo ;  and,  if  the  terms  On  are  functions  of  a 
variable  x,  and  the  convergence  of  this  mean  value  to  its  limit  is  uniform 
throughout  a  certain  interval  or  region,  we  shall  say  that  2a»  is  uniformly 
summable.  It  is  evident  that  the  sum  of  a  uniformly  summable  series  of 
continuous  terms  is  a  continuous  function  of  x. 

Theorem  2. — If  the  functions  fn  are  finite,  real,  and  positive,  and 
/li— /n+i  «wd/»— 2/n+i+/n+2,  tJieir  first  and  second  differences,  are  positive 
for  0  ^x  ^\  and  for  all  values  of  n,  and  if  the  series  ^a^  is  sum- 
m^able,  then  the  series  ^anfn  is  uniformly  summable  througlwut  (0,  1). 

Corollary. — If  the  ftuictions  /,  are  cmitinuous,  the  sum  of  the  series 
^Onfn  is  a  continuous  function  of  x. 

The  proof  of  this  theorem  presents  somewhat  greater  difficulties  than 
those  of  the  simpler  theorems  of  §  2.  We  shall  .find  it  a  necessary  pre- 
liminary to  establish  a  series  of  lemmas. 
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Lemma  1. — If  Sn  tends  uniformly  to  a  limit  s,  the  series  ^On  is  uni- 
formly summuble  and  has  the  sum  s. 

If  we  omit  "  uniformly,*'  this  is  a  well  known  theorem*  asserting  the 
consistency  of  the  new  definition  with  the  old.  The  insertion  of  '*  uni- 
formly "  in  no  way  affects  the  proof. 

Lemma  2.— If  lim  ^0+^1+ '-+^n  ^  q 

•'  n+1 

we  can  determine  a  series  of  positive  quantities  €1,  e^,  ...,  whose  limit  is 
zero,  such  that  ,  ,        , 

p+r+l 
for  all  values  of  r. 

For  we  may  write     So+^i+ •  •  •  +^n  =  {n+ 1)  rjny 

where  lim  i7»  =  0.     And  then 

5p+5p+l+...+5p+r  =   (p  +  r+l)  tjp+r—pflp-U 

from  which  the  lemma  follows  ;  for  we  can  choose  p  so  that,  tot  v'^p—l, 
I J7^  I  <  €,  however  small  be  6,  and  then 


^P 


Sp  "T"  Sp+i  ~}"  . . .  'T"  Sp+r 


26 


p+r+l 

for  all  values  of  r.     In  particular,  as  is  well  known, 

lim  Spl(p+1)  =  0. 

Lemma  8. — If  fn  is  finite,  real,  and  positive  and  fr  >/»+i  for  all 
values  of  n  and  x,  and 

lim  ^0+^1  +  '"+^^  =  0, 
n+1 

then  lim  ^0/0+^1/1+ ■■■+^^/n  ^  q 

n+1 

uniformly  for  all  values  of  x. 
For 

n-l 
Sofo+...+Snfn=    2    (So+ • -. +Sr)(/r— /r+l)  +  (So+ •  •  • +^»)/* 

=    ([2   +"2  )  (So+...+«r)(/r-/r+l)+(«0+-+«-)/» 
=  (/a-fr)Mo.r-l+frMr,n, 


*  See,  e.jf.,  Bromwiofa  and  Haidy,  Frocudings,  Vol.  n.,  p.  172. 
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where  i(fo,t-i  lies  between  the  least  and  greatest  of 
and  Mr,  %  between  the  least  and  greatest  of 


Let  €  be  an  assigned  positive  small  quantity.     We  can  choose  r  so  that  for 
v^  r 


and,  afortioriy 


^0  "r  ^1  I   " '   I  ^1 
M  +  1 


<€ 


for  n^v^T'y  and  therefore  we  can  choose  r  so  that 


Mr. 


w+1 


for  all  values  of  n  ^  r.     But  when  r  is  fixed  we  can  obviously  choose  n 
so  that  ,, 

iHo.  r-1 


n+1 


<€. 


When  r  and  n  are  thus  chosen 


^o/o   I   ^l/l    I    •  • '    \SnJn 

n+1 


2i(r€, 


where  M  is  the  maximum  of /o(x).     The  lemma  is  therefore  proved. 
Lbmma  4. — If  the  conditions  of  8  are  satisfied  except  that 

n+1 


n  =  ao 


then 


i»=oo  n+ 1  n=oo " 


but  the  convergence  to  this  limit  will  in  general  not  be  uniform. 
For  let  So  =  «+^o>  *i  =  «+^i>  Then 

Urn  ^O+h+'y  +  ^n  ^  Q  . 

n+1 


n=oo 


and  therefore 


tafo+t^A+.,.+tnfn 

n+1 
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eonverges  uniformly  to  zero.     Also 

li^  ^</o+/i+'-+/n)  =  5  lim  /n ; 

but  the  convergence  to  this  limit  will  not  in  general  be  uniform  unless  fn 
converges  to  its  limit  uniformly,  which  will  not  generally  be  the  case. 

Lemma  b.—If  lim  ^Q+^^+'"+^^  =  o, 

•^  n=ao  n+1  ' 

and  the  fnS  satisfy  the  further  condition 

fn      /n+1  ^/n+1      fn+i 

for  all  values  of  n  and  x  in  question^  then  the  series 

00 

2  Sn(fn — fn+l) 
0 

is  uniformly  convergent. 

In  the  first  place 

/o-/n  =  (/o-/i)  +  ...  +  (/i.-i-/J  >  n  CA-i-A 
Hence  a  constant  K  can  be  assigned  so  that  for  all  values  of  x  and  n 

/n-i-/n  <  Kin. 

Now    S^C/i,— /p+l)  +  «j>+l(/j>+l— /p+2)+...+59-l(/«-l'-/«) 

=  Sp  (/p— 2/p+i+/p+2) +(Sp+5p+i)(/p+i— 2/p+2+/j»+a) 

I  •••         •••         ...         ••• 

+  (Sp  +  «j.+ 1  +  •••+  »«-2)  (/,-«  —  2/,_i  +/,) 
+  (Sp+Sp+i+. . .  +«s-i)(/«-i— /«). 

the  modulus  of  which  is  less  than 

. . . +(g-l)(/i-2-2/,_i+/,)+?  (/,-!-/,) ) 
-where  M  is  the  maximum  of  /o  (z).    The  lemma  is  therefore  proved. 

B  2 
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Lbuha  6. — If  thefnS  satisfy  the  conditions  of  5,  but 

»=oo  n-f-l 


on 


the  series  2  Sni/n-fn^i) 

0 

is  convergent  {but,  in  general,  not  uniformly  convergent). 

Let  Sn  =  s+^; 

then,  by  8,  the  series  ^tn{fn—f%^■\i  is  uniformly  convergent.  On  the 
other  hand,  the  series  25(/h— /n+i)  is  convergent,  but  not  uniformly  con- 
vergent, unless  fn  tends  to  its  limit  uniformly. 

7.  Proof  of  Theorem  2. — Let  s  be  the  sum  of  the  divergent  series  Za», 
and  let 

00  =  00—5,    Oi  =  Oi,    a2  =  029    ...,    Sn  =  Oo+«l+.--+an  =  «n  — «; 

then  Do^  is  summable,  and  its  sum  is  zero;  i,e,, 

lim  ^o+gi+...+5;  ^  0^ 
n+1 

By  Lemma  8,  sofo+s{A  +  ,,.+Snfn 

^  n+1 

tends  uniformly  to  0  for  n  =  cx> ;  and,  by  Lemma  5,  the  series 
is  uniformly  convergent.     Hence,  if 

n 

Sn    =    2     Syify /f+i), 

0 

8n  tends  uniformly  to  a  limit  for  n  =  oo ,  and  so,  by  Lemma  1, 

n+1 
does  the  same. 

Now  (lyfy  =   (5„  — 5^-1)/,.  =  S^/r  — S^-l/r-l  +  SK-l(/K-l— /r). 

Hence,  if  or»  =  Oo/o+Oi/i+...+an/»,  crn  =  oi/o+ol/i+...+a»/», 


n 


1 

n+1  n+1  "^  Vn+l/  n 
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and  therefore  tends  uniformly  to  a  limit,  for  n  =  cx> .     But 

1  n+1 

and  therefore  also  tends  uniformly  to  a  limit  for  71=00.  Hence  the 
series  ^anfn  is  uniformly  summabley  and,  if  the  functions  fn  are  continuotis, 
its  sum  is  a  continuxms  function  of  n.     The  theorem  is  therefore  proved. 

8.  In  order  to  show  more  precisely  the  relations  of  the  preceding  lemmas  and  theorem  I 
take  a  Yery  simple  example. 

Let  «o-l»    «i— — 2,    flj  =  2,     <i,  =  -2,     ..., 

so  that  <2«  -  1,    *2i4*i«— 1, 

and  Km 'o  +  h-^'+'H  ^  q  . 

«  +  l  * 

and  snppoee  fn  (x)  mt  x^.    Then 

«+l  (w  +  l)(l+a:)* 

which  converges  uniformly  to  0  for  n  =  oo  {Lemma  3). 

(ii.)  Again   2  ^-i  (/.-i-/.)  -  2  (-)«'-i4r-»(l-;r)  -  (1-a:)  {l +  (-)«-i  j-»}/(l  +  x), 

which  tends  uniformly  to  (1— j;)/(l  ■¥x)  lot  fi  =  oo  {Letnma  5).  For,  although  x^  does  not  tend 
uniformly  to  its  limit, 

and  1— ar»*»  =  (l-a-)  + (j?-a:2)+ ...  +  (j"-x»'*»)  ^  («  + l)(2-»-:p"»»), 

so  that  «*»(1— j:)  <   — , 

and  therefore  does  tend  uniformly  to  zero. 

(iii.)  Finally,       <r„  «  1-2j:  +  2j;2-... +  (-)'•  2jc"  -  ^•".^  +  2  (-)«?^, 

1  +  iC  1  +«P 

and  ^P  +  ^^i+'-'^-^^^kzi  +  'ilfilzllf!!!! 

«  +  l  l+i:  («+l)(l+i:)«      * 

which  tends  uniformly  to  (1— «)/(l  +a:)  for  «  —  oc  {Theorem  2). 

If  the  conditions  were  altered  hy  changing  Og  into  1  •!-  a  (a  9^  0),  we  should  hare 

«m/«=  {a  +  (-l)»}««, 

and  »Bfo  +  »lfl  +  "-+»nfn  _■..!•»  ("J'Jg^^' 

«+l  '^     (ii  +  i)(l+ir)' 

where  <^  » , —        (*  <  1), 

and  the  couTergenoe  of  ^  to  its  limit  is  not  uniform  {Lemma  4).  Similarly  2  «y-i  (/».i  — /„)  is  in- 
ereaaed  hy  the  addition  of  the  non-uniformly  convergent  series  2a{xi^-^^x^)  (Lemma  6) ;  hut  it  is 
easily  verified  that  the  uniformity  of  convergence  which  is  presorihed  by  Theorem  2  is  not 
a£fected,  the  two  non-unifozmities  (so  to  say)  cancelling  one  another. 
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9.  Applications  of  Theorem  2. — (i.)  If  fnix)  =  «*, 

for  0  ^  o;  ^  1  and  all  values  of  v.  Hence,  if  Zan  is  summable,  ^anX*  is 
aniformly  summable  for  0  ^  a;  ^  1 ;  and  its  sum  is  a  continuons  function 
of  a:  for  a;  =  1,  which  is  Frobenius's  theorem  cited  in  §  1. 

(ii.)  If  fn  (x)  -i  n-'  {n  ^  1,  .r  ^  0),  it  is  eanj  to  Heo  that  the  first  and  aeoond  differenoea  of 

/„  ai6  poeitiTe  (or  zero).     Henoe  we  obtain  the  theorem  that,  if  2  ««  ia  Bammable,    2  «»»"  is 

I  1 

uniformly  aummable  for  aU  positive  values  of  jr^  including  zero,  and  its  ram  is  a  contimioai 
function  of  z  f or  z  «  0.    That  is  to  Bay 

.-0  \  1*      2'      3*  /       «-•  «+l 

if  the  latter  limit  exists.     For  example, 

lim  I + ...  I  =  |. 

(iii.)  K  /»te)-T^      (O^q^lh 

Hence,  if  S^n  u  summable,  2a„9"/(l  -t-^")  ia  uniformly  summable  f or  0  <  $  <  1,  and  representi 
a  continuous  function  of  q^  in  particular  for  </  «>  1 . 

For  instance,  from  the  formula 


2k'K 


1-/^   ^J^..._!^   ..., 


IT  1+^        1+^'       1+^ 

we  deduce  that  Um  -        =  l-4(i-l  +  ...)  =  1-4.}  -O.f 

(iv. )  Consider  the  series  ^    ■  —  ^^  +   -^  — . . . , 

^     '  l-y«     1-^*     l-^« 

whose  sum  is  easily  foundj  to  be  --  (E—k^K). 

We  may  write  this  in  the  form  ^     SAm/h  {q), 

1— }' 

where  a,  -  (- 1)-      and     /„ (q)  -  ,    i?±lli!_  , 

and  it  is  easy  to  verify  that  the  first  and  second  differences  of  /»  are  positive.     Henoe  2  ttn/n  is 
uniformly  summable.    For  ^  «  1  it  takes  the  form 

1-1  +  1-.. .  =  i. 


*  Fimdamenta  Nova,  {  40,  (6). 

t  Strictly  speaking,  the  divergent  series  should  be  written 

l  +  0-l-O  +  i+O-i-.... 

X  E.ff.,  l»y  making  x  =»  }ir  in  formula  (1)  of  {  41  of  the  Fundamenta  Xorm, 
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We  deduce  that  JT  (E^k^K)  ^       *_ 

for  9  »  1. 


10.  It  would  be  easy  to  multiply  instances  of  interesting  applications 
of  Theorem  2.  Those  which  I  have  given  are  fair  examples  of  some  of 
the  simplest  types  which  naturally  occur,  and  the  length  of  this  paper 
forbids  that  I  should  attempt  to  treat  them  in  a  more  systematic  manner. 
I  shall  conclude  by  indicating  briefly  certain  actual  or  possible  further 
generalisations. 

In  the  first  place  we  may  at  once  enunciate 

Theorem  2al. — The  conclusions  of  Theorem  2  {and  the  lemmas  pre- 
liminary  to  it)  are  still  valid  if  the  functions  fn{x)  are  not  restricted  to  be 
real  and  positive,  and  the  condition  that  the  first  amd  second  differences  of 
the  functions  are  not  negative  is  replaced  by  the  conditions 

2  l/.-Ai  I  <  A^         i  (,.+1)  |/.-2Ai+/.+2 1  <K, 
for  all  values  of  m,  n,  and  x. 

The  course  of  the  proof  is  unaffected  save  for  slight  modifications  in 
the  case  of  Lemmas  8  and  5. 

Consider,  for  example,  the  Heries 

^4  (»,  y)  =  1  +  2  2  (-)"  q'*  cos  2Mirf'. 

1 

Taking  a„  a  2  ( -  )"  gos  2nw  {n  >  0)  aud  /„  —  q***,  we  may  yerify  without  difBoulty  that  the  con- 
ditionB  of  the  theorem  are  satisfied.     Since  the  series 

1  —  2  cos  2«'t;  +  2  cos  4trf  ^ ... 

has  the  sum  zero  when  summed  hy  Gesaro's  method,  we  deduce  that 

lim  b^{v,  q)  «  0.* 

Theorem  2  a  2. — The  preceding  conclusions  are  not  affected  if  the 
terms  of  the  series  2  an  are  functions  of  x,  provided  the  series  be  uniformly 
summable. 

A  much  more  interesting  and  more  difficult  question  is  that  of  the 
extension  of  Theorem  II.  to  cases  in  which  the  summation  of  Sa»  requires 


•  See  Borel,  Leqom  sur  les  Series  divergtmtet,  p.  7 ;  L.  Fejcr,  Math.  Annalenj  Bd.  Lvzn., 
p.  66;  Hardy,  **  Note  on  Divergent  Fourier  Series,"  Messenger^  Vol.  xxxin.,  p.  144.  I  refer 
later  to  Herr  Fej^r's  investigation*. 
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one  of  the  extended  forms  of  the  mean  value  process,  e.g.^  when,  if 

Jl)_So+«l+---+«n 


n+1 
Sn    oscillates  for  n  =  oo ,  but 

Xl)i,(l)i  ,0) 

(2)  _  Sq   -\-Si    +...+gn 

has  a  limit. 

The  following  more  general  theorem  is  naturally  suggested,  and  I  have 
no  doubt  that  it  is  true.  We  define  ''  summable  "  to  mean  "  summable 
by  k  repetitions  of  the  mean  value  process."     Then, 

If  the  first,  second,  ...,  (A:+1)-^A  differences  of  the  functions  f^^ix) 
are  positive  (or  zero)  for  all  values  of  x  and  n  in  question,  and  the 
series  2a»  is  summable,  then  tJie  series  ^a^fni^)  is  uniformly 
suynmable,  and  tJierefore  its  sum  is  a  continuous  function  of  x 

— with  corollaries  and  generalisations  in  every  way  analogous  to  those  of 
Theorems  I.  a  and  II.  Such  a  theorem  would  be  related  to  Holder's 
extensions  of  Frobenius*s  theorem  as  is  II.  to  Frobenius's  and  I.  a  to  Abel's 
theorem.  But  I  have  not  up  to  the  present  succeeded  in  overcoming  the 
algebraical  difficulties  attendant  upon  a  complete  and  rigorous  proof. 

In  the  most  interesting  cases  Theorem  II.  is  generally  sufficient.  But 
the  latter  theorem  does  not  cover  such  cases  as  those  in  which  2)  an  is  a 
series  like  1-2+3-4+.. .  or  1^-2^+3^-4*+...  . 

An  example  in  which  a  result  more  general  than  that  of  II.  \&  needed  may  be  found  in  the 
theory  of  two  electrified  spheres.  In  the  paper  already  referred  to,  Prof.  Bromwich,  seeking  a 
rigorous  proof  of  Lord  Kelvin's  theorem  that  the  force  acting  between  two  spheres  in  contact  and 
at  potential  V  \b  \V*  (log  2— j),  requires  to  show  that,  for  small  values  of  6, 

•^  ^  '  sinhwe         e       ^* 

The  first  approximation  was  established  in  ^  3  (iv.).     To  obtain  the  second  wo  must  prove  that 

lim4-2(-)"-W--  ;  ]    ^  -  V*. 

The  limiting  form  of  the  series  is  |  (1  — 2  •^  3  — 4  +  ...), 

which  is  summable  by  two  repetitions  of  the  mean  value  process,  and  has  the  sum  ^.     Here  we 

could  take  Om  «"  ( ~ )"' '  m  and  /» (6)  «   -  f    -  —  .  -■—    ) ,  and  so  obtain  the  result  desired. 

ne  \  ne    8inh  fiO  I 

Although  I  have  not  succeeded  in  proving  the  suggested  general  theorem,  I  have,  startiBg 

from  a  theorem  of  Herr  Fej^'s,  succeeded  in  proving  a  number  of  theorems  of  a  more  special 

character  which  do  enable  us  to  deal  effectively  with  cases  such  as  these :    e.g.,  to  assign  the 

limit  of 

q       V  ,   3g^ 
1  +  ^    i+y*    i-i-^' 
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for  f  *  1.     I  oonfine  myself  at  present  to  statiiig  one  of  these  theorems.     Herr  Fejcr'H  theorem 
(modified  so  as  to  oorrespond  to  Theorem  2*)  runs  as  follows : — If 

(i.)  la^^'u  tummable  {to  the  turn  t), 

(ii.)  ths  functions  f„{x)  and  their  fint  and  eeeond  difference*  are  positive  {or  zero), 
(iii. )  2 n/n  [*)  ie  convergent  for  x>Of 
(iv.)  lim/n  {x)  —  1  for  all  values  ofn, 

then  7,a,tfn  {x)  is  absolutely  convergent  for  x  >0,  and  its  limit  for  x  =  0  is  «. 

The  more  general  theorem  is  that  the  same  conclusion  holds  when  k  repetitions  of  the  mean 
▼alue  process  are  necessary  in  order  to  sum  the  series  2  ^^y  and 

(ii.)'  the  first,  second,   ...,   (Ar-i-l)-th  differences  of  the  functions  /»(')  are  positive 
(or  zero), 

(iii.)'  2  »*/»(')  ^  absolutely  convergent. 

The  proof  is  not  difficult.  The  other  theorems  relate  to  cases  in  which  condition  (ii.)  or 
(ii.)'  is  not  satisfied.  I  have  included  proofs  of  those  theorems  in  a  paper  which  will  be  pub- 
lished in  the  Mathematisehc  Annalen. 


*  The  conditions  actually  stated  by  Herr  Fejer  differ  from  the  above  in  the  i^striction  of 
fm  (if)  to  be  of  the  form  ^  (nx),  and  the  substitution  for  (ii.)  and  (iii.)  of  the  conditions 

I  ♦  (')  I  <  ,-^,.     I  ♦"(')  I  <  i^,. 

where  ^  >  0.    The  proof  of  the  theorem  as  I  state  it  may  be  made  a  good  deal  simpler  than 
Heir  Fej&'s  proof. 
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ON    THE    QUESTION    OF    THE    EXISTENCE    OF   TRANSFINITE 

NUMBERS 

By  Philip  E.  B.  Jourdain. 

[Received  March  31«t,  1906.— Read  April  26th,  1906.] 

In  a  recent  paper  in  these  Proceedings*  Dr.  Hobson  has  initiated  a 
discussion  of  the  existence  of  certain  transfinite  numbers.  His  arguments 
may  conveniently  be  divided  into  two  classes.  Firstly,  while  agreeing 
with  me  that  the  series  {W)  of  all  ordinal  numbers,  arranged  in  order  of 
magnitude,  has  no  type  and  no  associated  cardinal  number,  +  he  puts 
forward  the  suggestion  that  some  segment  of  W  may  be  "  inconsistent,"  in 
the  sense  in  which  I  used  this  word.  J 

Secondly,  there  is  his  requirement  of  a  "  norm  "  for  the  definition  of 
an  aggregate, §  and  the  objections  connected  therewith  to  an  infinite  series 
of  acts  of  arbitrary  selection.!; 

With  regard  to  the  first  class  of  arguments,  I  give  (§  1)  an  exact  state- 
ment of  what  I  meant  by  the  term  "  inconsistent,"  which  seems  to  have 
been  misunderstood  by  many  people.  In  fact,  an  "  inconsistent "  aggreg- 
ate is  an  aggregate  (which  is  itself  defined  in  a  manner  free  from  self- 
contradiction)  of  which  the  cardinal  number  (and  type,  if  it  is  ordered)  is 
contradictory ;  thus,  I  see  no  reason  for  denying  the  existence  of  W,^  but 
I  do  see  reason  for  denying  that  W  has  a  type  or  associated  cardinal 
number.  Further,  Hobson's  remark**  on  the  possible  introduction  of 
contradiction  by  Cantor's  second  principle  of  generation  ignores  the 
character  of  this  principle ;  for  the  essence  of  it  is,  as  shown  in  §§  3-5, 
the  constant  avoidance  of  contradiction,  while  the  difficulty  as  to  the  type 
of  W  is  simply  that  the  second  principle  is  not  applicable.  And  this 
requires  the  discussion  of  §  4  to  show  that  there  are  no  ordinal  numbers 
other   than    those   to   which    Cantor's   third   principle  applies.      Lastly, 


•  **  On  the  General  Theory  of  Transfinite  Numbers  and  Order  Types,"  Proc,  Lond.  Math.  Soc. , 
Ser.  2,  Vol.  3  (1906),  pp.  170-188. 

t  Loe,  cit.,  pp.  170-171,  180,  186.  J  Loe.  eit.,  pp.  171-172. 

{  Loe,  eit.y  pp.  172-176.  ||  Loe,  eit.,  pp.  1»2-188. 

If  Indeed,  I  admit  a  well-ordered  series  suoh  that  W  is  ordinally  similar  to  merely  a  segment 
of  it  (j  1). 

••  Loe.  eU.,  pp.  171-172,  178,  180. 
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Hobson's  own  criteria  of  existence,*  and  his  objections  to  Russell,  +  are 
easily  shown  to  fail  (§  6). 

With  regard  to  the  second  class  of  arguments,  Hobson's  requirement 
of  a  "norm"  (§§  8-9)  can  be  proved  rigorously  to  be  too  narrow  (§  10), 
but  his  objections  to  an  infinite  series  of  arbitrary  selections,  although 
intermixed  with  a  psychology  which,  I  think,  is  irrelevant  to  mathematics, 
lead  to  a  discussion  of  what  is  known  as  the  "  multiplicative  axiom  " 
(§§  11-13),  which  is  necessary  and  sufficient  to  justify  the  process  of 
arbitrary  selection.  Finally  (§  14),  I  have  tried  to  state  the  grounds  there 
are  for  admitting  that  the  axiom  in  question  is  both  evident  and  true. 

1. 

Hobson's  statement  t  of  the  contradiction  arising  from  supposing  the 
series  W  to  have  a  type  does  not  seem  to  me  to  be  the  best  possible.  If, 
he  says,  we  suppose  that  every  well-ordered  series  has  an  ordinal  number, 
W  has  one,  which  must  be  the  maximum  ordinal  )8.  But,  if  we  place  any 
element  after  W,  we  form  a  series  of  the  greater  type  )84-l. 

My  own  form  was :  If  W  has  a  type  (p),  we  have,  by  this  very  suppo- 
sition, indicated  a  series  (TF,  /8)  of  type  (if  it  has  one)  )8+l.  This  form  is 
advantageous,  because  one  emphasises,  by  using  it,  the  fact  that  the  sup- 
lX)sition  that  W  has  a  type  implies  that  W^  is  a  segment  of  a  well-ordered 
series ;  and  this  fact  is  necessary  to  refute  a  certain  explanation  of  Burali- 
Forti's  contradiction. § 

But  there  is  no  reason  for  making  the  contradiction  depend  on  the 
additional  assumption  that  a  series,  like  (Wy  )3),  which  transcends  W,  has 
a  type.  For,|j  if  W  has  an  ordinal  number  /8,  ^  must  occur  in  W,  the 
series  of  all  ordinals,  and  consequently 

a  manifest  contradiction. 

Now,  I  see  no  reason  for  denying,  with  Hobson,1i  the  existence  of  the 
series  W  (and  the  **  field  of  the  relation  "**  Wj  the  class  w  of  all  ordinal 
numbers) ;  for  not  only  does  there  appear  to  be  nothing  objectionable  in 
the  definition  of  a  series  {Wy  y)  transcending  PT,  so  long  as  y  is  not  said 
to  be  the  type  of  its  preceding  series  W,  but  also,  if  there  were  no  w,  it  is 
not  evident  what  meaning  could  be  given  to  the  phrase  **  y  is  an  ordinal 

•  Loe,  eit.,  pp.  177-179,  180-181. 
t  Loe,  eit,,  pp.  179-180. 
J  Loe,  eit.f  p.  170. 

f  Due  to   Bernstein    (*'Uber  die   Reihe  der  transiiniteu  Ordnung^ahlen/'    Math.  Ann., 
Bd.  uc.,  1905,  pp.  187-193  ;  cf.  ibid,,  pp.  469-470). 
I)  See  Math.  Ann,,  Bd.  lz.,  1905,  p.  466. 
IT  Loe.  eit.f -p.  180. 
••  See  BoBBeU,  The  Piineiplea  of  Mathetnaties,  Vol.  i.,  Cambridge,  1903,  p.  97. 
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number,"  or  yeiv,  in  the  symbolic  logic  of  Peano  and  Russell,  which  is  a 
necessary  hypothesis  to  any  theorem  on  ordinal  numbers.* 

There  seemed,  indeed,  to  be  a  ground  for  the  assertion  of  the  non- 
existence of  w  and  W  when  it  was  assumed  that  every  propositional 
function  defines  a  class ;  +  for,  if  zi  is  a  class,  the  propositional  function— 
**  the  ^'s  such  that  u  is  similar  I  to  z  " — would  define  a  class,  the  cardinal 
number  of  u.^  But  when  the  hypothesis  is  abandoned,  as  it  is  now||  by 
Russell,  from  the  non-existence  of  a  cardinal  number  (or  type,  as  the  case 
may  be)  of  u  does  not  follow  the  non-existence  of  u. 

As  regards  the  above  definition  of  series  transcending  W^  W  must,  it 
appears,  be  distinguished  from  any  of  the  series  such  that  every  well- 
ordered  series  is  ordinally  similar  either  to  it  or  to  a  segment  of  it-l" 
There  is  a  contradiction  involved  in  supposing  any  one  of  these  series** 
(TO)  to  be  followed  by  a  term  (for,  if  it  could,  the  new  series  would  not  be 
ordinally  similar  to  TO  or  to  any  segment  of  it),++  and  hence  W  is 
ordinally  similar  to  a  segment  merely  of  TO. 

Thus,  what  I  denoted  as  "  inconsistent ''  aggregates  or  classes  are  not 
non-entities  (which  would  make  it  absurd  to  speak  of  them  as  a  kind  of 
class),  but  classes  such  that  cardinal  numbers  of  them  (and  types,  if  the 
classes  are  ordered)  are  non-entities.  The  terms  ** non-entity  "  and  "non- 
existent *'  must  be  kept  distinct ;  Russell,  following  Peano,  applied  the 
term  "non-existent*'  to  classes  which  are  null, J t  and  considered  that  all 
the  "  existence-theorems "  of  mathematics  were  proofs  that  the  various 
classes  defined  are  not  null.  It  was  only  later  that  "  non-entities  "  were 
discovered ;  these  were  the  results  of  giving  propositional  functions  certain 
values, §5i  looked  like  classes,  and,  if  every  propositional  function  were  to 

*  [However,  this  difficulty  is,  I  hear,  avoided  by  Russell  in  his  •*  No-Glasses  Theory." 
Here  '*  7  is  an  ordinal  number  "  is  only  a  short  way  of  stating*  something  which  does  not  imply  a 
conception  of  cUus. — April  30th,  1906.] 

t  Russell,  op.  e'U.y  p.  20. 

X  Op,  eit.,^  p.  113.     ThiH  word  replaces  Cantor's  dquivalent. 

\   Op,  cit,,  p.  115. 

II  The  first  intimation  of  this  I  had  in  a  letter  of  May  15th,  1904. 

f  Cf.  Phil.  Mag,,  Jan.  1904,  p.  67,  and  Jan.  1905,  pp.  51,  53. 

**  Mr.  Russell  drew  my  attention  to  the  fact  that  such  a  series  is  not  unique  (in  fact,  given 
one  such  series,  we  can  get  another  such  by  interchanging  two  of  its  terms),  and  hence  that  my 
use  of  the  words  **  the  series,'*  in  the  passages  quoted  in  the  preceding  note,  is  incorrect. 

ft  Thus,  we  cannot  remove  the  first  term  and  put  it  after  dZK  ;  for  there  is  no  *<  after  GB,'' 
though  there  i»  an  **  after  W^ 

XX  Op.  cit.,  pp.  32,  73-76. 

§§  For  example,  such  non-entities  are  **all  the  x*%  such  that  x  ia  not  a  member  of  x** 
(Russell's  contradictory  **  class  "),  and  '*  all  the  x's  such  that  x  is  similar  to  the  daas  of  ordinal 
numbers,"  which  is,  according  to  Russell,  "  the  cardinal  number  of  u; "  (a  part  of  Biinili-Forti'» 
contradiction). 
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define  a  class,  would  be  classes,  and,  indeed,  existent  (not  null)  classes. 
Bat  ''  non-entities  *'  are  not  classes,  not  even  the  null  class,  but  are 
nothing  at  all,  because  self-contradictory,  and  have  the  characteristic 
property  that  they  can  be  proved  formally  to  be  members  of  the  null 
class.* 

2. 

Hobson  finds  the  following  difficulty : — The  series  of  ordinal  numbers 
and  Alephs  arise,  says  he,  from  the  fundamental  principle  that  every  well- 
ordered  aggregate  has  both  a  type  and  a  cardinal  number,  but  this 
principle  fails  with  the  series  W  of  all  ordinal  numbers,  owing  to  Burali- 
Forti's  contradiction,  and  yet  it  is  by  means  of  this  very  principle  that 
the  existence  of  the  successive  ordinal  numbers  which  make  up  W  is 
regarded  as  having  been  established.  And,  further,  it  is  not  clear  that 
every  segment  of  W  must  have  a  type  and  cardinal  number,  and  a 
criterion  is  needed  which  will  enable  us  to  distinguish  (at  least,  theor- 
etically) aggregates  which  have  numbers  from  those  which  have  not, 
at  some  less  advanced  stage  than  that  at  which  we  define  W. 

I  have  departed  somewhat  from  Hobson's  phraseology,  +  but  I  think 
I  have  reproduced  accurately  the  substance  of  his  difficulties.  As  regards 
the  last,  it  is  evident  that  we  cannot,  in  a  systematic  exposition  of  the 
theory,  use  W  itself  as  such  a  criterion.  Historically,  W  was  the  first 
series  without  a  type  to  be  discovered,  but  we  cannot  say  that  we  are 
to  judge  whether  a  well-ordered  series  has  a  type  or  not  by  seeing 
whether  it  is  similar  to  a  segment  of  W  or  not,  without  a  palpable  vicious 
circle.  I  pointed  this  out  in  my  first  paper  I  on  the  series  in  question, 
and  suggested  another  criterion  which  will  be  discussed  below  (§  7). 

But  the  other  difficulties  seem  to  arise  from  a  misconception  of  the 
relation  of  Burali-Forti's  contradiction  to  Cantor's  principles  of  generation 
of  the  ordinal  numbers,  which  is  fully  discussed  in  the  next  section  (§  3), 
while  this  is  illustrated,  in  §  4,  by  the  incompleteness  of  Burali-Forti's 
argument,  and  the  completion  which  I  gave  it.§ 


*  See  an  article  by  mjaelf  entitled  '^  De  Infinito  in  Matbematica  *'  in  Peano^s  Jiivista  di 
Matemaiiea  (t.  ym.,  1906). 

t  In  particolar,  I  avoid  tbe  use  wbicb  Hobson  makes,  and  I  formerly  made,  of  the  term 
**  inconsistent  aggnregate."  In  fact  the  term  is  misleading  ;  for  I  see  no  reason  to  think  that 
the  aggregate  is  inconsistent  (does  not  exist),  but  only  that  it  has  no  type  and  no  cardinal  number 
(see  i  1). 

{  Fhil,  Mag,,  Jan.,  1904,  p.  67. 

{  Ihid,,  Jan.,  1905,  pp.  61-53. 
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3. 

Cantor's  first  and  second  principles  of  generation  of  ordinal  numbers 
may  be  combined  and  stated  in  the  form :    Whenever,  starting  with  the 
ordinal  number  1,  we  have  a  finite  or  infinite  series,  we  posit  (or  create) 
a  7iew  number  which  is  the  next  greater  number  to  all  the  numbers  of 
the   series,   provided   always*    that  the  new   entity  which  we  postulate 
forms,  together  with  the  old  ones,  a  logically  consistent  scheme.^     In  fact, 
Cantor  I  has  stated  his  belief  that  ''  mathematics  is  completely  free  in  its 
development,  and  has  only  to  pay  attention  to  the  self-evident  condition 
that  its  conceptions  are  both  free  from  self-contradiction  and,  in  determ- 
inate relations,  fixed  by  definitions,  to  the  conception  already  present  and 
verified.     In  particular,   with  the  introduction  of   new  numbers,  it  has 
only   to   give  definitions   of   them   bv   which    such    a   definiteness,  and, 
under  circumstances,  such  a  relation  to  the  older   numbers,  is  afforded 
that  they  can  be  distinguished  from  one  another  in  given  cases."  §      Thus 
we  form,  successively,  the  numbers 

1,  2,   ...,  »/,   ...,  Wy  ft)+l,   ...,  <o-|-v, 

2  2  M  •*" 

,      •  •  *  ,     (JO  •  Vf      *  • .  ,    (v  ,      •  •  •  ,     (v    ,      •  •  •  ,     Cv      ,     •  ■  •  ,     c ,      •  •  •  ,     Q,     •  •  •  I 

of  the  second  number-class,  and  then 

where  coy  is  the  first  number  of  the  y-th  number-class  [or  the  (y+2)-th 
class,  if  y  is  less  than  to]. 

In  particular,  w  is  not  the  greatest  finite  number  (which  is  a  self- 
contradictory  conception,  since  we  can  easily  prove  that  there  is  no 
greatest  finite  number),  but  is  the  first  number  which  follows  (is  greater 
than)  all  the  finite  numbers  and,  consequently,  is  transfinite.  Similarly, 
(Oi  is  a  number,  transfinite  indeed  like  the  numbers  of  the  second  class, 
but  of  the  third  class.  It  is  highly  important  to  dwell  on  these 
distinctions ;  for,  as  I  will  show,  Burali-Forti's  contradiction  (in  its  com- 
pleted form)  is  analogous  to  the  contradiction  arising  from  the  state- 
ment that  there  is  a  greatest  finite  ordinal  number,  in  that  both  contra- 
dictions arise  from  supposing  a  next  greater  to  all  the  numbers  of  a 
certain  class  to  exist  which  is  itself  a  member  of  that  class. 


*  This  addition  shows  that  Cantor  did  not  use  Hobson's  **  principle  "  that  trerp  weU-ordered 
series  has  a  type. 

t  Cantor,  Gi'ttndlagen  einrr  allgemeinen  ManniehfaUigkeittlehrey  Leipzig,  1883,  p.  33. 

X  Ibid.,  pp.  19,  45-46. 

^  It  cannot,  I  think,  be  maintained  as  an  historical  fact  that  any  advance  in  mathematiGa  has 
been  brought  about  by  an  arbitrary  creation  of  the  mind,  of  which  the  iruitf  ulness  has  only  been 
discovered  afterwards,  but  one  cannot  object,  on  logical  grounds,  to  such  a  creation  if  non- 
contradictory. 
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(a)  Suppose  that  there  is  a  greatest  finite  ordinal  number  n.     Let 
7  be  the  class  of  finite  integer  ordinal  numbers ;   then  the  proposition 
m  is  a  member  of  w  "  implies  that  n  >  m.     But  n  is  a  member  of  w  ; 
onsequently  n  >  n,  a  palpable  contradiction. 

(6)  Suppose  that  there  is  a  greatest  ordinal  number  /8.     Then,  as  in 
1,  we  get,  if  w  is  the  class  of  ordinal  numbers  and  /?  is  a  member  of 

Now  (b)  is  a  form  of  Burali-Forti's  contradiction,  and  it  is  evident 
hat  both  contradictions  arise  from  the  hypothesis  that  n  [in  (a)]  or  /8 
in  (6)]  is  a  member  of  w.  If  this  is  denied,  the  contradiction  is  avoided ; 
bus  there  is  no  contradiction  in  the  inequality  n  >  m,  for  every  finite 
%,  if,  for  example,  n  =  «  ;  and  the  generalisation  of  this  argument  to 
he  case  of  w  being  some  or  all  of  the  numbers  of,  or  preceding,  a 
ertain  number-class,  while  n  is  the  first  number  of  the  next  number- 
lass,  is  immediate. 

Now,  if  we  attempt  a  like  alteration  in  (6),  we  fail,  unless  all  ordinal 
umbers  y,  which  were  defined  or  indicated  by  Cantor,  show  themselves 
s  merely  particular  cases  of  a  more  general  class  of  ordinal  numbers, 
^hat  this  possibility  was  not  to  be  thrown  aside  at  once,  the  following 
onsiderations  show.* 

Suppose  that  the  series  W  of  all  the  numbers  defined  or  indicated 
y  Cantor  has  a  type,  which  is  an  ordinal  number,  /8 ;  then  the  cardinal 
umber  corresponding  to  W  is  easily  proved  to  be  n^.  On  the  other 
and,  we  can  show  that  /8,  if  it  exists,  is  the  first  number  of  a  number- 
lass,  and  thus  of  the  form  jS  =  coy;  while,  if  y  is  a  Cantor's  ordinal 
umber,  the  cardinal  number  of  the  ordinal  numbers  less  than  Wy  is  t^y. 

Thus,  then,  unless  v*     —  w*  n\ 


*  Cf.  Phil.  Mag.,  Jan.,  1905,  p.  52.  We  see  without  diflSculty  that,  if  m  be  a  class  of  ordinal 
umbers  (and,  if  7  Ih  a  m,  all  less  than  7  are  to  be  members  of  w),  then,  in  order  that  there  may 
3  a  type  of  the  series  of  numbers  of  m,  arranged  in  order  of  magnitude,  it  is  necessary  and 
ifficient  that  we  should  be  able  to  define  without  contradiction  a  class  of  numbers  containing 

as  a  proper  part.  Now  Cantoris  advance  lies  in  the  perception  that  it  is  useful  and  indeed 
doessary  to  introduce  what  he  called  ^'  number- classes  "  other  than  that  of  the  finite  integers ; 
ad  I  think  it  is  clearly  shown  in  the  place  referred  to  that  Cantor's  creation  of  **  number-classes  '* 

not  possible  btyond  the  series  IV,  Hence  it  is  not  the  case  that  Cantor's  method  of  postulation 
fids  to  contradiction  ;  such  an  idea  arises  from  a  neglect  of  the  essential  in  Cantor's  method, 
unely,  that,  if  7  is  an  ordinal  number,  it  is  of  the  f-th  class  (f  being  some  ordinal  number),  and 
Bnce  there  are  numbers  greater  than  7  [of  the  (f  +  l)-th  class,  for  example]. 

The  first  number  of  the  (f  +  2;-th  class  (or  f-th,  if  f  ^  w)  is  «j,  and  6>y  never  <  7,  it  may  be 

7,  but  I  see  no  reason  why  there  should  not  be  7*s  such  that  «,  =  7  (in  other  words,  why  the 
[nit  of  «,  &'.,  (a^^y  ...  should  not  exist).  Hence  my  construction  in  the  Mettenger  of  Matht., 
)05,  pp.  56-58,  appears  false. 
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we  have  no  grounds  for  asserting  that  the  series  of  Cantor's  ordinal 
numbers  has  not  a  definite  type  (J3) ;  /8  would  be,  not  the  greatest  ordinal 
number  [a  conception  which  leads  to  the  contradiction  (6)],  but  the  least 
ordinal  number  which  is  greater  than  all  of  Cantor's  ordinal  numbers. 

4. 

The  contradiction  of  Burali-Forti  was,  then,  incompletely  stated. 
Either  it  is  a  statement  about  the  series  of  Cantor's  numbers,  in  which 
case  it  is  necessary  for  its  validity  to  prove  the  equation  (1) ;  or  else  it  is 
a  statement  about  the  whole  series  of  ordinal  numbers,  in  which  case  it 
is  valid,  but  appears  to  use  implicitly  the  conception  of  certain  numbers 
whose  existence  has  never  been  contemplated  by  Cantor  or  (if  I  except 
myself,  for  a  short  time)  any  one  else. 

However,  we  can  prove  (1),  and  hence  that  every  ordinal  number  is  a 
Cantor's  ordinal  number.  In  fact,  if  there  is  such  a  type  as  ^  or  «,, 
y  cannot  be  a  Cantor's  number,  and  hence,  since  y  can  never  be  greater 

*^^^'  y  =  /S         or         0,^  =  /?, 

whence  (1)  follows. 

5. 

It  will  now,  I  think,  be  clear  that  Cantor's  second  principle  of 
generation  creates  new  numbers'*'  by  the  constant  avoidance  of  such 
contradictions  as  (a).  Hence,  instead  of  saying  that  the  unrestricted 
application  of  the  second  principle  leads  to  contradiction,  it  seems  to 
me  to  be  more  correct  to  say  that  in  the  case  (b)  the  second  principle 
cannot  be  applied. 

Further,  I  think  that  the  above  considerations  show  that  doubts  as 
to  the  existence  (that  is  to  say,  the  non-contradictory  nature)  of  the  type 
of  any  segment  of  W  can  hardly  be  maintained  seriously.! 

6. 

Hobson  proposes  to  adopt  the  ''  less  ambitious  procedure  of  postulating 
the  existence  of  definite  ordinal  numbers  of  a  limited  number  of  classes 

*  I  may  be  permitted  to  protest  again  here  (cf.  Fhil,  Map.,  Jan.,  1905,  p.  51)  against  the 
arbitrary  restriction  of  Cantor's  second  principle  to  the  »eeond  class,  and  the  pretended  noooaaity 
of  a  third  principle  to  create  »i,  and  so  on.  The  second  principle  (together  with  the  fint),  as 
stated  by  Cantor,  suffices  to  create  all  the  ordinal  numbers. 

t  By  this  I  mean  that  **  the  type  of  a  segment  of  Jf'**  is  not  contradictory  in  the  Bame  way 
an  ^*  the  type  of  ^,**  and  the  latter  is  the  only  type  of  a  series  of  ordinals  which  has  been  shown 
to  lead  to  contradictions.  It  cannot,  I  think,  be  serious  mathematics  to  doubt  the  eziatenoe  of 
a  thing  without  any  reason  for  doing  so,  but,  if  anything,  with  reasons  against  doing  to. 
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in  accordance  with  Cantor's  earlier  method.*  So  long  as  the  postulation  of 
the  existence  of  ordinal  numbers  does  not  go  beyond  some  definite  point, 
no  contradiction  will  arise,  and  the  utility  of  the  scheme,  for  purposes 
of  representation,  will  suffice  to  justify  the  postulations  which  have  been 
made/'t  In  this  way,  Burali-Forti's  contradiction  is  certainly  avoided, 
but  Hobson's  view  does  not,  on  this  account,  appear  to  have  ''an  ad- 
vantage over  that  of  Russell,"  I  unless,  indeed,  discretion  is  the  better 
part  of  valour. 

Further,  we  must  guard  against  confusing  the  utility  which  a  mathe- 
matical conception  may  have — and  but  for  which  it  would  hardly  have 
been  conceived — with  the  purely  logical  question  of  whether  the  con- 
ception is  possible  (exists,  or  is  non-contradictory).§ 

But,  apart  from  these  considerations,  Hobson's  criterion  for  the 
existence  of  a  number  ||  does  not  appear  to  be  above  criticism.  This 
criterion  (for  ordinal  numbers)  seems  to  be  capable  of  statement  in  the 
form  :  ''  The  existence  of  an  ordinal  number  cannot  be  inferred  from  the 
existence  of  that  single  series  of  the  preceding  ordinal  numbers,  but  it 
can  if,  and  only  if,  other  series  other  than  the  above  number-series  (and 
similarly  ordered  to  it),  such  as  series  of  points  on  a  straight  line,  can  be 
exhibited."  The  motive  for  this  requirement  of  other  series  was  that, 
if  only  one  series  is  considered,  we  must  leave  out  of  account  that  con- 
ception of  a  number  as  the  common  characteristic  of  many  similarly 
ordered  series. 

But,  in  the  first  place,  if  we  have  one  series  A,  we  can  obtain  other 
series  similarly  ordered  to  A  by  interchanging  two  terms  of  A  or  by 
replacing  a  term  by  something  else.H  In  the  second  place,  since  a  point- 
series  is  merely  a  picturesque  way  of  describing  a  series  of  real  numbers, 
I  am  at  a  loss  to  understand  why  a  series  of  integers  should  not  be 
allowed  a  type  until  a  series  of  real  numbers  can  be  found  to  support 
its  claim.  Moreover,  it  seems  inconsequent  to  accept  the  number  con- 
tinuum (as  a  sort  of  substratum),  if  the  existence  of  n^  is  doubted  because 


*  That  is  to  say,  the  method  of  1882  (see  Cantor's  Orundlapen,  pp.  32-35,  and  §  3  above). 
In  Gantor*8  memoir  of  1897  {Math,  Ann.^  Bd.  xux.,  pp.  207-246)  the  first  order  of  things 
(whioh  now  seems  preferable,  because  of  BuraU-Forti's  oontradictiou)  is  inyerted,  and  the 
principles  of  generation  given  a  secondary  place  (p.  226). 

t  Loe,  eit.,  p.  176. 

X  -Loe,  cit.f  p.  180. 

i  See  {  S  of  this  paper. 

II  Loc.  eit.,  jpjp.  176-181. 

IT  This  is  sufficient  to  show  that  those  classes  which  are  called  "  numbers  '*  by  Russell  all 
hare  (except  0)  more  than  one  element;  whereas  the  contrary  was  stated  by  Hobson  {loe,  eit., 
p.  179). 
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Hobson  doubts  Hardy's  construction  of  an  aggregate  of  points  of  this 
cardinal  number. 

The  criticism  *  of  Russell's  ^  objection  to  the  assumption  that  a  dass 
of  similar  classes  has  ''  a  common  characteristic  "  contained  in  the  words : 
**  The  mind  does,  however,  in  point  of  fact,  in  the  case  of  finite  aggregates 
at  least,  recognize  the  existence  of  such  single  entity,  the  number  of  the 
aggregates,"  must  be  mentioned.  This  is  an  appeal  to  common  sense, 
and  is  quite  irrelevant  here.  Russell,  by  defining  numbers  as  classes, 
avoided  the  introduction  of  new  indefinables,  while  such  numbers  satisfy 
all  the  formal  laws.!  Hobson  would,  apparently,  introduce  a  new 
indefinable,  ''  the  mind,"  into  mathematics,  and  make  psychology  a 
foundation  of  mathematics.  It  is,  I  think,  true  that  in  the  history 
(and  teaching)  of  mathematics  one  should  endeavour  to  present  the 
development  of  the  science  as  a  succession  of  human  documents  (of 
mathematicians),  but  such  psychological  information  is  irrelevant  and 
intolerable  in  mathematics  regarded  as  a  body  of  logical  doctrine. 

7. 

It  is  important  to  define  a  series  ordinally  similar  to  Wf  but  in  which 
numbers  are  not  mentioned.  My  two  attempts  both  failed:  the  first  § 
because  US  is  not  a  substitute  for  W,  the  second  ||  (as  already  mentioned 
in  a  note  to  §  8)  because  it  seems  that  we  can  find  genuine  ordinal 
numbers  (y)  for  which 

I  see  no  alternative  but  to  define  such  a  series  as  any  well-ordered  series 
such  that  its  "  type  "  is  a  non-entity,  while  that  of  any  segment  of  it  is 
not.  If  we  suppose  the  elements  of  this  series  to  form  a  class,  we  can 
formally  prove  that  class  to  be  a  member  of  the  null-class,  as  indicated  at 
the  end  of  §  1. 

8. 
For  the  definition  of  an  aggregate,^  a  **  norm"  is,  according  to  Hobson, 


•  Loe.  «/.,  pp.  179-180. 

f  Op,  eit,f  pp.  114-116. 

X  I  only  mention  this  one  advantage  of  Rossell's  definition ;  the  other  **  oommon  aenBe  ** 
objections  were  already  sufficiently  dealt  with  in  The  PrineipUt,  pp.  114-115,  304-307.  [See  also 
the  Note  at  the  end  of  this  paper.] 

{  Phil,  Mag.,  Jan.  1904,  p.  67. 

I  ''The  Definition  of  a  Series  similarly  ordered  to  the  Series  of  aU  Ordinal  NnmbeiB,** 
Mu9,  of  Math,,  1905,  pp.  56-58. 

f  Hobeon  also  deals  with  teriet,  and  says  (p.  174) :  "In  order  that  a  tnmsflnite  aggregate  may 
be  capable  of  being  ordered,  a  principle  of  order  must  be  explicitly  or  implioitiy  contained  in  the 
norm  by  which  the  aggregate  is  defined.*'  I  am  unable  to  see  in  this  more  than  the  tmiam :  '*  In 
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necessary.  A  "  norm  "  is  the  word  he  uses  for  ''  a  law  or  set  of  laws  by 
which  the  aggregate  is  defined,"  and  he  proceeds:  "It  is,  however, 
eonvenient  to  admit  the  case  of  two  or  more  alternative  sets  of 
conditions :  thus  an  aggregate  may  contain  all  objects  each  of 
which  satisfies  either  the  conditions  A  or  else  one  of  the  sets 
of  conditions  B,  G,  ...,  K.  The  conditions  forming  the  norm  by  which 
the  aggregate  is  defined  must  be  of  a  sufficiently  precise  character  to 
make  it  logically  determinate  as  regards  any  particular  object  whatever, 
whether  such  object  does,  or  does  not,  belong  to  the  aggregate.'**  And,f 
**  In  the  case  of  a  finite  aggregate,  the  norm  may  take  the  form  of 
individual  specification  of  the  objects  which  form  the  aggregate." 

This,  it  appears  to  me,  may  be  expressed  more  simply  by  the  words : 
^'A  class  (or  aggregate)  is  all  the  entities  x  such  that  a  certain  prepositional 
function  <f>(x)  is  true  of  each."  I  It  should  be  noted  that  a  definable  class 
need  not  be  an  existent  class.  Thus,  it^(x)  is  not  true  for  any  x  (say  : 
**  X  is  not  identical  with  x  "),  the  class  is  the  nulUcla88.% 

Hobson's  definition  seems  to  be  (i.)  redundant,  since  with  every  class  it 
is  logically  determined  whether  a  particular  thing  is  or  is  not  a  member  of 
it,  and  (ii.)  incomplete,  since  it  neglects  the  fact,  whidi  is  vital  in  the 
explanation  of  Burali-Forti's  (and  Russell's  ||)  contradiction,  that  there  are 
prepositional  functions  which  do  not  define  classes. 

As  regards  (i.),  it  amounts  to  an  assertion  that  every  prepositional 
function  is  as  ''  sufficiently  precise"  as  Hobson  requires  it  to  be.  If  I  may 
venture  to  interpret  Hobson,  it  seems  to  me  that  he  was  thinking  of 
prepositional  functions  in  which  an  indefinable  occurs  which  is  not  one 
of  logic  and  mathematics  (is  not  a  logical  constant).1[  Thus  ''  a;  is  a  poet " 
is  a  function  which  can  hardly  be  said  to  divide  humanity  into  two  classes 
— ^poets  and  non-poets.     For  the  term  "  poet  "  is  probably  incapable  of 


Older  that  a  transfinite  aggregate  may  be  capable  of  being  ordered,  it  must  be  capable  of  being 
oxdored.**  For  I  nee  no  reason  why  an  aggregate  may  not  be  ordered  in  aoa^rdanoe  with  '*  some 
law  extrinaically  imposed  upon  the  aggregate/'  and,  indeed,  Zermelo^s  proof  shows  this  to  be 
possible,  provided  that  his  axiom  be  granted.  In  fact,  Hobson  seems  to  have  been  led  to  his 
condition  by  sach  observations  as :  *'  It  is  difficult,  if  not  impossible,  to  see  how  order  oould  be 
imposed  upon  "  the  aggregate  of  all  functions  of  a  real  variable.  But  it  is  well  known  that  it  is 
possible  to  arrange  all  continttoiu  functions  of  a  real  variable  (which  appears,  a  priori,  just  as  little 
,pable  of  order)  in  a  series  of  type  0  (for  example). 

•  Xoc.  cit,j  pp.  172,  173.     Cf.  Cantor,  Math.  Ann,,  Bd.  xx.  (1882),  p.  114. 

t  Loe,  eit,f  p.  173. 

X  BosseU,  op,  eit.f  p.  20. 

{  Ihid,,  pp.  22,  23. 

I  Ibid,,  pp.  79,  80,  101-107,  366-368. 

IT  Ibid.,  p.  3. 

T   2 
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definition  :  if  ''  poetry  *'  is  defined  as  **  metrical  compo^tion/'  the  presont 
Poet  Laureate  would  be  a  poet  and  Walt  Whitman  would  not.  And  boih 
statements  might  provoke  discussion.  Thus,  also,  the  function  by  whidi 
dn  BoLs-Beymond's  decimal  *  is  defined  is  **  jr  is  either  0  or  1,  as  detain- 
ined  by  the  chance  throw  of  dice/'  and  is  not  expressed  in  logical 
constants  (and  "'chance'*  is,  perhaps,  as  obscure  in  meaning  as  '* poetry 'O- 
The  "  series  of  arbitrary  selections,"  to  which  Hobson  compares  du  BoiB- 
Beymond's  decimal,  is,  on  the  contrary,  to  be  justified  by  an  axiom  (whose 
truth  can  hardly  be  denied  seriously)  which  is  expressible  in  terms  of  the 
logical  constants  (§§  11-14). 

9. 

But  the  real  meaning  of  Hobson's  requirement  of  a  "  norm  "  appears, 
I  think,  later.  Thus,  in  order  to  show  that  the  totality  of  the  numbers  of 
the  second  number-class,  taken  in  order,  has  a  type  or  a  cardinal  number, 
"  it  would  be  necessary  to  show  that  a  finite  set  of  rules  can  be  set  up 
which  will  suffice  to  define  a  definite  object  corresponding  to  each  ordinal 
number  of  the  second  class."  And  Hobson  maintains^  that  an  aggregate 
the  elements  of  which  are  regarded  as  being  successively  defined  by  an 
endless  series  of  separate  acts  of  choice  cannot  be  contemplated  as  exist- 
ing, but  that  some  "'  norm  '*  must  be  assigned  by  which  the  successive 
elements  are  defined.  On  these  grounds,  he  objects  to  Cantor's!  proof 
that  every  transfinite  aggregate  has  an  enumerable  component ;  to 
Hardy's  §  proof  that  every  cardinal  number  is  either  an  Aleph  or  is  greater 
than  all  Alephs,  and,  in  particular,  that 

to  my  II   proof,  that  every  cardinal  number  must  be  an  Aleph ;   and  to 
Zermelo'sl  proof,  that  every  aggregate  can  be  well-ordered. 

10. 

This  restriction  of  the  "  norm  "  to  a  finite  set  of  rules  seems  to  be 
demonstrably  too  narrow.  In  fact,  I  will  [show  that  the  class  of  all 
entities  which  are  definable  by  a  finite  set  of  rules  is  of  cardinal  number 


*  HobsoD,  loe.  eit,,  p.  182. 

t  lAtc  eit.,  pp.  182-185. 

;  Mafh.  Ann.,  Bd.  XLVi.  (1895),  p.  493. 

^  Quart.  Jown.  of  Math.,  Vol.  xxxv.  (1903),  pp.  87-94.  Cf.  Hobson,  he.  eit.,  pp.  183,  178, 
185-188  (whoro  alAo  a  method  of  Young*8  is  noticed ;  of.  rroe.  Lond.  Math.  Soc.,  Set.  2,  Vol.  I, 
p.  243). 

II  Phil.  Mag.,  Jan.  1904,  pp.  63,  64,  70  (in  particular). 

K  Math.  Ann.,  Bd.  uz.  (1904),  pp.  514-516. 
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Mq,*  and  we  can  always  define  perfectly  definitely  an  enitity  not  in  this 
class. 

The  predicate  ''  definable  by  a  finite  set  of  rules  "  is  expressed,  more 
clearly,  I  think,  by  the  words :  "  definable  by  what  is,  symbolically,  a 
finite  series  of  variables  and  logical  constants,!  in  which  any  constant 
may  be  repeated  a  finite  number  of  times,"  and  the  theorem  in  question 
can  be  proved  in  a  manner  quite  analogous  to  my  earlier  theorem  referred 
to  in  the  note,  as  follows. 

If  m  and  n  are  finite  cardinal  numbers,  and  ijl  is  the  type  of  a  finite 
series  to  which  the  cardinal  number  m  belongs,  then  the  cardinal  number 
of  entities  definable  by  a  series  of  type  /i  of  indefinables  and  variables 
with  n  different  indefinables  and  variables  is  at  most! 

We  get  certainly  all  such  definable  entities  by  letting  /i  take  all  values  less 
than  CD,  in  succession,  and  add  the  results ;  thus,  if  a  is  the  cardinal 
number  of  all  such  definable  entities, 

a  <  2  n'"  <  2  N"*  =  No,  (2) 

and  we  see  that,  for  our  purpose,  we  may  take  n  as  variable,  but  finite. 
Again,  since  an  aggregate  of  cardinal  number  Nq  (such  as  the  aggregate  of 
finite  cardinal  numbers)  is  so  definable,  we  have  also 

a  >  No-  (8) 

From  (2)  and  (8),  now,  a  =  Mq. 

Thus,  only  Nq  ^^^  numbers  are  definable  by  **  norms,"  and  yet,  by  an 
obvious  modification  of  Cantor's§  process  for  proving  that 

2«*>  >  No, 

we  can  construct  a  definite  real  number  not  defined  by  a  '*  norm."  Thus 
Hobson's  "  norms "  cannot  define  all  the  real  numbers  which  we  have 
seen  to  be  capable  of  definition. 


*  Of.  my  proof,  in  Phil,  Mag.^  Jan.,  1905,  that  the  cardinal  number  of  all  ** actually" 
(better,  practieaUy)  repreeentable  real  numbers  is  No*  Soon  after  this  (April  28th,  1905)  Buaaell 
oommunicated  to  me  what  is,  in  effect  the  aboye  generalisation,  and  which  appears  to  me  to  be 
identical  with  Kdnig*s  somewhat  obscurely  expressed  theorem  (^Math.  Jtm,,  Bd.  lzx.,  1905, 
pp.  156-160)  that  the  cardinal  number  of  all  '*  finitely  defined  '*  numbers  is  Hf  [Cf.  also  A.  C. 
Dizon,  Froe.  Zand.  Math.  Soe.,  Ser.  2,  Vol.  4,  1906,  pp.  18-20.] 

t  See  Bussell,  op,  eit,,  pp.  3,  5,  6. 

{  This  is  an  (unattained)  upper  limit ;  for  some  of  the  "  definitions  "  thus  formed  are  mean- 
ingleas,  just  as  some  "  words  "  of  fi  letters  are. 

{  Jahrethtr.  der  JkuUch,  Math.-Ver.,  Bd.  i.,  1892,  p.  77. 
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11. 

With  ntf/urd  to  Cftn(or*B  argument*  thai  it  is  possible  to  j^  an 
^BQ^imenMe  aggregate  oat  of  any  given  transfinite  aggregate  (10.  from 
wbieh  we  may  eooelode,  by  the  use  of  the  Sehroder-Bem^dn  tiieorem,^ 
that  ^ 

it  rests  on  an  endless  series  of  acts  of  arbitrary  selection  of  elements  of  M. 
But  this  can  be  avoided  if  only  we  admit  the  possibility  of  fiTifig  qq  « 
sin^  (arbitrary)  element  n^  of  Jf,  and  on  a  definite  one-one  eorre- 
spondenee  between  3/  and  that  part  of  Jf  which  arises  by  taking  m^  from 
M.l  Let,  then,  ^(m|)  =  m,  be  the  correlate  of  914,  ^  (m,)  ==  m,  that  of 
m,,  and  so  on ;  it  is  easily  seen  that  the  sequence 

wii,  m,,  m„  ...,  iHr,  ...  (4) 

consists  of  different  elements  of  M,  and  is  enumerable.  Cantoris  theorem 
is  then  proved.  § 

It  is  easily  seen  that,  in  order  to  continue  the  sequence  (4)  to  obtain 
other  elements 

it  is  necessary  to  establish  a  new  correspondence  ^,  if  this  is  possible, 
between  M  and  the  part  obtained  by  taking  all  the  elements  of  (4)  from  M. 
Then  ^  /    ^  ^  /     \ 

And  when  we  try  to  take  from  M  a  sequence  of  elements  of  type  wi  it 
evidently  becomes  necessary  to  perform  an  endless  series  of  acts  of 
arbitrary  selection,  in  forming  the  series 

<Pif  0a»  08»  ••• » 

for  each  of  these  ^'s  is  one  out  of  an  infinity  of  equivalent  ones — for  there 
are  an  infinity  of  ways  of  establishing  a  one-one  correspondence  between 
two  similar  infinite  aggregates. 


*  Math,  Ann.f  Bd.  xlti.,  1895,  p.  493. 

t  It  hat  often  been  thought  that  this  theorem  is  :  If  x  ^  i  and  i  ^  x,  then  X  »  lb.  But 
this  in  a  simple  logical  oonolusion ;  while  the  Sohroder- Bernstein  theorem  may  be  stated :  If  a 
part  of  the  aggregate  A  is  similar  (eqniyalent)  to  B,  then  X  ^  i,  the  signs  >  and  «  haTing 
been  defined  hj  Cantor  {Math,  Ann,,  Bd.  xlti.,  1895,  pp.  482-484). 

I  This  property  may,  of  oourse,  be  taken  for  the  definition  of  the  *'  infinite  *'  chaiaotar  of  Jf . 

f  The  above  method,  as  I  snbseqnently  recognised,  is  that  in  which  Dedekind  (*<  Was  siad 
und  was  sollendio  Zahlen  P*',  1887  and  1893,  {  6)  derives  a  "  simply  infinite  system  "  (anaggn^. 
ate  arranged  in  type  m)  from  any  infinite  system,  and  is,  in  essentials,  the  method  of  Sohroder 
and  Bernstein,  in  the  proof  of  the  theorem  known  by  their  names  (cf .  Sohoenflies,  JH0  BtUwiekehtny 
4$r  Lthrt  von  den  I*unktmanniiffaUigkeiten^  Leipzig,  1900,  pp.  16-18  ;  Zermelo,  Q9tt,  JfmoAr.^  1901, 
pp.  34-38;  A.  E.  Harward,  Phil,  Mag,,  Oct.,  1906,  p.  457). 
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Thus  Hardy's  extension  of  Cantor's  argument,  in  which  elements 
corresponding  to  higher  number  classes  are  successively  removed,  and 
from  which  follows,  by  the  Schroder-Bernstein  theorem,  that  any  cardinal 
number  is  either  an  Aleph  or  is  greater  than  all  Alephs  (follows  them 
all  when  arranged  in  order  of  magnitude),  cannot  be  replaced,  with  any 
advantage,  by  an  extension  of  the  former  method. 

It  is  one  of  the  greatest  triumphs  of  the  symbolic  logic  developed,  for 
the  most  part,  by  Peano  and  Russell  to  have  showed  clearly  that  there  is 
an  assumption  involved  in  what  is  popularly  expressed  as  the  performance 
of  any  infinite  series  of  acts  of  arbitrary  selection.  Before  Russell  had 
noticed  this,  the  need  of  such  an  assumption  to  make  such  arguments 
rigorous  had,  indeed,  been  pointed  out  by  Zermelo,  Beppo  Levi,  and 
Bernstein,*  and,  less  clearly,  Borel ;  obscurely  felt  by  Hobson  and 
Harward ;  and  disregarded  by  all  others  who  have  written  on  the  subject. 


12. 

Let  us  examine  more  closely  the  first  stage  of  Hardy's  argument.  If 
AT  be  a  given  transfinite  aggregate,  we  can  always,  by  what  precedes, 
remove  an  enumerable  aggregate  from  M.  Hence,  by  the  Schroder- 
Bernstein  theorem,  _  ^  ^ 

If  we  dismiss  the  case  of  equality,  we  are  to  prove  that 

m  >  Hi.  (5) 

For  this  purpose,  we  remark  that,  firstly,  if  y  is  any  fixed  number  of  the 
second  number  class,  there  is  always  a  part  of  M  similar  to  the  (enumer- 
able) aggregate  of  ordinal  numbers  less  than  y;  secondly,  if  y'  is  any 
number  of  the  second  number  class  greater  than  y,  there  is  always  a  part 
of  M  similar  to  the  aggregate  of  ordinal  numbers  less  than  y',  cmd  which 
contains  the  former  part  as  a  proper  part.  This  last  condition  is  easily 
seen  to  be  essential,  since  we  cannot  prove  (5)  from  the  knowledge  that  Af 
has  an  enumerable  part,  by  arguing  that  this  same  part  can  always  be  re- 
ordered in  the  type  of  any  number  of  the  second  class. 

Now,  if  ^  is  a  definite  one-one  correspondence  which  images  a  definite 
part  u  of  Af  on  the  numbers  less  than  y,  there  is  not  only  one,  but  an 
infinity t  of  correspondences  ^  which  fulfil  the  two  conditions  which  we 
require  :  (i.)  yp-^u)  =  ^(u),  (ii.)  ^  images  a  part  (v)  of  M  on  the  numbers 


*  Cf.  Bernstdiii,  "  Bemerkimg  znr  Mengenlehre,*'  Odtt,  Jiachr,,  1904,  pp.  1-4. 
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l608  than  y  ;*  from  which  we  dedace  that  u  is  a  proper  part  of  v,  and,  if 
z  18  that  part  of  v  which  is  left  when  u  is  taken  away,  ^(j?)  is  the  aggreg- 
ate of  ordinal  numl^ers  ^,  sach  that 

We  have  to  pick  out  one  definite  \fr  for  each  y'  in  order  to  define  a 
part  of  M  which  is  of  cardinal  number  Mi-  That  this  is  possible,  since  for 
each  y'  there  is  an  infinite  choice  of  such  ^'s,  though  no  pre-eminent  one 
(for  example,  there  is  not,  in  general,  a  "  first  "  or  a  **  last  "  \/r  for  each 
y),  may  be  true,  and,  in  fact,  has  frequently  been  considered  as  obvious ; 
that  it  is  a  supposition,  which  needs  either  a  proof  or  a  new  axiom  assert- 
ing it,  becomes  evident  on  a  closer  logical  consideration. 


13. 

If  we  have  a  class  u  defined  as  ''  the  entities  x  such  that  some  pro- 
positional  function  {(px)  is  true  of  them,*'  we  cannot  derive  the  legitimacy 
of  some  proposition  '*  x  is  bl  u*'  without  the  premiss  *'  «^  is  not  the  null- 
class.**  f  The  latter  premiss,  which  may  also  be  expressed:  ''the  classic 
exists**  (or,  more  popularly,  ''the  class  u  has  at  least  one  member'*), 
plays  a  very  important  part  in  Russeirs  work,  since  it  is  one  of  his  chief 
objects  to  prove  the  "  existence  theorems  of  mathematics,**  that  is  to  say, 
to  prove  that  the  various  classes  (such  as  numbers  and  types)  defined  in 
mathematics  are  not  null. 

In  order  to  define  the  product  of  any  class  (not  necessarily  finite) 
of  cardinal  numbers,  we  form,  with  Whitehead,!  the  conception  of  the 
"  multiplicative  class  **  of  a  class  of  classes  no  two  of  which  have  any 
term  in  common.  Let  k  be  such  a  class  of  exclusive  classes ;  the 
multiplicative  class  of  k  is  the  class  each  of  whose  terms  is  a  class 
formed  by  choosing  one  and  only  one  term  from  each  of  the  classes  (p) 
which  are  terms  of  k.  Then  the  cardinal  number  of  terms  in  the 
multiplicative  class  of  k  is  defined  to  be  the  product  of  all  the  numbers  of 


*  That  there  are  suoh  imaging^  as  ^  is  evident  from  the  consideration  that,  if  (iL)  coold  not 
be  fulfilled  at  the  same  time  as  (i.),  there  would  be  a  htcest  ordinal  number  amongst  thoee  equal 
to  or  gfroater  than  y  and  less  than  or  equal  to  y\  to  which  no  imaging  ^  such  that  ^  (m)  »  ^  («)  can 
correlate  an  element  of  M.    But  this  is  impossible. 

We  cannot  say,  instead  of  (ii.) :  **  ^  images  a  part  of  M  on  the  numbers  less  than  »|"  ;  for, 
although  wo  can  prove  that  there  is  no  number  less  than  wj  which  is  the  lowest  of  thoee  to  wliidi 
no  imaging  x  such  that  x  (m)  •■  ^  (n)  corresponds,  we  cannot  prove  that  ir|  itself  is  not. 

t  Of.  Whitehead,  **0n  Cardinal  Numbers,"  Amer,  Jour,  of  Math.,  Vol.  xxir.,  1902,  p.  37S. 

{  Loc,  e%t,y  pp.  369,  383,  385. 
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the  various  classes  composing  k,  and  is  denoted : 

np. 

The  theorem  or  axiom  of  the  existence  of  the  multiplicative  class  was 
necessary  to  the  validity  of  many  of  Whitehead's  proofs,  but  was  probably 
considered  by  him  as  not  needing  a  proof.  A  multiplicative  class  occurs, 
as  we  have  seen,  in  the  proof  that  any  aggregate  has  either  a  cardinal 
number  which  is  an  Aleph  or  a  part  similar  to  the  aggregate  of  ordinal 
numbers  (or  Alephs).  In  this  case  our  supposition  may  be  expressed  as 
follows  (an  axiom  which  is  equivalent  to  Zermelo's) :  — 

Consider  as  argument  of  a  function  an  aggregate  of  existent  classes 
(not  necessarily  exclusive*) ;  we  imagine  a  wany-valued  function  defined 
for  the  whole  of  this  argument-aggregate  in  such  a  way  that,  if  of  the 
argument-classes,  f{x)  is  a  class  which  is  any  x.  Then  our  axiom  is 
that  there  exists t  a  on^- valued  function  F  of  the  same  argument,  such 
that  F{x)  is  a  member  of  the  class  f{x).l 


14. 

It  remains  to  consider  the  evidence  for  the  truth  of  the  axiom.  It  is 
that  this  type  of  argument  has  been  independently  used  and  considered 
valid  by  almost  all  writers  on  the  theory  of  aggregates.  We  have  seen  it 
used  by  Cantor,  Zermelo,  Hardy,  and  Whitehead ;  it  is  involved  in  some 
theorems  and  conceptions  of  Schoenfiies§  and  Kdnig,|{  and  BernsteinU  has, 
in  consequence  of  a  remark  made  by  Beppo  Levi,**  explicitly  formulated 
and  adopted  the  axiom,  which  was  involved  in  his  proof  that  the  class 
of  closed  aggregates  is  similar  to  the  continuum ;  and  we  may  remark 
that  Levi's  proof  that  there  is  a  definite  vra,j  of  putting  all  closed  aggreg- 
ates in  a  one-one  correspondence  with  the  continuum  if  metrical  properties 
(which  Bernstein  avoids)  are  used,  supports  the  truth  of  the  axiom. 


*  They  mufit  be  exclusive  for  Whitehead's  purpose. 

t  That  is  to  say,  can  be  defined  *^  sub  specie  aetemitatis,"  if  I  may  so  express  myself. 

t  We  do  not  assimie  that  all  such  functions  F  form  a  class,  but  merely  that  th&  statement 
that  i^  is  a  function  of  the  kind  required  is  not  false  for  every  F. 

i  Op.  eit.y  pp.  9,  13-14,  26,  41. 

y  '*Zum    Kontinuum- Problem,*'     Verhandl,    dea    dritten    itUemat,    Math.^Kongr,^    1905, 
pp.  144-147. 

H  '*  BemerkuDg  zur  Mengenlehre,"  Obtt.  Naehr.y  1904,  pp.  1-4. 

**  '*  Intomo  alia  teoria  degli  aggregati,"  Lomb.  I»t,  Send,,  (2),  t.  xxxv.,  1902,  pp.  863-869  : 
of.  Bernstein  in  Math,  Ann,,  Bd.  lxi.,  1905,  pp.  132,  146. 
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Also  my  proof*  of  the  equality^ 

Hy   •   My    —    My  } 

a  proof  which,  I  have  learnt,  t  is  supported  by  the  authority  of  CSantor, 
utilises  this  axiom ;  as  also  does  my  proof  §  that  a  series  with  no  first 
term  contains  a  part  of  type  ^ 

a  very  evident  theorem. 

[Note  added  April  30th,  1906. 

Since  writing  the  above,  some  papers  have  appeared  which  most  be 
briefly  referred  to  here. 

Russell II  has  discussed  Hobson's  paper,  and  many  of  his  criticisms 
are,  in  substance,  the  same  as  mine.H  In  particular,  Russell  and  I  were 
led  independently  to  the  observation  that  certain  prepositional  functions  do 
not  define  classes :  he,  from  working  on  his  (cardinal)  contradiction ;  I, 
from  working  on  the  ordinal  contradiction  of  Burali-Forti.  My  own  result 
is  implicitly  contained  in  my  first  paper  of  1908,**  in  which  I  maintained 
that  W  has  no  type.  This  point  of  view  is  obviously  different  from  the 
one  attributed  to  me  by  Russell,  tf  that  the  alternative  that  the  type  of  W 
does  not  exist  is  neglected,  while  the  alternative  that  W  does  not  exist  is 
accepted.  In  fact,  it  has  always  seemed  to  me  absurd  to  suppose  that 
there  is  no  such  thing  as  W;  for  we  can,  without  contradiction,  define 
classes  such  that  there  are  parts  of  them  similar  to  the  class  of  ordinal 
numbers,  and  the  latter  class  would  not  exist  if  W  did  not. 

What  justifies  the  naming  of  my  own  theory  (with  some  others,  like 
Cantor's)  the  ''  theory  of  the  limitation  of  size  "  is  that  I  differ  from  up- 
holders of  the  ''  zig-zag  theory,"  in  not  admitting  that  a  contradictory 
'*  class,"  like  "  the  x*s  such  that  x  is  not  an  a;,"  can  become  an  irreproach- 
able class,  like  "  the  class  of  all  classes,"  by  adding  new  members  to  it. 
For  this  reason,  then,  a  supporter  of  any  ''  limitation  of  size  "  theory  must 


•  Phil,  Mag.,  March,  1904,  pp.  295-301. 

t  Thin  equality  must  be  proved  before  it  can  be  prored  that  the  Alephs  form  a  aeries  (tM., 
Jan.,  1904,  p.  74). 

X  BeniBtein  {Math,  Ann,,  Bd.  lxz.,  1906,  pp.  150, 151)  states  that  Cantor  had  communicated 
this  result  to  him,  having  proved  it  in  what  is,  apparently,  the  method  I  followed. 

{  Phil  Mag,,  Jan.,  1904,  p.  65. 

II  *'  On  some  Difficulties  in  the  Theory  of  Transfinite  Kumbers  and  Order  l^pes,"  IVm. 
Land.  Math,  Soe,,  Ser.  2,  Vol.  4,  pp.  29-53. 

IT  Ihid,,  pp.  30,  31,  40-43. 

••  Phil,  Mag,,  Jan.,  1904,  p.  66. 
ft  hoc,  eit,,  p.  44. 
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deny  both  the  notion  of  a  class  of  all  classes  and  the  definition  of  numbers 
as  classes.* 

With  regard  to  the  ''  multiplicative  axiom "  and  the  more  general 
Zermelo's  axiom,  t  the  following  remark  may  be  made.  Zermelo's  axiom 
is  equivalent  to  the  axiom  that,  if  i^  is  a  class  and  v  is  the  class  of  all  non- 
null  classes  which  are  contained  in  u^  then  the  complex  of  propositions : 
10  is  a  class ;  w  is  contained  in  u;l  x  is  o,  v  implies,  for  every  such  x,  that 
X  and  to  have  one,  and  only  one,  term  in  common  ; — is  not  false  for  every 
value  of  w.  This  axiom  (cf.  §  18  above),  which  I  am  accustomed  to  call 
the  ''  multiplicative  axiom,"  has  the  advantage  of  being  quite  analogous  to 
the  **  multiplicative  axiom  "  of  Russell,  which  is  used  in  the  conception 
of  the  product  of  an  infinity  of  cardinal  numbers,  and  which  results  from 
the  above,  if  we  substitute  "  t;  is  any  class  of  muttuilly  exclusive  classes  '* 
and  **  w  is  contained  in  the  logical  sum  of  v'' 

Hobson§  has  devoted  a  paper  to  showing  that  Eonig's  distinction 
between  ''  finitely  defined  '*  entities  and  those  which  are  not  so  defined  is 
not  valid.  This  is  not  the  place  to  examine  Hobson's  arguments,  but  I 
may  remark  that  his  method  ||  is  the  same  as  the  one  I  have  given  in 
§  10  of  my  above  paper  for  showing  that  Hobson's  requirement  of  a 
•*  norm  "IT  is  too  narrow. 

Finally,  Schonflies**  suggests  that  Russell's  contradiction  is  really  the 
statement :  ''  the  class  of  all  classes  is  a  member  of  itself."  I  fail  to  see 
that  this  is  contradiction,  and  Schonfliesf  t  only  assumes  that  it  is  so. 
Also  Schonflies'  1 1  remark  that  such  ''  classes  "  as  Russell's  are  contradictory 
can  hardly  be  regarded,  as  he  states,  as  a  solution  of  the  contradiction.] 


*  See  RusBell,  he,  eit,,  p.  39. 

t  Ibid,,  pp.  47-53. 

X  Here  u  is  the  "  logical  sum  of  v." 

i  ''  On  the  Arithmetic  Continuum,*'  Froe.  Z<md,  Math.  Sot,,  Ser.  2,  Vol.  4,  1906,  pp.  2U28. 

II  Zoc,  eit,,  pp.  24,  25. 

H  Ibid.,  Vol.  3,  1905,  p.  180. 

**  **  Qber  die  logischen  Pandoxien  der  Mengenlehre,"  Jahrttber,  d.  Ikuttch,  Maih,''Vw., 
Bd.  XY.,  1906,  pp.  19-25. 
ft  Loc,  eit,,  p.  22. 

Xt   ^0^'  ^^-i  P*  20* 
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ON  CERTAIN  FUNCTIONS  DEFINED  BY  TAYLOR'S  SERIES  OF 

FINITE   RADIUS   OF   CONVERGENCE 

By  E.  W.  Barnes. 

[Beceived  and  read  Maroh  8th,  1906.] 

1.  The  function  g^^x-,  6)  is  defined  when  |a:|  <1  by  the  Taylor's  series 

2       "^ 


When  )d  is  a  positive  integer  the  function  can  be  derived  from  the  case 
when  )8  =  1  by  difi'erentiation  with  regard  to  0.     The  function 


g(x;e)=   2 


00  ^» 


1=0  n+O 

has  been  separately  studied  by  the  author.* 

We  shall  therefore  assume  in  the  present  investigation  that  /8  is  not 
equal  to  zero  or  a  positive  integer.  The  subsequent  theory  is  a  develop- 
ment of  the  investigation  given  in  the  author's  memoir  "  On  the  Asym- 
ptotic Expansion  of  Integral  Functions  defined  by  Taylor's  Series."* 
Some  of  the  following  results  were  originally  communicated  in  that  paper. 
On  account  of  its  length  they  were  merely  stated  I  in  brief  without  proofs ; 
the  complete  investigation,  with  some  extensions,  is  now  given.  I  refer  to 
the  introduction  to  that  paper  for  an  account  of  the  general  history  and 
literature  of  the  subject. 

We  shall  assume  that  6  is  not  zero  or  a  negative  integer ;  in  such  eases 
the  function  g^  {x ;  6)  evidently  does  not  exist. 

We  shall  also  assume  that,  in  the  definition  of  g^ix;  d), 

(«+0)^  =  exp-|/31og(n-fe)}, 

wherein  0  <  | /] log  (n+d)} \  <  x. 

This  definition  completely  specifies  the  function  when  |  j;  |  <  1  and  6  is  not 
real  and  negative.     In  the  latter  case  we  may  conveniently  take 

I  {log{n+e)}  =  IT 

when  (n+O)  is  negative.     We  thus  arbitrarily  specify  at  most  only  a  finite 
nomber  of  terms  of  the  series. 


*  Quarterly  Journal  of  Matkematict,  Vol.  xxxrn.,  pp.  289-313. 

t  PhiUtophieal  Tramaetiotu  of  the  Royal  HoeiHy  (A),  Vol.  206,  pp.  249-297. 

t  Loe,  cit.f  Paris  iv.  and  vi. 
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We  use  throughout  I{f{x)\  to  denote  the  imaginary  part  of /(x), 
B{f{x)\  denoting  its  real  part.     Thus  the  condition 

O<|/{log(n+0)}|<7r 
is  equivalent  to  —  tt  <  — /  {log  (n+0) }  <  tt. 

2.  I  propose  to  establish  the  following  propositions : — 

(1)  The  function  gp{x;0)  has  a  single  singularity  in  the  finite  part 
of  the  plane.  The  singularity  occurs  at  x  =  1^  and  is  not  an  essential 
singularity. 

(2)  The  function  gfi{x;0)—gp{x;l)lx^'^  has  no  singularities  in  the 
finite  part  of  the  plane,  and,  if  |  log  x  \  <  2'7r,  it  admits  the  expansion 

(3)  Near  x=  1^  gp(x;6)  is  many-valued. 

(4)  The  function  jr^Cx;  0)--r(l— j8)(— loga;)^"^a:~*  is  one-valued  near 
a:  =  1,  and  in  the  vicinity  of  this  point  admits  the  convergent  expansion 

where   ^n+i(fi,0)  denotes   the   (n+l)-ple   Riemann  f  function  of   equal 
parameters  unity. 

(5)  If  0  be  not  real,  the  function 

gfi(x;ef)+gf,{x'';''d)e^'^^ 

the  negative  or  positive  sign  being  taken  as  I{0)  >  or  <  0,  is  one-valued 
near  x  =  1,  and  has  no  singularity  at  this  point. 

(6)  If  0  be  not  real  and  a  positive  or  negative  integer  (zero  included), 
gp(x;6()  admits,  when  |x|  is  very  large,  the  asymptotic  expansion 

(i-ef     ^"U'      "^/j*       ^        i-x)*       «=o„!r(|Q-n)[log(-x)]»" 


The  modification  of  the  previous  theorem,  when  6  is  zero  or  a  negative 
integer,  will  be  indicated. 

Spence's  formute  connecting  the  functions   2  — z  and   2   -r — -  when 

m=l  m  »«l  X    Ttl 

71  is  an  integer  will  be  deduced. 

It  will  be  shown  that  the  proposition  (4)  leads  to  the  result  previously 
obtained  when  /8  =  1. 
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In  Fart  II.  of  the  paper  similar  results  are  established  for  the  more 
general  function  /^(^;  0)f  defined,  when  |2;|  <  1,  by  the  series 

when,  outside  a  circle  outside  which  the  points  n+0  (n  =  0,  1,  ...,  ®)  ftU 
lie,  x(^)  ^niits  the  convergent  expansion  Z  br/x^. 

Pabt  I. — The  Fwiction  gfi(x;  0). 

8.  To  shew  that  gfi(x;0)  has  no  singularities  except  possibly  an  the 
real  aais  between  x  =  1  and  a;  =  +  oo ,  the  limits  included. 

We  have 

^  =1   p"  y.       ^  ^      dz 

nro(n+e)^       Jo        nt'o(n+e)^n! 

^^^e-G,ixz^.e)dz--[e-l^ 

where  (?,(..;  6)  =  J^^;^,, 

and  the  integration  is  along  the  real  axis. 
Now,  when  N  is  large 


where  n^j  tends  to  zero  as  N  tends  to  infinity,  if  A;  >  Bi-^/S).    Hence 


t  X  I 

and,  if      '  .'  j  <  1,  this  expression  tends  to  zero  as  N  tends  to  infinity. 


Therefore,  if  \x\  be  sufficiently  small, 

gp{x;e)  =  r  e-'Gp{xz;e)dz. 
Now,  when  |  a;^  |  is  large,  both  Mr.  Hardy  and  I  have  shown  that 
GpixziO)  =  ^^^^P(xz)+{-xzr'[log{-xz)'y''Q{xz) 

where  |P(x^)|  and  |Q(a;^)|  tend  to  definite  finite  limits  as  |aur|  tends  to 
infinity. 
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Therefore  the  integral      I   e"  G^  (xz ;  0)  dz 


of  the  real  axis,  i   ,  a\  —  \  (T)\ 


is  finite  for  all  values  of  x  sach  that  i2(a;)<  1.  It  is  evidently  an  analytic 
fonction  of  x  for  all  such  values,  and  therefore  it  represents  the  con- 
tinuation of  gfi  (x ;  0)  for  all  such  values  of  x. 

Again,  if  I  (B)  denote  an  integral  along  an  axis  in  the  positive  half  of 
the  ;?-plane,  I  {A)  denoting  the  original  integral  along  the  positive  half 

when  22(2;)  <  1 ;  for  they  differ  by  an  integral  along  a  contour  at  infinity 

which  vanishes.     Therefore    I   {B)  represents  the  continuation  of  g^ix;  6) 

Jo 

for  all  values  of  x  for  which  it  is  finite  and  continuous. 

By  taking  suitable  directions  for  the  B-integral,  we  see  that  gp{x;0)  can 
be  continued  for  all  values  of  x  such  that  |  arg  (1 — ^)|  <  x,  and  that  it  has  no 
singularities  in  this  region.  We  therefore  have  the  given  theorem.  The 
line  (1,  00 )  serves  as  a  cross-cut  to  render  the  function  g^ix;  0)  one-valued. 

4.  We  will  now  shew  that  the  function 

has  no  singularities  in  the  finite  part  of  the  plane  except  a;  =  0,  and  that^ 
near  x  =^1,  it  admits  the  expansion 

Let  1/L  be  an  axis  from  the  origin  within  90°  of  the  axis  to  the  point  a, 
and  let  L  be  the  image  of  1/L  in  the  real  axis.  Then,  if  the  integral  be 
taken  round  a  Gamma  function  contour  embracing  the  axis  L, 


iIS^£(-„,.-..-...,  =  ^, 


where  (— y)^"^  has  a  cross-cut  along  the  axis  L,  and  log(— ?/)  is  real  when 
y  is  real  and  negative,  and  where  a^  has  a  cross-cut  along  —1/L  (i.e.,  the 
negative  direction  of  the  axis  1/L),  and  is  real  when  a  is  real  and  positive. 
We  assume  that  a  is  not  real  and  negative. 

Consider  the  integral 

27r       J/     ^'       1-xe-*    ^' 
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where  the  conionr  exclades  the  poles  log  z  ±  2iixf  of  the  aiibjecs  of  integ- 
ration. If  0  be  not  real  and  negative,  we  can  determine  L  so  that  it  is 
within  dtiT'  of  the  axes  to  the  points  ^+n,  n  =  0,  1,2, ...,  x .     We  hare 


2x 


Jx.  *=0 


+ 


ira-5)f,     .--1  x'*-"*-*' 


2x 


and  therefore  /  =    2   ; — r-53  +/.v,  let  os  sav. 

If  I X  <  1,  the  series  tends  to  a  definite  finite  limit  as  X  tends  to 
infinity. 

Also,  if  \x\<  1,  we  shall  have  i?flog  x)  <  0. 

If  logx  lies  outside  the  contour  and  ll—xj  be  small,  we  may  near 
y  =  0  deform  the  contour  so  that  the  minimum  value  of  |1— x^~'j  is 
finite  and  occurs  when  y  =  logx+7»  where  17  >  0,  and  so  that  for 
other  values  of  y  on  the  contour  we  have  ii(y— logx)  >  ly. 

Then  we  shall  have         ^         ^^      ^     ^    v 

where  |  K  \  tends  to  a  finite  limit  as  N  tends  to  infinity  and  |  L  |  tends  to 
zero. 

Therefore,  if  log  x  be  outside  the  contour  and  |l— x|  be  small,  |/y| 
tends  to  zero  as  N  tends  to  infinity,  provided  |x|  <  1. 

Hence,  when  these  conditions  hold, 

/  =  9fiix;0). 
Hence 


=-^'■^^1'-'-- ^^^1^^- 


(A) 


For  it  is  evident  that  any  axis  L  as  previously  chosen  is  in  the  positive 
half  of  the  y  plane,  and  is  therefore  a  possible  axis  when  d  =  1. 

But  in  the  latter  integral  the  points  // =  logx±2n7ri  are  no  longer 
singularities  of  the  subject  of  integration  :  therefore  we  may  drop  the 
condition  that  such  points  shall  lie  outside  the  contour  of  integration. 
We  shall  assume  that  x^'^  is  completely  specified,  as  will  be  the  case 
if  we  assign  a  cross-cut  along  the  negative  half  of  the  real  axis. 

The  integral  (A)  is  evidently  finite  and  continuous  when  x  takes  any 
range  of  values  limited  by  this  cross-cut.      It  represents,  therefore,  the 
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continuation  of  gfiix;0)—gfi{x;l)lz^'^  for  all  values  of  x  so  limited. 
Therefore  this  function  has  no  singularities  in  the  finite  part  of  the 
plane  except  the  singularity  at  the  origin  due  to  x^ 


.«-i 


5.  Put  y  =  logx+t,  and  suppose  that  tlogxj  is  small.  The  integral 
(A)  may  be  written 

Expand  the  original  contour  so  that  it  includes  P,  a  parallel  to  the 
axis  L  from  the  point  log  x,  and  so  that  it  also  includes  a  circle  of 
radius  |  log  a;  |  whose  centre  is  ^  =  log  x.  Change  the  specification  of 
(— ^)^~^  so  that  it  is  unaltered  on  the  contour,  but  has  a  cross-cut  along 
the  parallel  inside  the  contour,  so  that 

n=0  ni  \     t    / 

when  1^1  >  I  log  X  I,  and  is  the  continuation   of   the  function  represented 
by   the   series   when    |  ^  |  <  |  log  x  |.      Now   close  up  the  contour  till  it 
embraces  P,  as  the  original  contour  embraced  L.     The  integral  in  (A) 
will  be  unaltered  in  value  by  these  operations. 
Hence 

g^ix;  e)-g,{x;  D/x^'^  =  -  ^  '-^^^  £(-logx-yr^  T^^  ^V' 

(B) 

If  now  the  bulb  of  the  contour  be  a  circle  of  radius  >  |logx|  and  centre 
y  =  0,  and  if  the  remainder  of  the  contour  be  the  double  description  of 
that  part  of  the  axis  L  outside  this  circle,  we  have  on  the  contour 

where  |i2j^|  tends  to  zero  as  N  tends  to  infinity.     Thus  the  integral  (B)  is 
equal  to 

X*  «-o  n!  V       6   '         2ir      Ji  l—e~* 

—Js    (say) 
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.where   ^{s,  6)   denotes    the    simple   Biemann   ^   funotion   of   parameter 
unity. 

6,  Now,  if  r  be  so  chosen  that  B(0+r)  is  positive, 

r-l 

The  contour  of  the  integral  embraces  the  axis  L  and  excludes  the 
points  2mri  (n  ^  0).  Hence  on  the  contour  we  may  take  the  minimum 
value  of  I  a;  I  to  be  k,  where  k  <  2^. 

Hence,  when  n  is  large  and  6  not  real  and  a  negative  integer. 


^(/3-n,  6) 
n! 


=:  K—. 


where  K  is  finite  when  n  is  very  large. 
The  series  ^  ^       vn 

n=0        71 ! 

therefore  tends  to  a  finite  limit  as  n  tends  to  infinity,  provided 

I  log  a:  I  <  A;  <  2'jr. 

Finally,  therefore,  if  log  x  is  defined  by  a  cross-cut  along  the  negative 
half  of  the  real  axis,  if  6  be  not  real  and  negative,  and  if  |loga:|  <  27r, 

gf^ix;ef)-gf,{x;l)lx'-'  =  \  2  (l2gjE)!  |f(/3-n,  0)-fO8- n,  1)}. 
By  means  of  the  relation 

gp{x ;  0- 1)  =  (^zrY?  '^^^^^^ '  ^^ 

we  may  enunciate  the  previous  theorem  with  the  narrower  restriction 
that  6  shall  not  be  zero  or  a  negative  integer.  Compare  the  investigation 
in  §9. 

7.  We  proceed  now  to  shew  that  gp(x;  6)  has  a  single  singularity  in 
the  fiyvite  part  of  the  plane y  that  this  singularity  occurs  at  a;  =  1,  aiid 
that  at  this  point  the  function  branches  infinitely  often. 

We  have  seen  in  §  4  that,  provided  ^  be  not  a  positive  integer,  \x\<i  1, 
and  the  contour  excludes  the  points  logiC±2n7r/  (;i  =  0, 1, ...,  oo). 
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Suppose  now  that  the  contour  includes  log  x,  but  excludes  the  points 

log  X  ±  imri     (n  ^  0), 
80  that,  il  X  =  re'*, 

I  (^±  2x)/log  r— arg  L  |  >  |  ^/log  r— arg  L  \ ; 

then  the  integral  is  equal  to 

gf^ix;  0)-r(l-i8)(-log:r)^-ix-*. 

Now  suppose  that  |x|>l,  and  that  (— logj;)^"^  is  made  one- valued 
by  a  cross-cut  along  the  axis  of  integration,  log(~loga;)  being  real  when 
log  X  is  real  and  negative.  The  integral  remains  finite  and  continuous. 
Hence  the  equality 

g,(x;  0)-r(l-)8)(-logxr^a:-*  =  il^^£(-y)^-i  ^-1^  dy    (A) 

continues  to  hold  good,  even  for  values  of  x  which  are  real  and  greater 
than  unity,  provided  we  regard  gfi{x]G)  as  representing  the  continuation 
of  the  function  defined  by  the  original  Taylor's  series  where  U|<1. 
Hence  the  function  gpix;0)  has  no  singularities  on  the  positive  part  of 
the  real  axis  between  a;  =  1  and  a:  =  oo .  It  has,  therefore  (§  8),  a 
single  singularity  in  the  finite  part  of  the  plane,  viz.,  at  x  =  1.  Near 
this  point  the  function  is  many-valued. 

8.  We  proceed  now  to  show  that,  near  x  =  1,  thefuiiction 

gf,(x;  0)-r(l-)S)(-loga:)^-i:r-* 
is  one-valtied  and  admits  the  expansion 


Tl~fn+lO,  ^)» 


n=o    a:** 


valid  when 


x-1 


<  1.     We   thus  see  that  x  =  1   is  a  singularity   of 

X 

specifiable  branching  of  gp{x;  6). 

From  the  equality  (A)  of  the  previous  paragraph  we  obtain 

gf,{x;  0)-r(l-/3)(-loga:)^-^x-* 

nio  27r  J/       y^  (1-6-T^^       X^'^'      ^ 

^        27r       Jl^     ^^        1-xe-''  (xd-e-y)}       ^' 
The  first  series  may  be  written 


^-1  (a:— 1)"  - 


u  2 
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where  ^n+i(Sj  6)  is  the  (nH- l)-ple  Riemann  ^  function  of  equal  parameters 
unity  defined  by  the  integral 


—  IT 


We  have  assumed  that  0  is  not  real  and  negative. 

Suppose  now  that  ii(d)  >  0 ;  then  we  may  replace  the  contour  L  by 
a  contour  C,  embracing  the  positive  half  of  the  real  axis,  which  now  serves 
as  a  cross-cut  to  make  the  function  (— loga;)^"^  one-valued. 

Deform  this  contour  till  it 
consists  of  two  lines  above  and 
below  the  real  axis  and  distant 
IT  from  it,  and  a  line  I  parallel 
to  the  imaginary  axis,  cutting 
the  real  axis  in  a  point  whose 
distance  from  the  origin  is  >  log  2  on  the  negative  side  of  the  origin. 

Since  7{logar[  lies  between  ±7ri,  the  point  log  z  can  always  be 
taken  to  lie  within  the  contour. 

The  minimum  value  of  |1— 6"^|  on  the  contour  will  be  unity.  For, 
if  ?/  =  (cos  0+«  sin  0)r,  we  have  on  the  two  infinite  lines  r  sin  ^  =  ±  x, 
and  therefore  cos  (r  sin  0)  =  —  1.     Hence 

\l-e-y\  =  >v/[l-26-^^»^  cos  (r  sin  0)+«"^'"^*]  =  l+e-'^^**  >  1 ; 
and  on  the  line  /  ^-rco.^  ^  2, 

and  therefore  1 1-«"M  >  ^[(2-1)^  >  1. 

Hence,  when  n  is  large 

If»*i(i8.  ^)l  <  ^^  j  l(-y)''-M  \e-^\  \dy\  <  M-("^'>ir, 

where  m  ^  1  and  A"  is  finite  and  independent  of  n  if  /8  be  not  a  positive 
integer  and  B  (6)  >  0. 

Hence  the  series  2    ^^ — ^rrr-  fn+i08,  0) 


n=o     a:*+^ 


tends  to  a  definite  finite  limit  as  N  tends  to  infinity  if  |  (a?— l)/a:  |  <  1. 
This  can  be  otherwise  seen  since  the  integral 

27r       Jc^     ^^       1-xe-y  la;(l-e->^)    ^ 

will  tend  to  zero  as  N  tends  to  infinity  if  |  {x—l)lx\  <  1. 

Therefore,  itB{6)  >  0  and  |  (x—l)lx  |  >  1,  and  if  the  principal  value  of 
(— loga?)^"^  [which  is  such  that  log  (—logo:)  is  real  when  log  a:  is  real  and 
negative  and  has  a  cross-cut  along  the  positive   half   of   the  real  axis, 
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|I(logaj)|  being  less  than  x,  since  |(a;—l)/a|  <  1]  be  taken, 

g,(x^  e)~r(l-^(-loga:r^2:-^  =  J^  (^  ^,,,03,  B). 

Thus  the  nature  of  the  singularity  of  gpix;  6)  at  a;  =  1  is  given  by 

This  singularity  is  not  essential*,  and  is  not  even  an  infinity  unless 
JB08)<  1,  or  /8  is  a  positive  integer,  or  we  wind  infinitely  often  round 
the  point.  When  )8  =  0,  gp(x;6)  =  (l—x)'^,  and  the  nature  of  its 
singularity  near  «  =  1  is  given  by  —  aj""Vloga;.  This  result,  though 
somewhat  paradoxical  at  first  sight,  is  evidently  true. 

9.  We  will  now  remove  the  limitation  i?  (0)  >  0  ifitrodticed  into  the 
proof  of  the  preceding  proposition^  and  show  that  the  theorem  is  true  if  6 
be  not  zero  or  a  negative  integer. 

We  evidently  have 


«  a;* 


g,(x;  e-1)  =  Jo  (n-l+g)^  =  iO-ir'+xg,(x;  6). 

Hence,  by  the  preceding  theorem,  if  B  (d)  >  0, 
gf^ix;  0-l)-r(l-i8)(-logx)^-^a:-(^-^> 

__  1  •      (a;  — 1)»  _ 

=  (5^11? + io  ■"?^^"^'^'  ^^• 

For  brevity  put 

Un+l  =  fn+l(/3,  0-1),  Vn+i  =  fn+l08,  0), 

and  z  = . 

X 

I  have  elsewhere  shewn  t  that 

Vn+l  =  Un+i  —  Un. 
N  K 

[Let  Sn  =  J^  Vn+iz%         ^^  =  n5o  ^'♦•^  ^"' 


*  It  must,  of  oourse,  be  connted  as  an  eesential  8mgularit7  if  we  say  that  log  x  has  an 
eesential  ainc^alarit^  at  «  «  0.  Ewwntial  Bingularit7  ia  defined  in  each  a  negative  manner  that 
it  win  pcobaUy  be  ultimately  convenient  to  class  such  points  as  the  one  in  qoeetion  under  another 
title. 

t  '<  The  Theory  of  the  Multiple  Gkunma Function/'  TramaeeUmto/ths  Cambridge FhilMophieal 
Smgif,  Vol.  xzx.,  pp.  374-425,  {  26. 
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AT  If 

Then      Sh  =  J^  (t^n  +  l-t^)^*^  =  -Wo+ J,ttn+lU*-^»'^»)+tt|,^i;J^+l 

But  ttir+1  =  vif+i+us  =  ...  =  ri^+i+t;i^+...+t;i+f<o. 

Therefore  |  u^+i  I  ^  ^^  I  t?r  I  +  |  w©  I  • 

We  have  seen  that,  when  r  is  large  and  B{6)  >  0, 

\Vr\<  Kl^^^\ 

where  ^i  ^  1.*     Hence,  when  N  is  large, 

I  us^^  I  <  K'N, 

where  X'  is  finite,  if  /3  be  not  an  integer  and  B{9)>  0. 

Hence,  if  | ;?  |  <  1,  |  u^f+iz^'^^  \  tends  to  zero  as  N  tends  to  infinity. 
But  Sn  tends  to  a  definite  finite  limit  as  N  tends  to  infinity.  Therefore 
the  same  is  true  of  ^n-     Hence 

=  ,1=1?  -«.+  T  Jo  (^)"f"'<^'  «-"J 

And  the  latter  series  is  convergent. 

Now  Wo  =  (^"~l)~^-  Therefore,  if  i2(0)>— 1,  and  6  be  not  zero, 
the  theorem  of  the  preceding  paragraph  is  valid.  Proceeding  by  successive 
stages,  we  shew  that  it  is  valid  for  all  values  of  d,  provided  6  be  not  zero 
or  a  negative  integer. 

10.  If  we  compare  the  results  of  the  preceding  paragraphs  with  the 
expansion  obtained  in  §  4,  we  see  that  when  a;  is  in  the  immediate 
vicinity  of  the  point  1  we  have  the  equality  of  the  two  expansions 

and  i  ^9lJ^  j^,.„  08,  0)-x'-*f„^.»O8, 1) }, 

for  each  is  convergent  when  |  a; — 1  |  is  small  and  equal  to 

gp{x;  d)—x^-^gp{x;  1). 

*  The  previous  argument  can  be  used  to  show  that,  when  i2  (9)  >  0  and  fi  is  not  an  integer, 
I  9r  ]  tends  to  zero  as  r  tends  to  infinity. 
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Th^  Case  of  13  =  1. 

X 

11.  I  have  previously*  shewn  that,  when  jd  =  1, 
afg{x;e)+log{l-x) 

°^a)-^<^+«'i,^''-»„-;"'-"(f+-+i)- 

provided  |  {l~-x)lx  |  <  1. 

This  result,  at  first  sight,  seems  very  different  from  that  previously 
obtained  for  general  values  of  13.  It  is  now  proposed  to  shew  that  as  )3 
tends  to  unity  the  result  of  §  8  leads  to  that  just  quoted. 

It  is  necessary  to  introduce  certain  properties  of  (n+l)-ple  Biemann 
^  functions  of  equal  parameters :  these  are  taken  from  an  unpublished 
chapter  of  a  forthcoming  book  by  the  author  on  Gamma  Functions  and 
Allied  Transcendents.  The  reader  will,  however,  find  little  difficulty  in 
deducing  them  from  the  author's  memoirs  dealing  with  the  general 
multiple  Biemann  ^  function.! 

If  we  put  /3  =  1— e  in  the  result  of  the  preceding  paragraph,  we 
obtain 

gi^Ax;  e)-T{e){-logxr^x-'=  i   (£=^f,^i(l-e,  0).  (A) 


n=0      X 


Now  Lt 

ffsO 


fn+i(i-e,e)+(-r^i±i^^H  =  -  v^u,(0), 


whenn+iSi(0)  denotes  the  first  (n+l)-ple  Bemoullian  function  of  dot 
equal  parameters  unity,  and  ^n+i(d)  denotes 

Aiog{r«^,{0)}, 

Tn+i{0)  denoting  the  (;i+l)-ple   gamma  function    of   equal  parameters 
unity. 

I  have  elsewhere  shewn  that  I 

Q<2)//jN  _  (gT-l)...(g— n) 

»+i^i  \y)  — i . 

nl 

Hence,   if  we  expand  the    result  (A)  in  ascending  powers  of  e,    as  is 


*  Quarterly  Journal  of  MathenuUief^  Vol.  xzzvu.,  p.  308. 

t  Loe.  cit.,  }  9. 

X  TransactianM  oftk$  Cambridge  Fhiloiophieal  Society,  Vol.  xiz.,  p.  431. 
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evidently  legitimate  if  e  be  very  small,  we  get,  on  equating  coeffieients 

and,  on  equating  the  terms  independent  of  e, 

g{x,0)+x-» log {-logx)-yfr{l)x-*  =  -  i  ^^=#" ^UiW. 

The  result  of  equating  higher  powers  of  6  is  to  give  ns  the  nature  of  the 
behaviour  of  functions 

near  a;  =  1. 


12.  The  first  result  is  equivalent  to 

n»o     x""^^  n! 

and  is  evidently  true. 

The  second  result  may  be  written 

g{x;  e)+x-'\oga-x)-ylr{l)x-* 

We  have  then  to  prove  that  the  right-hand  side  of  this  equality  is  equal  to 
*-»,/  ((h^  T  (l-ir)"(e-l)...(e-n)/  1.1.        ,    1  \ 

Put  now  (a; -"!)/«  =  z ;  then  we  have  to  shew,  when  | ;?  |  <  1,  that 

a-,)>-i[v.(g)-iog  {(1-^)^(1-^)}] 

where  5^(6)  =  iSt(e)     and    >^(e)  =  ^,(0). 

Therefore 
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Using  the  identity  (1),  we  see  that  the  terms  involving  ^i(d)  vanish 
from  the  equality,  and  we  have  to  establish  that,  if  1 2r  |  <  1, 

-a-.)'-'iogj''-'';^"-''- 


18.  We  will  first  shew  that 

Denote  the  function  on  the  left-hand  side  of  this  equality  by  F^+i  (6). 

Then,  since  •+iSi(e+l)  =  »+iSi(0)+»S'o ($) 

and  S't(e)-Si(0)  =  kSt-iiS), 

we  have 
Fn^A6)+Fn(6i 

=  F,^r(e+l)+  ^  ,5-0(0)+  -i-  (  1-exp  (-0^)  J  ,^^g;(e^.l) 

[for  „+iSo(0+l)  is  a  polynomial  in  ff] 

=  F,+x(e+i)+  -i-  Jom-  J  «+iS'o(e+i) 

=  F.+i(0+l), 

for  ..xS;(9)  =  ^^~^^;;^^~"^ 

Now»  Fn(d)  is  a  polynomial  in  d.     Therefore,  if 

we  have  -FV-tiCd)  =  constant. 

But,  when  ©  =  0, 
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Therefore,  if  FA&>  =  0, 

we  have  F,+i  {0)  =  0. 

Now  i^i(0)  =  jS'o(0)+aS?^0)-jS?'(0)So(e) 

=  6-1+1-0 

=  0. 
Therefore,  by  induction,  Fn+i(&)  =  0. 

14.  We  now  have  to  shew,  if  |  9  |  <  1,  that 

_a_,).-iiog{(ii:^M(ii:£)| 

=  J^  {-zr  {  i,  (-)' ,^x^o^'\e)  ^  +s'i  (0)  n^i^'m } . 

The  fanction  on  the  left-hand  side  can  evidently  be  expanded  in  a  series 
of  ascending  powers  ot  z,  if  \z\  be  sufficiently  small,  and  the  coefficient 
of  {—z)^  is  given  by 

2iri  J    (-«)"+'  '^^  t  -z  \^' 

taken  round  a  small  circle  including  «  =  0,  on  which  the  subject  of  in- 
tegration is  one-valued. 

Put  l-z  =  ev;  then,  when  z  makes  a  small  circuit  round  the  origin. 
y  will  do  the  same,  and  the  integral  becomes 

If       c*'        ,      f   Cw   1  , 

Now,  when  y  is  small,  y+log  -y^  admits  the  expansion    2  Cny^. 
Differentiating,  we  have 

i  nCnj/~-^  =  l+  — -1^  =  1  +  — +   i(-j/)"-^^ 

-^  ^  *    y        e^ — 1  y         n«0        ^  tif 


n=l 

Hence 

and  therefore 


and 


1+S[(0)  =  c,; 
ci  =  -  si  (0), 

Cn  =  (-r-'  ^^ ,  when  n  >  1. 


n! 


The  integral  is  therefore  equal  to 


-^f 


c*» 


27riJ(e»-l)"+» 


(-si(0):y+J,(-)-fMj,*}#. 
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Now*      (g»_i)i.+l  -  ,2   2i±i^ 


+tenn8  which  are  finite  when  y  vanishes. 
Therefore  the  integral  is  equal  to 

We  thus  have  the  required  equality. 

16.  We  proceed  now  to  shew  that,  if  6  be  not  real,  the  function 

the  positive  or  negative  sign  being  taken  according  as  1(6)  is  <  or  >  0, 
is  one-valued^  near  a;  =  1,  and  has  no  singularity  at  this  point. 

In  the  investigation  of  §  7,  we  have  seen  that 

where  1/L  is  an  axis  within  90°  of  the  points  0,  0+1,  ...,  6+n,  ...,  and 
where  arg(— loga:)x  lies  between  —  (x— '^)£  and  (•7r+^)«,  yjr  being  the 
angle  between  L  and  the  positive  half  of  the  real  axis,  and  ranging  in 
value  from  — -tt  to  x. 

In  exactly  the  same  way  we  may  prove  that 


g^ 


(i.;«e)-r(i^^)(-iogA);. 


I\i8-1 


iTJX-B)  f  ,      ,8_i        e**        , 


where  1/X  is  an  axis  within  90°  of  the  points  —0,  —6+1,  ...,  r-^+n, ..., 
and  where  arg  (—log  \Ix)k  lies  between  —  (-tt- 0)  £  and  (-tt+^S)*,  0  being 
the  angle  between  X  and  the  positive  half  of  the  real  axis,  cuid  ranging  in 
value  from  — -tt  to  x,  —log  1/x  being  real  when  x  is  real  and  positive. 

In  the  former  case  L  is  a  cross-cut  for  logo;  to  make  gfi(x\  Q)  one- 
valued  ;  in  the  latter  case  —  \  is  a  cross-cut  for  log  a:  to  make  g^ix'^;  —  0) 
one-valued. 

These  cross-cuts  are  in  general  not  the  same,  but  within  the  region 
common  to  the   two  expansions   it   is    readily    seen  by  constructing  a 


*  Cambridge  FhOotophieal  Tramactiont,  Vol.  xix.,  p.  378. 

t  Its  acinal  Valae  depends,  of  ooune,  on  which  branches  of  the  original  fonotions  we  choose. 
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figure  that,  if  J  (9)  >  0, 

arg  (—log  1Ix)k  =  arg  (—log  x)l  +  iri, 

and,  if  !{&)  <  0,    arg  (—log  l/a;)A  =  arg  (—log  x)l  —  iri. 

When  the  final  integrals  are  expressed  by  convergent  series  in  powers  of 
(1— a;)/x,  we  may  rotate  the  cross-cuts  till  they  coincide  along  an 
imaginary  axis  ;  and  then,  since 

(-log  xfrr'+  (-log  l/a:)r^^^'  =  0 

[-,/(0)>O;  +,I(«<01 

we  see  that  g^  {x;  d)+gp  {x"^;  —6)  e"^''^ 

may  be  represented  by  a  series  convergent  when  |l— x|  is  smalL 
Therefore  this  function  is  uniform  near  a;  =  1,  and  has  no  singularity  at 
this  point. 

16.  The  preceding  proposition  indicates  a  close  connection  between 
the  functions  gp(x;  &)  and  gfi{x~^;  —0),  the  former  of  which  can  be  ex- 
pressed by  a  Taylor's  series  when  |a;|  <  1,  and  the  latter  by  a  Taylor's 
series  when  |  a:  |  >  1. 

We  may  readily  shew  that,  when  |  a;  |  >  1, 


9p 


\x'       V  0^       H-ia:*(e-n)^' 


the  —  or  -f  sign  being  taken  according  as  7(0)  >  or  <  0,  provided 
(d— n)  has  values  which  correspond  to  a  cross-cut  along  the  negative 
half  of  the  real  axis. 

For,  by  definition,  when  |  a:  |  >  1, 


y 

"Kx' 

-V 

n=oa;"(»- 

-6f 

where 

arg  (n- 

-^l<7r 

and 

ie- 

-ny  = 

in-efe*^' 

9 

according 

as 

1(0)  > 

or 

<o. 

17.  We  may  now  shew  that,  gpix;  6)  admits^  when  \x\  is  very  large, 
the  asymptotic  expansion 


«0 


1 ■  [loR(-g)?-^  5        ^    ^'LnTe/ 

l-n)""'"       (-X)*        «=o  n!  r(/8-n)  [log  (— n)]» ' 
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provided  d  be  not  real,  and  log  (— a:)  be  defined  vnth  respect  to  a  cross-cut 
along  the  positive  half  of  the  real  axis,  being  real  when  x  is  real  a/nd 
negative.     If  the  argument  of  log  (— a:)  is  (/>  {\(f>\<,  ir),  so  that 

log(-x)  =  I  log  (-a:)  I  e**, 

the  argwnent  of  [log  (-x)]^~^  is  ^[B(/8)-l]  +log  { \ log (-x)\  \  708). 

li\x\<h 


g,ix;  e)  -    X^^^,^:^^^^   -. 


iri—xYds 


Bimrs{s+6)^ 


(A) 


where  the  contour  C  encloses  the  origin  but  not  the  points  —1  or  —0,  and 
embraces  the  positive  half  of  the  real  axis. 

Let  Ci  be  a  straight  contour  parallel  to  the  imaginary  axis,  cutting  the 
real  axis  between  0  and  —1,  with  a  loop,  if  necessary,  to  ensure  that  —  © 
lies  to  the  left  of  this  contour.     Then,  if  |  arg  (— a:)|  <  -tt. 


1=1^ 

JC         JCi 


for  the  integral  vanishes  along  the  infinite  contour  which  is  the  difference 
of  the  contours  C  and  Ci.  Hence  the  integral  (A)  taken  along  the  contour 
Ci  represents  the  continuation  of  the  function  gfi(x;  0)  for  all  values  of  x 
such  that  I  arg (^x) |  <  -tt,  \x\  having  any  value  greater  than,  equal  to, 
or  less  than  unity. 


Suppose  now  that  |  a;  |  >  1,  and  that  C^  is  the  contour  of  the  figure. 
Then,  if  |  arg  (—a?)  |  <  tt,  the  integral  along  the  contour  Cj  will  equal  that 
along  the  contour  C^,  and  the  integral  along  the  straight  parts  of  this  con- 
tour at  infinity  will  vanish. 

We  shall  therefore  have,  if  |  x  |  >  1  and  jarg  (— :a;)  |  <  tt, 


TT 


miir{y+e) 


dy. 


In    obtaining  the  final  integral  we  have  employed  the    transformation 
/?=  — y— 0.     The  values  of   (©— n)^  correspond  to  a  cross-cut  {— ©  to 
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—  00 )  parallel  to  the  real  axis.  In  the  final  integral  ir/sin  x  (y+S)  has  no 
poles  within  or  on  the  contour  of  integration.  It  is  therefore  represented 
by  the  summable  divergent  series 


»=o  n!  Vsin  ttOJ 


on  the  contour,  and,  in  fact,  over  the  whole  of  the  ^-plane  dissected  by 
lines  passing  from  the  zeros  of  Bimr(y+9)  away  from  the  origin  to 
infinity. 

Therefore,  by  a    proposition    proved  in  my  original  memoir,*  this 
integral  may  be  represented  by  the  asymptotic  series 

ii-x)-'  ^  (-) 


2x 


2  M^f^-^)^^^(  e-y'^^^-'H-yr-f'dy+JNs 
^=0    n!    VsmTT©/     Jc  ^  y  i     i*> 


where  \Jn  {log(— aj)}*""^"^^  |  tends  to  zero  as  |  log(— a;)  |  tends  to  infinity; 
and  this  series  is  equal  to 


^"^^     n5o  "TT  \^^^)     r(/8-M)[log(-a:)]'»-^+^ 


(1) 


where  [log  (-x)]  ^"^  =  exp  { (n-/3)  log  [(-a?)]  } , 

where,  when  log  (—a;)  is  specified,  arg  |log(— a:)}  lies  between  ±  x,  and  is 
zero  when  log  (—a:)  is  real  and  positive. 

We  thus  have  the  given  expansion. 

We  notice  that,  when  R(6)  <  1,  the  series  (1)  gives  the  asymptotic 
expansion  near  |a;|=  oo  ot  g^iz;  0).  When  B(6)>  1,  let  v  be  the 
integer  next  greater  than  B(6).  Then  the  asymptotic  expansion  of 
gpix;  6)  is 

J,  ^n(g^^,,)^+the  series  (1). 


18.  From  the  previous  theorem  we  see  that,  when  |a;|  is  very  large 
and  6  is  not  real,  we  have  the  asymptotic  equality 

^  [log(~a:)y-^   *  ^""^"^  1^5^/  ... 

(-X)'        n=on!r(/8-n)[log(-a:)]*' 

the  —  or  +  sign  being  taken  as  I  (6)  >  or  <  0. 


*  PhxloBophxeal  Trantaetion*  of  the  Royal  Society  (A),  Vol.  206,  pp.  249-297,  f  6. 
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Changing  x  into  l/x,  we  get  the  asymptotic  expansion  of  g{llx;  6)  at 
the  origin.  The  relation  (1)  holds  when  |log(— «)|  is  very  large,  that 
is,  whether  \x\  or  ll\x\  be  very  large.  It  is  eapy  to  verify  that  the 
preceding  formula  remains  unchanged  when  we  change  x  into  1/x  and 
e  into  —a 

The  series  (1)  becomes  convergent  when  we  multiply  the  general  term 
by  1/n!  :  it  is  therefore  what  I  have  elsewhere*  proposed  to  call  an 
asymptotic  series  in  log  (—a:)  of  the  second  order,  similar  to  the  well 
known  series  for  \ogT(z+a)  when  \z\  is  large. 

19.  When  fi  is  a  positive  integer  and  6  is  not  real,  the  previous 
investigation  will  hold. 

But  now  the  asymptotic  series  (1)  is  replaced  by  the  finite  series 

(_x)*       «-o  n!  r(|8-n)  [log  (-«)]• ' 

for  this  series  is  the  residue  of      .  ^   ,    ,  /..a   at  s  =  —  6.     Thus,  when 

sin  irsis+df 

B  is  not  real  and  j8  is  a  positive  integer,  we  have  the  absolute  equality 

^/       ^      \(n) 

^  [iog(-g)y-^  ^- ^     ^""^  v^E^y 

{-xf        n=o  n!T08-n)[log(-a:)]''' 

20.  We  must  now  investigate  the  asymptotic  expansion  of  gfi(x;  6) 
when  6  is  real* 

In  this  case  difficulties  arise  from  the  fact  that  the  specification  of 
is+Gf)"^  when  s  is  real  and  less  than  —0  is  arbitrary.  We  have  (§  1) 
-adopted  the  convention  that  in  this  case  we  will  take  arg(s+^  =  +  '7r. 
We  must  therefore  take  a  cross-cut  from  —  0  to  —  oo  inclined  at  a  small 
angle  to  the  real  axis  and  work  with  the  contours  of  the  modified  figure 
<p.  804). 

We  see  that,  if  |arg(— aj)|  <  tt  and  |a:|  >  1,  and  if  6  be  not  zero 
-or  a  positive  or  negative  integer, 

gfiix;  0)  =  -   i     ^J     ,,  -  H^  [    i-xry'i'-yrf'         7         dy\ 

'^  n=i  x^(d—nr       ^'rri  Jc  sm  7r{y+d) 

fche   contour  C"  being  derived   from  the  part  of   the   contour   Cg   which 

•  "A  Memoir  on  Integral  Funotions,"  Fhil,  Tram.  Boy,  Soc.  (A),  Vol.  199,  pp.  411-600, 
S  32. 
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eneloBes  —d  by  the  transfomiation  «=  — (j^+^,  bo  thai  C  embraces 
an  axia  from  the  origin  which  lies  above  the  real  axis  and  is  inclined 
at  a  small  angle  to  it. 


We  obtain  the  same  result  as  before  for  the  asymptotic  expansion 
of  this  integral.     And  this  is  to  be  expected,  since  the  terms  of 


for  which  n<— d,  are,  when  \x\  is  large,  of  order  less   than  that  of 
any  term  of  the  asymptotic  expansion. 


21.  Consider  next  the  case  where  6  is  a  positive  integer. 
If  we  put  6  =Pf  we  now  obtain 


«0 


^^(^'^=-n^.;^(p 


)^nr      2Tri  Jc  SI 


-B  i-r^ 


dy, 


sunry 

the  accent  denoting   that   the  term   corresponding  to   n  =  ^   is  to  be 
omitted  from  the  summation. 

On  the  contour  C  we  have  the  summable  divergent  expansion 


«=i  Vsii 


^sin  TTx)  »«o  w ! ' 


sm  iry 
Therefore  the  integral  gives  rise  to  the  asymptotic  series 

We  therefore  have  the  asymptotic  expansion 

CO  J 


I  Dog(-a^)y  I  I   irx   y">   _ 
x^         «=o  Vsin  TTx) x=Q  n\ 


— ^*-i 


(-) 


sin  irx/,^0  n\  r(l+i8-n)[log(-a;)]*' 
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22.  Suppose,   finally,    that  d  =  jp,  a  positive  integer^  and  that  jS  is 
a  positive  integer. 

The  result  just  obtained  becomes  the  actual  equality 

_{lOg(-X)J%'   (      TTX      \<">      {^ 

x"        «=o  Vain  -ttx) ,=o  » !  T (1 +fi—n)  [log  (-x)]» * 

Sappose  now  that  6  =  1. 
Then,  if  we  put 

Pa(x)  =  2  n-^x», 

n-l 

SO  that  Pfiix)  is  one  of  the  series  which  Leau  makes  fundamental  in  his 
researches,  we  have 

gpixiO)  =  x-^Pfi(x). 

^^"^  n?ix-(l-n)^  =  "^""^Ij  aj^n-1)^  "^  ^  ^^  (t)* 

Now  we  know  that,  when  |a;|  is  small,  we  have  the  expansion 


sin  TTX  n=l      2^"*"^ 


2i» 


w^^r®  San  =  p;j  +  2^1  +  gS;;  +... . 

Hence  f-^^^^^^^  '^    =  1  (when  w  =  0) 

\8in  TTX/  x=0 

=  0  (when  n  is  odd) 

02»n-l 1 

=  (2^)'     02^-^     ^^      (when  n  =  2m). 
Hence,  if  fi  be  even, 

PAx)+pJ^\-      PogC-^)?        ^  [log(-x)?-»"2'"-^-l  ^    . 
and,  if  fi  be  odd, 

P,(x)     P,  y-j  -      ^gj J^       (A- 2m)!      -  2*»-»~  ^^ 


/8!  «=!       08- 2m) 

(KB.    2.      TOL.   4.      NO.   931.  X 


3m- 
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These  are  two  little  known  formalfle  due  to  Spence,  and  quoted  by 
De  Morgan.* 

28.  As  has  been  suggested  in  §  11,  it  is  evident  that  we  may  apply 
the  preceding  methods  to  series  of  the  type 

hM--  y  ^Mlog(n+e)[" 
^'^""^"n^o (n+0f       ' 

where  A;  is  a  positive  integer.  We  have  merely  to  write  fi+e  for  fi  and 
expand  the  various  functions  of  3  in  ascending  powers  of  e.  The  analysis 
will  evidently  be  laborious. 

When  k  is  not  restricted  to  be  an  integer,  but  is  any  complex  quantity 
of  finite  modulus,  the  function  may  be  expressed  by  the  contour  integral 

2'7riJc         (s+^^siuTTS 

And  this  in  turn,  as  in  §  17,  can,  when  |a:|  >  1  and  |arg(  — a;)|  <  -tt,  be 
expressed  in  the  form 

^  £  [iog(e~n)7,^f  [\oRi-y)T^i-x)-y-^  , 

nti    x^'iO—nf         27riJc      Bunr{y+e){—y)^      ^ 

provided  6  be  not  real. 

If  i21og(— a;)  >  0,  the  integral  is  convergent.  Thus  the  function 
hp{x)  has  no  singularities  outside  a  circle  of  radius  unity  except  possibly 
on  the  line  (1,  +Qo).  .An  asymptotic  expansion  in  the  neigbourhood  of 
this  singularity  at  infinity  can  be  obtained. 

We  can  also  shew  that  a;  =  1  and  j:  =  oo  are  the  only  singularities 
of  the  function. 


Part  II. — The  Function  /p(x;  0), 

24.  We  proceed  now  to  obtain  analogous  theorems  for  the  very  general 
function  /fi(x;  6).    This  function  is  defined  when  |a:|  <  1  by  the  expansion 

*  x^'x(n+e) 
nto    (n+e)^ 


*  De  Morgan,  Differential  and  Integral  Calculus  (1842),  p.  659,  Formolee  I.  and  II.     In  the 
notation  of  De  Morgan 

"  •2'*-' 
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wb€ire  ouliBidci  a  circle  of  radius  K/jl,  where  ju  is  the  least  of  the  quantities 
|n+0|,  n  =  0,  1,  2,  ...,  00,  x(«)  admits  the  absolutely  convergent  ex- 
pansion CO    r 

As  before,  we  assume  that  fi  is  not  a  positive  integer,  and  we  make 
^the  further  restriction  that  it  shall  not  be  zero  or  a  negative  integer. 
Such  limiting  cases  may  be  dealt  with  by  more  elementary  methods,  or  by 
applying  the  calculus  of  limits  to  the  formulae  which  arise. 

25.  We  will  first  shew  that,  wlien  |ic|  <  1,  //i(x;  0)  can  be  written  in 
the  form  » 

r=0 

Now,  for  values  of  r  greater  than  an  assignable  quantity  B, 

|6r|<r, 

where  Z'  =  Z+e,  and  e  may  be  as  small  as  we  please. 

bR+r 


Hence 


00 


rtl  (n  +  fl)****' 


w  JfR  +  r 

<  2  ^ 


=1  |(,i+0)fl+«||n+0|'- 


R 

Therefore  f^ix;  0)  =  2  brgp+rix;  6)+Jr, 

"  ^  r— 0 

00  I  ^nl  VR^\ 

where  \Jr^^  ^  ^^^ 


Thus  \Jr\  tends  to  zero  as  E  tends  to  infinity  if  |a;|  <  1. 
We  thus  have  the  theorem  stated. 

26.  We  will  now  shew  that  /^(a;;  Q)  has  no  singularities  except  possibly 
ivJien  X  lies  on  the  positive  part  of  tlie  real  axis  between  1— e  (e  >  0)  and 

+  00. 

Suppose  that  F^  {x ;  Q)  denotes  the  integral  function 

X  2 
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Then  I  have  shewn,  in  my  fundamental  memoir,*  that,  when  B(x)  >  0, 

where  \J(x)  \  tends  to  a  definite  finite  limit  as  |x|  tends  to  infinity. 

And,  when  B{x)  <  0,  Fp{x;  0)  =  (— ir)'"*Ji(a;),  where  I  is  the  radius  of 
convergence  of  x(^)>  ^^^^  where  |/i(^)|  is  at  most  finite  when  \x\  tends  to 
infinity. 

As  in  §  3,  we  may  therefore  show  that 


fp{x;  0)  =  r e-'Ffi{xz;ef)dz. 


The  integral  may  be  taken  along  any  axis  for  which  B(z)>0  and 
B  1(1— x)z]  >  0.  We  thus  obtain  continuations  of  ffi(x;6)  which  are  finite 
and  continuous  for  all  values  of  x  such  that  |arg  (1— x)  |  <  ir. 

We  thus  have  the  given  theorem,  which  is  true  for  all  values  of  fi  of 
finite  modulus. 

27.  We  will  now  show  that,  provided  jS  be  not  an  integer,  and  if 
B(d)>0,  and  if  6  lies  outside  the  circle  of  convergence  of  x(^)»  ^^ 
x—l 


provided 


1, 


ana  ^w      ^^^Y{fi+r)' 

The  contour  of  the  integral  embraces  the  axis  to  1/0,  which  is  the  cross-cut 
which  makes  (— loga:)j^^   one-valued. 

If  |x|  <  1,  we  have,  by  §  4, 


CO 


r=0  ZTT  J  •^  1—Xe    ^ 

provided  B(6)  >  0,  and  provided  the  contour  of  the  integral  excludes  the 

♦  Loe,  cit,,  i  1,  Part  V.,  f{  31  and  36. 

t  The  reader  will,  of  course,  not  confuse  thih  function  with  the  log^rithmlo  deriTates  of  the 
multiple  gfamma  function  considered  in  }§  11  «^  itq. 
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poles  y  =  logx±2mri  (n  =  0,  1,  2,  ...,  oo).     Hence,  if  \I  jloga:}  |  <  tt, 


-1    v.-« 


U(.x;e)-X^  brra-fi-r)(-logxf*'-'x 


=  i;r(i-^-.)6.f  e:^ 

r=o  27r  J  l^xe  ^ 


(1) 


where  now  the  contour  of  the  integral  includes  logo;,  but  not  log:2;±2n'7r£ 
(n  =  1,  2,  ...,  oo). 

In  this  equality  (— logaj)^"*"'"^  has  its  principal  value  with  respect  to  a 
cross-cut  along  the  axis  of  integration.  And  the  first  series  converges  if 
I  — logajj  is  finite.  The  second  series  is  therefore  convergent  if  |  --loga;| 
be  finite  and  |2;|  <  1. 


28.  We  will  next  shew  that,  if  the  contour  of  integration  embraces  the 
axis  to  1/0,  and  if  jB  (^  >  0  and  1 0 1  >  Z,  the  integral 


iTa-13) 


2Tr 
tends  to  a  definite  finite  limit  as  B  tends  to  infinity. 

Evidently  ^2 %^^^        =  *(y)> 

an  integral  function  of  y. 

Also,  if  A;  be  an  integer  such  that  i2(j3+A:)  >  0,  we  have 


(2) 


fi+k+r\>r. 

Hence      l^(y)l< ,?,  if+^  +  |^(^+l)...(^+j^)|,?,-^- 

If,  now,  k  be  sufficiently  large,  \br+k\  <  Z"■^^  where  V  =  Z+e,  and   c 
is  a  positive  quantity  as  small  as  we  please. 
Therefore 

|*(y)|< a  polynomial  in  1^1+ |^(^  J^+;fc)|e''"". 

Therefore  the  integral  (2)  tends  to  a  definite  finite  limit  under  the  con- 
ditions assigned.     Therefore  under  these  conditions  we  obtain  from  (1) 


ff,(x;  0)-  2^ 6.r(l-)8-r) (-log  xf,;/'\-' 


r=0 


= ■•^^I<-»''-*<»>i^* 


(8) 
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Provided  log  x  is  inside  and  log  x  ±  2n7r£  (n  ^  0)  is  outside  the  contour, 
and  provided  (—log  Qi)\'^  has  its  principal  value  with  respect  to  the  axis  of 
integration,  the  integral  remains  finite  and  continuous  when  \x\>  1,  pro- 
vided I  —  log  a;  I  is  finite.  Thus,  under  these  limitations  coupled  with  i2  (d)  >  0 
and  \Q\>V  >l,  we  obtain  a  continuation  of  /^(x; 0)  when  |a;| >  1. 

It  is  obvious  that,  by  taking  i2(d)  sufficiently  large,  we  may  find  an 
infinite  number  of  lines  in  the  positive  half  of  the  ^-plane  which  may 
serve  as  axes  of  integration  and  cross-cuts  for  (—log  ^^^.  For  instance, 
if  22  (d)  >  Z',  the  positive  half  of  the  real  axis  will  so  serve.  We  are  not 
limited  to  the  particular  cross-cut  chosen  if  i2(d)  be  very  large. 

29.  Consider  now  the  integral  in  the  formula  (8).     It  will  be  equal  to 


nto    a;'*^^ 


yl^n^i(J3;d)+JN 


where        V^„.i(^;  6)  =  '^a^r  ^^\j-y^'''^^\l^e^r^^^y 

By  deforming  the  contour  embracing  1/d,  so  that  it  consists  near  the 
origin  of  the  contour  figured  in  §  8  and  further  away  embraces  a  parallel 
to  the  axis  of  I/O,  we*  can  ensure  that  upon  it  the  minimum  value  of 
l^e'^l  is  /JL,  where  /jl  =  1— e,  and  e  is  >•  0,  but  as  small  as  we  please. 
Then  evidently  \Jif  \  tends  to  zero  as  N  tends  to  infinity,  if 

|(a:-l)/ar|<l-€. 
The  series  i  ^JLZ^y{,^^,(j3;e) 

is  therefore  absolutely  convergent  under  the  same  limitation. 
We  therefore  have,  if  |(j:— l)/j*|  <  1, 

/.(x ;  9,-(-iog .y-«- ^  I  h^  =  _|  k=«V„, (3; «. 

If  (— logx)^"\  jjui  function  of  log  x,  have  a  cross-cut  along  the  axis  to  1/0, 
we  have  proved  the  formula  under  the  limitation  jB(0)  >  0  and  1 0|  >  Z'  >  Z. 

And,  if  R(6)  be  sufficiently  large,  we  may  take  the  cross-cut  for 
(^log  x)^'^  to  be  in  an  infinite  number  of  positions  in  the  positive  half  of 
the  y  plane. 

80.  From  the  previous  theorem  we  deduce  at  once  that  ffi(x;0)  has^ 
token  B(d)  u  sufficiently  large,  a  single  singularity  in  the  finite  part  of 
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the  plane.     This  singularity  occurs  at  x  =  1,  and  is  specifiable.*    It 
is  a  multiform  point,  and  near  it  ffi{x;  6)  behaves  like 

To  establish  these  results  the  reader  has  merely  to  recall  §  26,  and  to 
notice  that  the  condition  |(a:— l)/a:|  <  1  is  equivalent  to  B(x)  >  J. 

81.  We  give  some  further  theorems  before  we  remove  from  the  previous 
theorem  the  condition  that  B(6)  must  be  positive  and  sufficiently  large. 

We  will  first  shew  that,  if  B(d)  >  0,  a7id  if  6  have  any  value  of  finite 
modulus  such  that  the  points  fl+m  (w  =  0,  1,  2,  ...,  ao)  lie  outside  the 
circle  of  convergence  of  x(^)>  «^d  if  n  be  finite. 


00 


^,+i()8;^=  2  6,f,+iO8+r.0). 


r=0 


If  \e\>V>l  and  B{e)>0, 

-r.o  .    2x      y  y^  ■  {x-e-n-^'^^y 


R-l       _ 


=  2^  6rf»+i(/8+r.  e)  +Jr     (say). 

Now  (-)-f„+i (s,  0)  =  2  (-)«=  *-^'^',,   ^'^^  ^(s-ft.  6) ; 

fc=o  A;! 

and,  if  )8  be  not  an  integer  and  Q  be  not  equal  to  0,  —1,  —2,  ...,  each  of 
the  multiple  ^  functions  is  finite. 

R-\ 

Hence  the  series   Z  ^r^n+iOS+r,  Q)  tends  to  a  definite  finite  limit  as 
B  tends  to  infinity,  provided  series  of  the  type 

2  6rf  (iS+r-i,  0)     {k  =  0,  1,  ...,  n) 

r-O 

are  convergent.     But  when  Bifi-^-r—k)  is  very  large  and  positive 

\^{j3+r^k,0)\<^-'L 
where  L  is  finite  and  independent  of  r,  and  /a  is  defined  in  §  24. 

*  See  the  note  to  {  8. 
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The  series  are  therefore  convergent  if  ijl'>V>1,  where  /u  is  the 
minimum  value  of  |0+w|  (m  =  0,  1,  2,  ...,  oo). 

This  will  appear  again,  and  we  prove  the  theorem  by  considering  the 
integral  Jr. 

Divide  up  the  contour  of  integration  into  two  parts  : — (1)  a  circle  of 
radius  less  than  unity  round  the  origin  ;  (2)  the  double  description  of  the 
axis  of  the  contour  outside  this  circle. 

On  (1)  the  subject  of  integration  is  finite,  and  can  be  made  as  small  as 
we  please  by  sufficiently  increasing  R. 

On  (2),  if  we  choose  k  so  that  -B08+^)  >  0,  we  have,  if  r  >  ft, 

\T(fi+r)\>K{r-k)\ 
where  K  is  finite,  non-zero,  and  independent  of  r. 

i  fife  <  i&^  '■'"■ 

Hence  the  modulus  of  the  integral  along  this  part  of  the  contour  tends  to 
zero  as  -B  tends  to  infinity,  provided  |fl|  >  Z'  and  B(d)  >  0. 
We  thus  have  the  given  theorem. 


82.  We  will  next  shew  that,  if  B{e)>V>l  and 

•r-l 


X—1 


X 


<1, 


Mx;e)-x-*  \brTa-l5-r){-logxy*' 

=  2  ft,  2  ^JL-^^,^,(l3+r,e). 


r=0         n=0      X 


By  the  result  of  §  28,  the  function  on  the  left-hand  side  of  this  equality, 
which  for  brevity  we  will  denote  by  P{x),  is,  if  B{d)  >  Z'  >  Z,  equal  to 


j:fcS|,_,,-.*^,^,., 


where  the  contour  of  integration  embraces  the  positive  half  of  the  real 
axis  and  includes  log  x. 

This  integral  may  be  written 


g^^„.^,«+.za^j,_,,-.*<„j^,;_«-.|%. 


=  i  ft/|^'^^^,,i(/3+r,  6>+Js  (say).    (1) 


Evidently  |i7jr|  tends  to  zero  as  N  tends  to  infinity  if 


x—1 


1. 
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Again,  as  in  §  8,  with  the  contour  there  employed, 
where  k  is  finite  and  independent  of  r  and  n,  and  e  >  0. 


(2) 


Hence 


»=0       JH 


[B(e)j 


where  K  is  finite,  if  |  (l--a:)/a:|  <  1. 

Hence,  it  B{0)>  Z'(l+e),  the  first  series  in  (1)  tends  to  a  definite  finite 
limit  as  N  tends  to  infinity. 

We  thus  obtain  the  given  theorem. 

88.  We  may  now  shew  that  the  theorem  o/  §  80  is  valid  for  all  values 
of  6  provided  fl+m  (w  =  0,  1,  2,  ...,  oo)  lies  outside  the  circle  of  con- 
vergence of  x{x). 

If  BUS)  >  Vy  where  /'  >  /,  and  |  (x—D/x  |  <  1,  we  have 
/^(x;d-l)=^0^+xf,(x;d) 

=  *^-*  2^6.r(l-^-r)(-loga:r-^+^^^ 

+  2  6,  2  ^^^^n^i(l3+r,e) 
Hence 
/,(x;0-l)-x^-'  2  6,r(l-)8-r)(-loga:y»+'-^ 

+ 1  l„<fi+r.  0-1)  {^-^^]] 

=  ^+  l.»'[(i5i7^+.l.^f"''^+'--«-"> 

Now  2  77? — TTTTr  is  convergent  and  equal  to  ^ — -r^  if  0—1  lies 
outside  the  circle  of  convergence  of  x(^)- 


*  The  analysis  may  be  made  formally  rigorous  by  coapling  ^  32  (2)  with  the  results  of  {  9. 
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QO 


Also,  if   S  br{ur+Vr)  and   S  brUr  are  absolutely  convergent  under  any 

assigned  limitations,  then  will    Z  brVr  be  convergent  under  the  same 
limitations.     For 

i    |Mr|=    ijbAUr+Vr-tiMK    ^    1 1  ^r  (t^r+t^r)  |  +  |  ^rt^rl}  . 

and  the  latter  series  can  be  made  as  small  as  we  please  by  sufficiently 
increasing  B. 

Hence,  if  (0—1)  lies  outside  the  circle  of  convergence  of  x(*)»  *^^  ^^ 
R{6)  >  /'  where  V  >  Z,  and  |(1— a:)/ic|  <  1,  the  series 


00  00 


2i,  ^J^Ljyi^,(fi+r,e-l) 

r=0         n=0      X 

is  absolutely  convergent  and  equal  to 

fp(x;  d-l)-x'-\l^  brT(l^l3-r){-logx)^^''\ 

Continue  this  process  indefinitely,  and  we  see  that  the  theorem  of  §  80 
is  valid  for  all  values  of  6  provided  6+m  (m  =  0, 1,  2,  ...,  oo)  lies  outside 
the  circle  of  convergence  of  x(^)- 

34.  Finally,  let  us  consider  the  result  of  applying  the  process  of  §  17 
to  the  function  ffi(x;  6). 

Assume  that  the  points  d  ±  ti,  7^  =  0,  1,  2,  ...,  oo  all  lie  outside  the 
circle  of  convergence  of  x(^)- 

If  the  contour  C  of  §  17  do  not  enclose  any  part  of  the  circle  of  radius 
/  and  centre  —6,  we  evidently  have 

•^'^  2'7ri  Jc    Bimrsis+d) 

when  I  a:  I  <  1. 

If,  now,  I  arg(— x)|  <  tt,  the  integral  will  vanish  when  taken  round  an 
infinite  contour  for  which  B{s)  is  greater  than  a  finite  negative  quantity. 

Hence,  if  the  contour  C^  of  §  17  have,  if  necessary,  a  loop  to  ensure 
that  the  circle  round  —  d  lies  to  the  left  of  the  contour,  we  have 


MX,  ti)  -  2^^  J^^   gj^  ^^  (^^g)^  as. 


The  latter  integral  is  valid  for  all  values  of  |  x  |  provided  |  arg  (— x)  |  <  ^  ; 
and  therefore  represents  the  contiijiuation  of  /^(x;  9)  over  the  whole  plane, 
except  this  part  near  the  positive,  half  of  the  real  axis.  Wb  thus  again 
arrive  at  the  theorem  of  §  26. 
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If  now  the  contour  Cg  of  §  17  include  the  circle  of  radius  /  round  —  ^, 
we' see  that,  when  |arg(— a;)|  <  ir  and  \x\>  1,  fp{x;  6)  is  equal  to  the 
integral  along  the  contour  Cg.  The  integral  along  the  straight  parts  of 
the  latter  contour  tends  to  zero  as  these  move  away  to  infinity. 

Under  the  assigned  limitations  we  therefore  have 

/.(x;e)  =  -  i  4=?i±g-  1    (  Ztz^^lizv). dy.       (1) 

The  contour  C  embraces  the  real  axis  and  encloses  within  its  bulb  the 
circle  of  convergence  of  x(""y)' 


85.  The  equality  is  true  whe7i  13  is  an  integer.  In  this  case  C"  may 
be  replaced  by  a  contour  just  outside  the  circle  of  convergence  of  x(""y)- 

In  either  case  we  see  that  the  final  integral  in  the  equality  (1)  is  equal 
to  (— a:)'''"* e7(a;),  where,  if  Z' >  Z,  \J{x)\  tends  to  zero  as  |a;|  tends  to 
infinity.  We  thus  get  a  superior  limit  to  the  asymptotic  value  of 
/fi{x ;  6)  when  |  a:  |  is  very  large  and  13  is  or  is  not  an  integer. 

The  problem  of  obtaining  a  complete  asymptotic  expansion  for/^(a?;  fff 
when  I  a;  I  is  large  evidently  depends  upon  the  consideration  of  the  singu- 
larities of  x(y)  within  its  circle  of  convergence.  The  reader  will  compare 
the  similar  property  of  Fp(x;  6)  when  R{x)  <  0,  which  was  established  in 
my  original  memoir. 


[Note  added  May,  1906. — 

The  first  author  to  consider  simple  cases  of  the  series  which  we 
investigate  in  the  present  memoir  was  William  Spence,  whose  Essay  o7i 
the  Theory  of  the  Various  Orders  of  Logarithmic  Transcendents  waa  pub- 

00 

lished  in  1809.     Spence  considered  series  of  the  type   2  n"''a:%  where  r 

is  an  integer,  and  by  a  process  of  induction  obtained  the  continuation  of 
such  series  when  |a;|>  1.*  This  essay,  so  rare,  that  no  copy  is  to  be 
found  in  the  library  of  the  University  of  Cambridge,  seems  to  have  been 
almost  entirely  forgotten.  Such  series  were  also  considered  by  Lambert, 
Legendre,  Abel,  and  Eummer,  among  others. 

Abel  considered  such  series  in  two  papers.  The  first  paper,!  **  Somma- 
tion  de  la  S^rie    S    0(n)2;**,   ...,  0(n)    6tant    une    fonctiou    alg^brique 


•  Lae.  eit,,  p.  45. 

t  CEtivres  CampUtet,  1881,  T.  n.,  pp.  14-18. 


816  Functions  defined  bi  certain  Tatlob's  sbbibb. 

rationnelle  de  n/'  has  several  points  of  interest.  Abel  considers  explicitly 
(p.  16)  the  function  g^ix;  6)  where  )3  is  a  positive  integer ;  and  obtains 
(p.  18)  a  rudimentary  form  of  the  formula* 

G(x;  fl)  =  Tm-xy+ifl^  ^^^^^;ii''^^  ■ 

00 

In  the  second  papert  **  Note  sur  la  fonction  \fr(x)  =   2  x*/^*,"  he  attains 

anew  several  of  Spence's  results.  Both  papers  were  first  published 
posthumously  by  Holmboe  in  1889,  and  are  evidently  mere  sketches. 

But  the  modem  theory  of  such  series  is  largely  due  to  Leau,t  whose 
work,  closely  associated  with  the  investigations  of  Hadamard,§  BorelJI 
and  Fabry, ^  led  to  the  investigation  of  series  of  the  type  J^g(l/m)  x^  where 
g  (t)  is  holomorphic  at  the  origin. 

Then  came  Le  Roy,**  to  whom  appear  to  be  due  the  theorems  (1)  and 
(8)  of  §  2. 

My  own  developments  were  largely  completed  before  I  saw  Hardy'sM 
paper.  Subsequently  my  attention  has  been  called  to  Lindelof'stt  mono- 
graph, and  to  another  paper  by  Hardy.  §  §  In  the  former  will  be  found  series 
such  as  occur  in  theorem  (2)  of  §  2,  and  in  the  latter  an  equation  similar 
to  (A)  of  §  7.  Nothing  in  the  second  part  of  the  present  paper  appears  to 
have  been  anticipated.  But  bo  rapid  is  the  development  of  the  subject 
that  it  is  difficult  to  assign  priority  to  respective  authors,  and  almost 
impossible  to  state  that  any  investigation  is  new  in  all  its  details.] 


*  See  the  author's  paper,  Quai-terly  Journal  of  MathematUt^  Vol.  xzxvn.,  p.  294. 

t  Loe.  eit,,  pp.  189-193. 

}  LumviUe,  8^.  6,  T.  ▼.  (1899). 

\  Ibid,,  S^.  4,  T.  vm.  (1892). 

li  Acta  Muthematica,  T.  xxx.  (1897) ;  LiouviUe,  Ser.  5,  T.  n.  (1896). 

f  AnnaUt  Scienlijiques  de  VEcoU  Normale  Supei-ieurey  S^.  3,  T.  zm.  (1896) ;  ZiouviUe,  S^.  5, 
T.  IV.  (1898) ;  Acta  Mathematiea,  T.  xxn.  (1899). 

«*  AnnaUt  de  la  Faeulte  dee  Sciences  de  Toulouse,  S?r.  2,  T.  n.  (1900). 
-H"  Proe.  London  Math,  Soc,,  Ser.  2,  Vol.  2,  pp.  401-431. 
It  Le  Calcul  des  Bkidus  (Paris  :  GhiaUuer-Villars,  1905). 
\\  Ptoc,  London  Math,  8oe,,  Ser.  2,  Vol.  3,  pp.  381-389. 
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ON   A   QUESTION   IN   THE    THEORY   OF   AGGREGATES 

By  A.  C.  Dixon. 

[Received  March  28th,  1906.— Read  April  26th,  1906.] 

In  the  current  volume  *  of  the  Proceedings  Dr.  Hobson  has  criticized 
the  views  of  Prof.  Ednig+  and  myself  I  on  entities  which  can  be  specified 
in  finite  terms :  I  propose  to  say  something  in  answer  to  his  objections, 
which  to  my  mind  are  not  conclusive. 

The  question  §  is  as  to  the  validity  of  the  distinction  between  things 
that  can  be  finitely  defined  and  those  that  cannot.  Naturally  no  example 
of  the  latter  kind  can  be  produced.  There  is  a  similar  question  as  to 
the  distinction  between  those  aggregates  which  can  and  those  which 
cannot  be  arranged  in  type  co  by  a  finite  set  of  rules,  even  when  it  is 
possible  to  prove  the  cardinal  number  in  the  second  case  to  be  neither 
less  nor  greater  than  h^.  An  example  of  this  second  category  is  supplied 
by  the  aggregate  of  all  real  numbers  capable  of  finite  specification, 
according  to  my  view  of  the  inference  to  be  drawn  from  Hobson's 
argument  on  p.  24. 

The  passage  in  question  gives  a  construction  for  a  number  N.  This 
construction  assumes  the  existence  of  a  set  of  rules,  say  JS,  by  which  all 
adequate  definitions  of  numbers  are  arranged  in  the  type  co.  The  rules 
B  are  a  part  of  the  definition  of  N,  and,  if  they  cannot  be  stated  in  finite 
terms,  then  N  is  not  finitely  specified ;  so  that  the  contradiction  is  solved. 
For  instance,  if  we  take  the  letters  and  other  symbols  in  a  word,  phrase, 
sentence,  or  chapter  to  be  digits  in  a  scale  and  arrange  all  the  integers 
represented  in  that  scale  in  ascending  order  of  magnitude,  it  seems  at 
first  that  we  have  all  possible  finite  specifications  of  numbers  arranged 
in  type  w,  by  simply  rejecting  from  the  list  all  words,  phrases,  &c., 
which  do  not  purport  to  specify  numbers,  or  which  specify  numbers 
already  placed,  or  which  give  impossible  specifications.  Hobson's  speci- 
fication of  N  ofifers  itself  for  a  place  in  the  list  when  its   turn  comes; 

•  Above,  pp.  21-28. 
'**  Math,  Atifuiletiy  Vol.  lxi. 
{  Aboye,  pp.  18—20. 

(  It  ia  pervaded  bj  the  difficulty  of  disentangling  the  thingH  we  apprehend  from  the  meanci 
by  which  we  apprehend  them. 
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suppose  the  first  n— 1  places  to  be  already  filled.  Then  the  first  n—1 
decimal  places  in  N  give  no  trouble,  but  when  we  come  to  the  n-th 
decimal  place  we  are  to  fill  it  with  a  digit  a^  such  that 

an  =  an+(— 1)°". 

This  is  impossible,  and  hence  the  specification  is  to  be  rejected.  If,  how- 
ever, it  is  rejected,  it  ceases  to  be  impossible,  and  hence  I  conclude  that 
the  proposed  principle  does  not  enable  us  to  arrange  in  type  w  all  the 
numbers  that  can  be  described  in  finite  terms.  Similarly  for  any  other 
principle  that  can  be  stated  in  finite  terms :  in  fact,  "  this  ordering  of  the 
definitions  could  "  not  **  be  "  actually  "  carried  out "  (Hobson,  p.  28),  and 
lor  that  reason  I  did  not  say  that  the  cardinal  number  of  the  numbers 
in  question  was  equal  to  h^,  but  only  that  it  was  neither  less  nor 
^greater.* 

The  same  answer  applies  to  Hobson's  repetition  of  the  argument  on 
p.  25,  and,  in  fact,  the  finiteness  of  a  specification  is  not  impaired  by 
the  use  of  series  of  parameters  whose  law  of  construction  has  been 
already  given  in  finite  terms ;  this  is,  in  fact,  what  Hobson  says  on  p.  26. 
^he  finiteness  of  which  I  take  accoimt  is  not  in  the  process  of  construction, 
but  in  the  statement  of  the  distinguishing  properties  of  the  number, 
which  may  consist  of  a  law  for  its  construction  or  may  not.  For  in- 
stance, ''  the  greatest  integer  whose  English  name  contains  only  three 
letters "  is  adequately  defined,  although  not  as  simply  as  it  might  be. 
There  must  always  be  a  basis  of  definition  in  a  stock  of  ideas,  them- 
selves indefinable  for  the  most  part,  common  to  the  giver  and  receiver 
of  the  definition.  ''Finitely  defined*'  must  be  understood  to  mean 
''  finitely  defined  on  some  particular  basis  "  or  **  on  the  usual  basis,"  and 
the  statement  of  such  basis  is,  as  we  know,  one  of  the  most  difficult  of 
problems. 

Hobson  says  that  the  aggregate    of    adequately  defined  numbers  is 

*  It  may  be  said  that  the  proof  of  Bernstein's  theorem  (Borel,  Thiorie  det  Fonetiontf  1898, 
pp.  104-6)  states  in  finite  terms  a  method  by  which  any  aggregate  haying  suoh  a  oardinal 
number  can  be  arranged  in  type  m.  Bernstein's  method,  however,  applies  to  agg^regates  that  are 
already  defined  before  the  problem  of  ordering  them  is  attacked :  so  that  the  solution  of  the 
problem  does  not  affect  the  actual  membership  of  the  aggregates  in  question.  In  our  case  the 
constitution  of  the  aggregate  cannot  be  decided  apart  from  the  ordering,  and  the  problem  is  not 
fairly  stated  unless  it  is  made  clear  that  the  unknowns  to  be  found  include  not  only  the  rule  of 
order,  but  also  in  part  the  actual  membership  of  the  aggregate.  Compare  the  case  of  an  algebraic 
equation  :  the  method  by  which  one  can  solve  an  equation  x'  +  ew;  +  4  «»  0  when  «,  b  are  constants 
does  not  apply  when  they  are  functions  of  x. 

The  same  difficulty  arises  if  we  apply  Bernstein's  theorem  to  the  finitely  -specified  numbers 
of  the  second  class  (see  above,  p.  20  ;  Borel,  op,  eit,,  pp.  121-2 ;  G.  Cantor,  M€Uh.  Ann,^  Vol.  xux., 
p.  227,  Theorem  D). 
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perfect  (p.  27).  Now  a  perfect  aggregate  is  one  that  coincides  with  its 
derivative.  The  derivative  is  the  aggregate  of  limits  of  convergent 
«eqaences  of  members  of  the  original  aggregate.  If  we  are  only  to 
take  account  of  sequences  formed  by  adequately  defined  laws,  then  no 
^loubt  the  aggregate  of  adequately  defined  numbers  is  perfect',  but  the 
restriction  begs  the  question.  The  proof  (p.  18)  that  the  number  of 
Adequate  definitions  does  not  exceed  Kq  ^^  ^^^  directly  met  by  Hobson, 
imd,  if  it  is  not  refuted,  we  have  the  deduction  that  the  continuum 
According  to  him  has  a  cardinal  number  not  greater  than  Hq. 

As  to  the  question  of  lawless  decimals,  we  have,  I  think,  as  much 
right  to  postulate  numbers  represented  by  them  as  we  have  to  ''  take  " 
Arbitrary  points  on  a  line  in  geometry,  and  it  is  not  possible  to  go  far 
without  **  taking  *'  at  least  two.  If  two,  why  not  three  ?  Then,  if  three 
points  Ay  B,  C  are  taken,  the  ratio  ABjAC  defines  a  number  and  fixes  a 
law  for  a  decimal  which  before  was  lawless.  The  difficulty  of  specifying 
the  point  taken  is  just  as  great  with  the  first  or  second  as  with  the 
third,  and  it  arises  even  in  the  definition  of  a  statute  yard,  which  is 
the  distance  between  two  points  whose  position  has  not  been,  and  can- 
not be,  adequately  defined  from  the  theoretical  point  of  view. 

It  may  be  objected  that  we  have  no  right  to  argue  from  the  geometric 
to  the  arithmetic  continuum,  but  this  is  not  a  case  of  a  deduction  from 
postulates,  but  rather  of  a  geometrical  illustration  used  to  defend  the 
reasonableness  of  a  proposed  postulate — a  postulate  that  seems  necessary 
if  the  arithmetic  continuum  is  to  be  a  proper  representation  of  the 
geometric.  In  any  case  we  cannot  do  without  a  '*  basis  "  of  indefinables 
as  a  foundation  for  our  definitions,  and  why  may  we  not  at  any  time 
add  to  that  basis  a  new  indefinable  number,  denoting  it  by  a  suitable 
symbol,  and  ascribing  to  it  a  definite,  though  not  completely  stated, 
•ordinal  relation  with  the  rational  numbers  ? 
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DIFFERENCES 

By  W.  F.  Shbppabd. 

[Reoeived  April  24th,  1906.— Read  April  26th,  1906.] 

1.  If  by  interpolation  from  a  table  giving  values  of  u  in  terms  of  x  we 
obtain  the  value  of  u  for  a  value  of  z  not  given  in  the  table,  the  result 
differs  from  the  true  value  by  an  error  due  to  two  causes.  The  first  is 
the  fact  that  the  formulsB  used  are  only  approximate,  being  based  on  the 
assumption  of  a  certain  relation  between  successive  values  of  u ;  the  error 
due  to  this  cause  may  be  called  the  "  residual  error,"  since  it  usually 
represents  the  remainder  of  a  series  the  first  few  terms  of  which  are  used 
for  calculating  the  value  of  u.  The  second  is  the  fact  that  the  tabulated 
values  of  u  are  themselves  only  approximate  ;  if,  for  instance,  u  is  given 
to  seven  places  of  decimals,  we  only  know  that  the  tabulated  vsJue  does 
not  differ  from  the  true  value  by  more  than  J  of  '0000001.  The  error  due 
to  this  cause  may  be  called  the  ''  tabular  error."  The  present  paper  deals 
with  the  relative  accuracy  of  the  ordinary  advancing-difference  formula 
and  the  central-difference  formulae  for  interpolation,  so  far  as  each  of 
these  errors  is  concerned.  The  tabular  error  is  considered  first,  as 
being  of  the  greater  practical  importance.  It  will  be  found  that,  as 
regards  both  classes  of  error,  central-difference  formulsB  are  in  general 
more  accurate  than  the  ordinary  formula.  The  results  obtained,  so 
far  as  the  central-difference  formulae  are  concerned,  are  believed  to 
be  new. 

It  will  be  assumed  (unless  otherwise  stated)  that  the  values  of  x  for 
which  u  is  tabulated  proceed  by  a  constant  difference  h,  and  that  all 
the  values  of  u  are  tabulated  within  the  same  limits  of  error  ±  ^p. 

The  values  of  x  are  represented  by  ...  x^^j  x-i,  Xq,  Xi,  x^,  ...,  where 
Xn  =  XQ+nh ;  and  the  corresponding  values  of  w  by  . . .  M-2.  w-i»  Wq,  %,  w^*  •  •  •  • 
The  formulae  considered  are  for  the  value  u»  corresponding  to  x$  =  XQ+dhf 
where  6,  in  the  ordinary  formula,  lies  between  0  and  1,  and  in  the  central- 
difference  formulae  lies  either  between  0  and  1  or  between  —J  and  +  J. 
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I.  Tabular  Error. 

2.  Let  the  tabulated  values  of  t^  be  ...  17-2,  t/-i,  Uq,  17^  U^^  ...,  their 
errors  being  ...  a-2)  *^-u  a^t  cii>  <^9  •••»  so  that 

Un  =  tln  +  an;  (1) 

and  let  the  calculated  value   of  t^«  be  Ub,  with  error  a^,   so  that  (the 
formula  used  being  assumed  correct) 

Ue^Ue+ae.  (2) 

In  all  the  formulae  which  we  shall  consider,  tcs  is  expressed  as  a  series 
of  terms  involving  finite  diflferences  (or  "  tabular  diflferences  ")  of  success- 
ively higher  orders,  but  in  the  first  degree  only.  This  series,  taken  up 
to  any  term,  will  give  u»  as  a  linear  function  of  a  number  of  consecutive 
values  of  u ;  and  it  is  therefore  clear  from  (1)  and  (2)  that  the  value  of  a» 
is  obtained*  in  terms  of  ...  a_i,  oq,  a^,  ...  or  their  successive  diflferences 
by  merely  substituting  a  for  u  or  U  in  the  interpolation-formula. 

A.  Advancing  DifferencesA 
8.  The  ordinary  formula  for  interpolation  ist 

^  =  ^+^A«.-?<klfiAV.+  «<l=f^AX-....         (8) 

where  Awq  =  t^— t^,     A^z^q  =  Awi— Amq,     ...; 

0  being    between   0   and    1.      Expressing   At^,  A't^^,    ...    in    terms  of 

^o>  ^i»  ^»  •*•>  ^^^B  becomes 

w«  =  t^+Yl(^~"^o) ^-^y— ^(Wa— 2t^+Wo)  +  ---  ;  (4) 

and  therefore  (§  2) 

ae  =  ao+Y](«i— oo) ^^ (og— 2ai+ao) 

+  ^^i^^fP^^a8-8a,+8ai-ao)-...,  (5) 

the  series  being  continued  for  as  many  terms  as  are  used  in  (8). 


*  It  ifl  asfumed  that  the  tabulated  differenoes  of  u  are  the  unoorrected  differenoes  of  the 
tabulated  values  of  u  (see  §  8) . 

t  Of.  H.  L.  Rice,  Thewry  and  Fraetice  of  Int§rpolai%on  (1899),  pp.  46-52. 

X  A  yariation  of  thie  formula  ia  obtained  by  taking  the  receding  differenoee  Am.i,  A%<.i,  ... ; 
but  this  need  not  be  specially  considered. 
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If  we  collect  coefficients  of  oo,  a^,  o^,  ...  in  (5),  we  find  that,  except  for 
r  =  0,  the  terms  containing  a,  are  all  of  sign  (— )*'~^  The  coefficient  of 
oq  is 


._  e  _0(i~e)    e(i~e)(2-0) 

1!  2!  8! 


(6) 


the  successive  values  of  which,  according  to  the  number  of  terms  taken 
in  (8),  are 


,      6  ^1-e 
1!        1! 

1— e _  0(1-0)  _  (l-e)(2- d) 
1!  2!  2! 

(i-e)(2~e)    e(i-0)(2-0)  _  (i-0)(2--0)(8-e) 


2! 


8! 


8! 


(7) 


and  therefore,  however  many  terms  of  (8)  are  taken,  the  coefficient  of  a^ 
is  always  positive. 

Hence  the  greatest  possible  value  of  a$  (oq  being  taken  to  be  positive) 
is  when  o^,  a^,  o^,  ...  are  each  numerically  equal  to  ^p,  the  signs  being 


This  would  give 


or 


Of^y     aj,      o^y      cxg,      04,      ...  I 

"1    >         If  >      "if      *""»       ••• 

2ai+ao=-(2''-2)ip, 
3aj+3a,-ao=+(2''-2)Jp, 


(8) 


80  that  the  limit  of  error  of  u»  is 


±^p{l+i(2-2)+g^(2«-2)+^<^-|><^-^\2«-2)  +  ...|, 


(9) 


he  same  namber  of  terms  being  taken  as  in  the  interpolation-formula. 

The  series  inside  the  brackets  in  (9),  taken  up  to  terms  due  to  use  of 
tb  differences,  is 

H-O+0{l-e)+0(l-e)(2-fl)+TVe(l-e)(2-fl)(8-e) 

•  ■  • 

+i«(l-e)(2-0)(8-9)(4-e)+^ls^(l-e)(2-e)(8-0)(4-a)(6-e).(lO) 
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B.  Central  Differences. 

4.  Notation. — The  same  notation  will  be  used  as  in  an  earlier  paper 
on  "  Central-Difference  Formulee."'  The  operator  which  converts  /(x) 
into/(ar+JA)— /(a:— iA)  is  denoted  by  Sf{x),  and  the  operator  which  con- 
verts /  (x)  into  i  \/{x + ik)  +/(« — JA) }  is  denoted  by  /* ;  bo  that 

iUj  =  Ml  — Mo.        MWi  =  i(«o+"i)- 

ThnB  the  tabular  differences  are  as  shown  in  the  following  table : — 


K 

«> 

iBtDiff. 

aadDiff. 

SidDifl. 

*-. 

lt-1 

!««., 

1^., 

4-1 

nl.i 

<B_, 

r«-l 

Shi-t 

** 

-«. 

But 

Vu, 

IS 

*1 

*»1 

8^, 

... 

*1 

*h 

J^ 

and,  if  we  take  the  means  of  consecutive  pairs  of  terms  in  each  coluom, 
and  insert  them  in  brackets,  we  obtain  a  table 


. 

. 

iBtDifi. 

and  Difl. 

SrdDil! 

... 

a-1 

W»..) 

B»t.^. 

(rf^-l) 

(w-i) 

•u^l 

(.>^-l) 

I'M-, 

'•, 

«0 

(,«g 

!X 

(rfX) 

Im) 

lu, 

(rf%,) 

»«, 

': 

«1 

(»««,) 

»%, 

(•!■",) 

in  which  the  "  central  differences  "  of  iin  ate  ^^u,,,  j'uk,  ^^Un,  ....while 


*  Frocerdia^M,  Vol.  zxxi.,  p.  449,  The  paper  contained  (p.  i65)  a  brief  ezamioation  of  the 
aocnncj  of  certain  fonnnbe  involving  central  ditlerenoee,  but  it  did  not  deal  with  tha  aconnwj 
of  intarpolatJon-tomiDlK. 
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the  term  and  differences  central  to  the  interval  between  x.  and  x«»i  an 

It  should  be  observed  that 

0»"-*U|  =  Mm  — 3.-lCiM«_i+fti-.iC,l#,-2— ...— W_<,-1),  (11) 

J^Wj,  =  Mn  — S»CiMn-i  +  2»CjM,-8— ...  +  W-„  (12) 

where  «Cp  denotes  the  coefficient  of  x'*  in  the  expansion  of  (1+x)*.     Also 

+  W,_i  —...+(  — )"-''"*t,_iC»_r-lMr+...—W-.» 


(13) 


—  w— 1       />  ,71  —  2      ^ 

—  Wn 2»^lW»_i-| 2«^iM»_2 — ... 


+(-)"-"-  .,,C,.,t/,+  ...-U«,,  (18i) 

n 

+  Mn  -...+(-r-^>nC,_.Ur  +...+U_,  (14) 

_  2/^—1        ^        ,   2/1—3        ^ 

"  '^+i-2i^''^^'^^^"^2M^"'^'^^""-'"''" 

We  may  combine  and  generalize  (13  a)  and  (14  a)  in  the  statement  that 
the  coefficient  of  Uq^p  in  2/li^'"*w,  is 

(-)i«-p  P. ^L! (15) 

Jm  (im— jp) !  iim+p) ! 

where  5  is  of  the  form  +A:  or  ±i+i  according  as  m  is  even  or  odd,  and 
q+p  is  an  integer,  positive  or  negative,  such  thatp  is  not  greater  than  Im 
or  less  than  —  Jm. 

6.  Interpolation 'Formula, — Let  the  tabulated  value  of  x  which  is 
nearest  to  the  value  for  which  ti  is  sought  be  Xq,  so  that  X0  =:  Xq+6K 
where  6  may  have  any  value  from  —J  to  +i-  Then  the  principle  of 
central-difference  interpolation  is  that  we  express  Ub  in  terms  of  the  series 
of  differences  on  the  two  sides  of  the  half-interval  in  which  x  lies,  i.e.,  in 
terms  of  Uq,  S^Uq,  S^u^,  ...,  and  either  Su^^,  ^u^i,  .-•»  or  Su^,  ^u^,  .... 
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The  standard  formula,  if  6  is  positive,  is* 

.6,        ea-d)^,      {1+6)6(1-6)  jia 

+  a+e)6a-6)i2-6)^        (2+6)a+6)6a-6H2-6)^        _   (Ig) 
4!  5! 

while,  if  d  is  negative,  it  is  ^ 

_ (2+9)a+9)8(l-9) g,    ^ |2+»)(l+ffi«(l-9)e-ffi ^„     ,      .  (17) 
4!  5! 

The  coefficients  in  the  above  fonnulse  are  not  suitable  for  actual 
calculations,  and  it  is  obviously  inconvenient  to  have  different  formulse 
according  as  the  half -interval  in  which  x  lies  is  on  the  negative  or  the 
positive  side  of  a  tabulated  value.  The  formulae  therefore  require  adapta- 
tion. 

Since  the  tabular  difference  occurring  in  each  term  of  (16)  or  (17)  is 
the  difference  of  two  tabular  differences  of  the  next  lower  order,  one  of 
which  occurs  in  the  preceding  term,  the  successive  terms  can  be  combined 
in  pairs,  and  each  pair  can  be  expressed  either  in  terms  of  two  consecutive 
tabular  differences  or  in  terms  of  the  sum  and  the  difference  of  these  two. 
For  instance,  Su^  z=  tt^—u^^  so  that  Uq+OSu^  can  be  expressed  either  as 
0Ui+(l— ^)Wo  or  as  i(wi+Wo)  — (J— 0)(tti— t^o)  =  /uttj— (J— ^^tt^.  Hence 
the  series  in  (16)  can  be  converted  into  four  other  series,  according  to  one 
or  other  of  the  following  schemes : — 

(Uq      S^ICq      ^Mo      ..., 

I  tCi     S^u^     S^u^     . . .  ; 
(B)     fjLUi     Su^     ix^u^     ^u^     ...  ; 
f&^-j     ^w_j     «5^tt_j     ..., 
8u^     ^u^     ^ttj     ...  ; 

(D)       Uq       IJL&V^       ^U^      jUL^tlQ       .... 

It  may  be  shown  that  the  resulting  formulse  are  as  follows : — 

+0^.ii+e)ea-e>s»^+(^+m+e)6ii-6H2-6)^ 

oi  5 ! 

(18) 


(C)     «„■[ 


*  jOm.  eU.,  p.  473,  formiil*  (101).  f  Ihid.,  fomiiil*  (102). 
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(19) 


cm 


_a+^g«a-g)^^_^       (21) 

The  formula  (17)  would  also  give  (20)  and  (21),  while  the  correspond- 
ing formula  for  interpolating  between  u^  and  t^  instead  of  between  u.j  and 
Wq,  if  expressed  in  terms  of  xs—Xq  instead  of  in  terms  of  xb^Xi,  would 
give  (18)  and  (19).  Thus  either  of  the  formulae  (18)  and  (19)  includes  both 
(16)  and  (17)  for  interpolating  through  the  interval  from  i^o  ^  %»  while 
either  (20)  or  (21)  includes  both  (16)  and  (17)  for  interpolating  through 
the  interval  from  i^_j  to  u^.  The  formulae  (18)  and  (19)  are  the  result  of 
taking  (16)  and  (17)  up  to  tabular  differences  of  an  odd  order,  while  (20)  and 
(21)  are  the  result  of  taking  them  up  to  tabular  differences  of  an  even  order. 

If  in  (A)  we  write  0  =  (1  —  0),  it  becomes 

,^        0(1^-^).,      ,    e(l^-0^)(2'^-a^ 

which  is  Everett's  formula.*  This  is  by  far  the  most  convenient  formula 
for  construction  of  tables  by  subdivision  of  intervals,  since,  when  6  has 
a  series  of  values  corresponding  to  the  subdivision  of  the  interval  h  into 
a  number  of  equal  portions,  0  has  the  same  series  of  values,  but  in 
the  reverse  order.  Thus  each  term  in  (22)  appears  in  the  calculation 
of  two  values  of  t^ ;  so  that  the  number  of  calculations  of  separate  terms 
in  u  is  halved. 

(B)  is  Bessel's  formula,  slightly  modified.     If  we  write 

>A  =  0-i, 


*  J.  D.  Eyerett  in  Jtmrft.  Imt.  Actuaries^  Vol.  xxzv.,  p.  452,  tiad  British  Attoeiatitm 
1900,  p.  648. 
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so  that  ^  may  have  any  value  from  —  i  to  +  J,  it  becomes 

4!  5! 

for  interpolation  between  Uq  and  t^. 

(G)  is  a  somewhat  similar  formula  to  (A)  for  subdivision  of  the  interval 
from  i^_j  to  u^.     If  we  write 

so  that  the  interval  from  u^^  to  u^  is  divided  into  portions  x  ^^^  ^9  it 
l)ecomes 


_fad,„,  +  ifc2dLi(|)!i:^  ^„,  _.... 


(24) 


This  is  not  so  convenieut  as  (22),  since,  as  x  increases  from  0  to  1  or 
<t>  decreases  from  1  to  0,  some  of  the  coefficients  of  each  tabular  difference 
are  positive  and  others  negative. 

(D)  is  usually  known  as  Stirling's  formula.  It  is  the  most  useful 
formula  for  isolated  interpolations  if  written  in  the  form  of  Taylor's 
theorem 

«.  =  «o+aAu;+  ^  AX+ 1^  AX+-  .  (26) 

=  u^+e[hu',+^e{hX+mhX+-)}].  (26a) 

the  values  of  hu'^,  h^u^,  h^u",  . . .  being  given  by  * 

Am;  =  OLt,J-J;x(5«+^M«J'-TioM«5'+...)Mol 
h\l  =  (5»-T»j,J«+^_^„<Se+...)«, 

AX  =  Ou5»-iMd^+TkM«?'+...)«o 

AX  =  (M^-iM«5'+...)«o 

A««J«  =  (5«-J^+...)Wo 
It  should  be  observed  that  (25)  only  agrees  with  (D)  when  in  (26) 
we  stop  always  at  the  same  difference  of  an  even  order ;   and  it  will  be 
found  later  that  this  is  also  necessary  for  purposes  of  greater  accuracy. 

*  Pneeeiing;  Vol.  zzxi.,  p.  465,  fonnolte  (74). 


(26) 
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6.  Accuracy  of  Standard  FormuUt^ — ^To  determine  the  aeemBcy  of  die 
formalc  «16.M24^  or  of  t25»  with  the  limitation  mentioned  at  the  end  of 
the  last  paragraph,  it  is  only  neeessarr  to  consider  (16),  B  bmig  sof^wfied 
to  be  between  0  and  1.  If  0  is  negative,  so  that  the  apfHtypriale  formula 
is  (17>.  we  most  sobstitote  its  nomerieal  (positive)  value  in  the  results 
we  obtain. 

If  in  (16»  we  express  <>ii|,  c*ii^  ...  in  terms  of  ...,  «.i,  u^  Mi  ...,  it 
Deeomes 

a*  =  Mt+Ooiij 3^ —  6»l^— ... 

This  gives,  for  the  error  in  ii#  tsee  S  2), 

a#  =  a^+0ca^ — 6^a^ ■ — 3^ d'aj+...  (27) 

=  ag+d(ai— og) —^ (a,— 2at+a«i) 

(27a) 
If  ve  eoUeet  coefficients  of  ...,  a_i,  a^  a„  ...,  it  wiU  be  foond  that — 
(1)  the  eoeffieient  of  0(  is 

l!0!"''    1!1!  2!1!         "^  2!  2!  "'      *    ' 

the  saceeesive  valaes  of  which,  aeeording  to  the  number  of  terms 
taken,  are  , 

1-e 

1!  ' 

1!1! 

(H-e)(i-g»(2-g) 

1!  2! 


so  that,  however  many  terms  are  taken,  the  eo^ieient  of  «,  is 
positive; 
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(2)  the  first  term  in  which  Or  appears  is  that  which  contains  5^'"~^aj, 
and  the  coefficients  of  or  are  alternately  of  signs  (— )*"~^  and 
(—)''.  The  coefficients  of  ar  arising  from  the  terms  containing 
S^'^a^  and  S^oq  are  respectively 


^     ^  {n-rVAn+r-Dl 

and 
.    y  {n-l+e)(n-2+6) ...  e(l-e)(2-e) ...  jn-e) 


(29) 


(7i-r)!  (n+r)! 

the  sum  of  which  is  of  sign  (— ^"^ ;  so  that,  however  many  terms 
are  taken,  the  coefficient  of  ar  is  of  sign  (—r"^ ; 

(8)  the  coefficient  of  a^r  may  similarly  be  shown  to  be  of  sign  {—Y, 

Hence  the  greatest  possible  value  of  a^  is  when  each  of  the  errors 
...,  a.i,  a^y  ax,  ...  is  numerically  equal  to  ^/e>,  but  the  signs  (assuming 
00  positive)  are 

...,    a_8»    «-2i    «-!>    Oo,     «!»     Oj,     as,     04, 

Taking  these  values,  we  find  from  (11)  and  (12)  that 

&a^  =  ^aj  =  S^a^  =  . . .  =  0 ' 


(30) 


<5^ao=(-)^,C,.i/> 


>  • 


(31) 


so  that,  substituting  in  (27),  we  have,  as  the  limit  of  error  when  (16)  is 
taken  up  to  terms  in  '^u^  or  in  S^'^^^u^^ 

X  (.  .  eq-g)  .  (i+g)g(i-g)(2~e)  , 

*^r+T!Tr+ 2T21 +••• 

I  (n-i+g)...e(i-g)...(2-e)i^   ^ggj 

This  is  therefore  the  limit  of  error  in  (18)  or  (22)  when  taken  up  to  S^Uq 
and  i*»tti,  in  (19)  or  (23)  when  taken  up  to  S^-^^u^,  in  (20)  or  (24)  when 
taken  up  to  5^*""^i^-j  and  ^"*t^j,  and  in  (21)  or  (26)  when  taken  up  to 
i^tt^  provided  that,  in  the  last  two  cases,  if  6  is  negative,  its  numerical 
magnitude  is  taken. 

In  (18)  or  (22)  and  in  (19)  or  (23)  6  lies  between  0  and  1,  while  in 
(20)  or  (24)  and  in  (21)  or  (25)  it  lies  between  —  ^  and  i. 
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7.  Accuracy  of  Curtailed  Formula. — The  expressioD  (82)  has  only 
been  shown  to  be  the  limit  of  error  when  the  formola  which  we  are 
using  is  the  equivalent  of  (16)  or  (17) :  e.g.,  when  (19)  or  (28)  is  taken 
up  to  the  term  involving  o^^^^u^,  or  when  (21)  or  (25)  is  taken  np  to 
the  term  involving  ^"Kq..  We  might,  however,  in  either  of  these  eases, 
wish  to  stop  at  the  next  preceding  term ;  and  we  have  to  see  how  this 
would  a£fect  the  limit  of  error. 

We  must,  in  the  first  place,  inquire  into  the  signs  of  the  as. 
Assuming  0  to  be  between  0  and  ^,  so  that  yfr  in  (23)  is  negative,  we 
have  found  that  in  (16)  the  coefficients  of  Ory  o^,  and  a.^  are  of  signs 
(— )*'"\  +,  and  (— )*■  respectively.  This  will  therefore  hold  if  in  (19)  or 
(28)  we  stop  at  5*—^M|,  or  in  (21)  or  (25)  at  o^'^'^u^  The  single  term 
which  we  take  next  is  in  the  one  case  (see  (14  a)) 


1  (.n  m'->P^\ ...  Um-^)'-v-';- 

^^     '  (2n)! 


Hi  > 


and  in  the  other  case  (see  (13  a)) 

1/       xn-l   e(l'^-^...l(w-l)*-^-     ^  ,,       .n-r     r        ^  I 

and  in  each  case  the  coefficients  of  Or,  a^  and  a^r  in  the  term  added 
to  00  will  follow  the  above  rule  of  signs.  Hence,  as  in  the  last  sec- 
tion, the  limit  of  error  will  be  found  by  putting  each  of  the  errors 
...,  a-i,  oo,  oi,  ...  equal  to  ±^/>,  the  signs  being  as  in  (30). 

(i.)  First  consider  (19)  or  (23).  The  expression  (32)  gives  the  limit 
of  error  when  we  take  the  formula  up  to  ^"^^wj.  If  we  only  take  it  up 
to  the  next  preceding  term,  we  omit  a  term  in  ^^^u^,  and  therefore  we 
omit  from  ob  a  similar  term  involving  ^^^^a^.  But  we  see  from  (81) 
that,  with  the  ascribed  values,  this  last  term  is  zero.  Hence  (32)  gives 
the  error  in  (19)  or  (23)  when  taken  up  to  /ul^'^Uq,  as  well  as  when  taken 

up  to  i^**+^Uj. 

(ii.)  Next  consider  (21)  or  (25).  If  we  omit  the  term  involving  i^u^ 
we  omit  from  a,  a  term 

,e^(i^^e^)...|(n~i)^^e»U 

^"■^       (2n^!  ^   ^' 

the  value  of  which,  by  (31),  is 

-  W-e-)-Un-i)'-e-[  ^  (33, 

ni  nl 
so  that  by  omitting  this  term  the  limit  of  error  is  increased.     By  taking 
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n  =  1,  2,  ...   Buceessivelj,  we  find  that  the  limit  of  error  in  Ue  due  to 
the  ase  of  (21)  or  (25)  is 


i  f.  I  zi     g"    I  e(i'-g^    0^(1'-^  ,  e(i^-e^(2^~e^      i 

*^t   ■*■        1!!!"^     1!2!  2!2!      "^  2!3!  "'I 


,     (84) 


the  series  inside  the  brackets  being  taken  to  the  same  number  of  terms 
as  are  used  in  (25).  This  is  on  the  assumption  that  6  is  positive :  if  it 
is  negative,  we  must,  as  before,  use  its  numerical  value. 

It  is  therefore  important,  for  the  sake  of  accuracy,  that  in  using 
(25)  and  (26)  we  should  stop  at  a  difference  of  even  order,  even  though 
the  portion  of  (25)  due  to  this  difference  might  be  negligible  if  the  values 
of  u  were  exact. 


C.  Comparison  of  Besults. 

8.  The  limit  of  error  as  given  by  (32)  for  a  formula  going  up  to 
differences  of  any  particular  order  is  a  good  deal  less  than  the  corre- 
sponding limit  as  given  by  (9) ;  and  therefore,  apart  from  the  fact  that 
the  central-difference  formula  generally  requires  the  use  of  fewer  terms, 
it  is  more  accurate  as  regards  the  tabular  error.  The  following  table* 
gives  a  comparison  of  the  respective  limits  of  error ;  the  figures  I.  and 
II.  denote  the  errors  due  to  the  advancing-difference  and  the  central- 
difference  formulae,  and  the  coefiicient  p  is  omitted  throughout : — 


tf 

Error  due  to  use  of  Differences 

including 

up  to  and 

1 

1 

1st        2nd       8rd 

4th       5th 
1^086    1-497 

6th 
2-132 

7th 
3-147 

■'  in. 

500       626      -818 

500      -625       626 

•696       696 

•745 

•745 

•'  (n. 

600      -680   '    724 
600       SSO      -580 

•960    1-343 
•624  ,     624 

1-976 
•653 

3042 
-658 

■'  {"u.  . 

500      ^620      -812 

1 
1^104    1563 

2265 

3-422 

500       620       620 

•688  1    ^688 

1 

•734 

•7.S4 

•»  (n. : 

'600      -620       788 

1-024 

1366 

1886 

2700 

600      -620   ':    620 

•688      -688 

•734 

•734 

In. 

1 

•600      -680       676 

1 
•800       969  ]  1^213 

1-582 

'500      ^680   ;    580 

•624  ;    ^624 

i 

-663 

•663 

*  Cf.  Rice,  ubi  tup.,,  p.  51. 
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It  has  been  assumed  that  the  tabulated  values  of  the  differences  are 
not  the  ''  corrected  "  values,  but  are  obtained  directly  from  the  tabulated 
values  of  u.  If  the  differences  are  corrected,  i.e.,  if  each  difference,  hke 
each  value  of  u,  is  within  ±^p  of  the  true  value,  the  formola  for  the 
limit  of  error  will  of  course  have  to  be  altered.*  These  cases,  however, 
need  not  be  considered  here,  since,  if  reduction  of  the  error  is  important, 
and  the  differences  are  corrected,  the  discrepancies  between  the  snccessive 
columns  in  the  table  can  be  utilized  for  increasing  the  accuracy  in  the 
tabulated  values  of  u.\ 


II.  Besidual  Error. 

9.  We  have  so  far  assumed  that  the  formula  used  is  correct,  and 
have  examined  the  error  due  to  the  fact  that  the  tabulated  values  of  u 
are  incorrect.  We  have  now  to  consider  the  error  due  to  the  formula 
itself  being  incorrect,  it  being  assumed  that  the  tabulated  values  are 
correct. 

Before  doing  this,  however,  it  will  be  useful  to  inquire  into  the 
relation  between  the  advancing-difference  formula  and  the  central- 
difference  formula. 

(i.)  If  the  advancing-difference  formula  is  taken  up  to  the  term  in- 
volving A^iiQf  we  may  write  it  in  the  form 

Ui^  =  mUe,  (86) 

where 

Q 

+  e(e^)  ^,^+...+  e(e-i).M9-m+i)  ^^^      ^^^^ 

the  formula  (85)  being  only  approximately  correct. 
Now,  if  r  is  an  integer, 

(87) 
and  therefore,  if  we  substitute   6  =  0,  1,  2,  ...,  m  in  (86),  we  obtain 


*  Gf.  A.  A.  Markofl,  Difftrenunrtehnung  (1896),  p.  30. 
t  Cf.  BimnHHka,  Vol.  n.,  p.  177,  §4. 
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t^f  Ui,  u^,  ,.,,  Um'     Hence,  by  Lagrange's  theorem,  since  mU%  is  a  rational 
integral  function  of  6  of  degree  m, 

TT  —  ©(©-1)  ...  (O-m) 
mC/e i 


mi 


^te=^    '^^le-m+i'^"  'e-m+2    -^^  ^  e) 


(88) 


_  6(9— 1)... (9— m)  . ^    tip  /QQ  V 

m!  9-0-  ^ 

This  may  be  verified  by  substituting  Ui—Uq,  t^— 2t^+Wo,  ...  for  Auq, 
A^tiQ,  ...  in  (86),  and  collecting  coefficients  of  n^,  Un^u  ..•>  ^o  ^^  ^^^ 
result. 

(ii.)  Similarly,  if  the  central-diflference  formula  (16),  for  values  of  d 
from  0  to  J,  is  taken  up  to  the  term  involving  ^t^o  ^^  ^^4»  according 
as  m  is  even  or  odd,  we  may  write  it  in  the  form 

w#  =  mF#,  (89) 

where 


Sn 


V.^u,+  l  Su,+  'J^  ^u,+  ie±M^  ,3,^+... 


_^(e+n-l)(e+n--2)...(e-n)^^^     (40) 

,  {d+n)(e+n-l)...{e-n)  «,+,  .  -. 

"^  (2n+l)!  •*       "**•        ^*^' 

If  we  Bubstitiate  Mj— Mo«  tti~2Mo+«-i.  •••  for  ittj,  i'lto,  ...  in  (40)  and 
(41),  we  shall  find  that  Ur  first  appears  in  S^~^u^,  and  that  u-r  first 
appears  in  ^Wg.  By  collecting  coefficients  it  is  not  difficult  to  reduce  (40) 
and  (41)  to  the  forms 

V  —  (0+n){e+n-l)  ...(0—n) 
*"   *  (2n)! 

10 — n  a— n+1  a— n+2  u+n) 
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y  _  (0+n)(e+w— 1) ...  (6—n—l) 
*•"*    *  (2nH-l)! 

We  8ee  from  (42)  and  (43)  that,  if  we  substitute  d  =  0, 1,  —  1,  2,  —2, ... 
successively  in  (40)  and  (41),  up  to  — n  in  (40)  or  n+1  in  (41),  we  obtain 
Uq,  Uif  u^u  Wj,  «^-2»  ...  up  to  u-n  OT  Un+i.  This  might  have  been  proved 
directly,"^  and  we  should  then,  as  in  (i.),  have  deduced  (42)  and  (48)  at 
once  by  Lagrange's  theorem. 

(iii.)  For  values  of  6  from  —•  ^  to  0  the  central-difference  formula  is 
<17).  This,  however,  is  really  the  same  as  (16),  with  the  u's  taken  in  the 
reverse  order.  We  shall  therefore  find  that  for  m  =  2n  (17)  will  give 
ti0  in  the  form  (42),  while  for  m  =  2n+l  it  will  give  an  expression 
exactly  similar  to  (43),  but  with  Wn,  ...|  u^n-i  substituted  for  Wn+i,  ...,  tt-«, 
and  0— n,  ...,  6+n+l  for  0— n— 1,  ...,  d+n.  The  expression  (48)  would 
therefore  correspond  to  (17)  adapted  for  values  of  6  from  ^  to  1. 

(iv.)  Hence,  on  the  whole,  the  central-difference  formulae  when  taken 
up  to  a  difference  of  order  2n  will  give  (42)  as  the  value  of  ti$  for  values 
of  6  from  —i  to  i,  while  when  taken  up  to  a  difference  of  order  2n+l 
they  will  give  (43)  as  the  value  of  u«  for  values  of  6  from  0  to  1. 

(v.)  If  now  we  compare  (42)  and  (43)  with  (88),  we  see  that  2iiF#-«  and 
2n+iV»-n  are  of  exactly  the  same  form  as  inUe  and  2n+i?7a,  except  that 
the  latter  contain  the  values  Uq,  Mi,  w^,  ...  up  to  tiin  or  ttsa+i,  while  the 
former  contain  the  values  w_n,  ^-«+i,  t^-«+2i  ...  up  to  m»  or  tin+i-  In 
other  words,  the  advancing-difference  formula  which  we  use  for  inter- 
polating through  the  interval  from  Xp  to  Xp+u  6  having  values  from  0  to  1, 
would  become  the  central-difference  formula  if  we  used  it  for  interpolating 
through  the  interval  from  Xp+n-^  to  Xp^n-i-^,  6  having  values  from  n— J  to 
n+ii  when  differences  are  taken  up  to  those  of  the  (2n)th  order,  or 
through  the  interval  from  Xp+n  to  Xp+n+it  O  having  values  from  n  to  n+l» 
when  differences  are  taken  up  to  those  of  the  (2n+l)th  order. 

Geometrically,  if  we  regard  the  given  values  of  u  as  the  ordinates  of  a 
curve,  we  interpolate  by  treating  any  other  value  of  u  as  the  ordinate  of  a 
parabola  of  degree  2n  or  2n-f  1  which  passes  through  the  extremities  of 
2n+l  or  2n+2  consecutive  given  ordinates;  but  in  using  the  advancing- 

•  See  p.  339. 
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difference  formula  for  the  interval  from  Xq  to  Xi  we  take  the  ordinates 
^  ^>  ^»  •  •  • »  while  in  using  the  central-difference  formula  for  the  interval 
from  x^^  to  x^  or  from  Xq  to  Xi  we  commence  with  the  nearest  ordinate 
and  continue  with  those  ordinates  which  are  successively  the  next 
nearest. 

We  can  therefore  simplify  the  consideration  of  the  residual  error  by 
extending  the  range  of  values  of  0  or  6.     If  we  write 

u^  =  «C^e+«Be,  (44) 

where  ^^e  has  the  value  given  by  (88),  we  have  to  examine  the  value  of 
,Jf2e,  where  6  has  any  value  between  0  and  m.  The  error  in  the 
advancing-difference  formula  will  then  be  found  by  treating  6  as  between 
0  and  1,  while  the  error  in  the  central-difference  formula  will  be  found 
by  treating  it  as  between  Jw— J  and  Jm+i- 

There  are  various  known  expressions  for  JR^.  For  our  present  pur- 
pose it  will  be  sufficient  to  consider  two  of  them. 

10.  We  have  seen  that,  if  in  wC^e  we  substitute  0  =  0,  1,  2,  ...,  m,  we 
obtain  Uq,  tii,  ti^,  ...,  Wm-  Hence,  if  in  ^C^e  we  replace  Uq,  u^yU^,  ...,  Um,  by 
a  constant  A:,  the  resulting  expression  will  be  equal  to  k  when  6  has  any 
of  the  m+1  values  0,  1,  2,  ...,  w.  The  expression  is,  however,  only  of 
degree  m  in  6 ;  and  therefore  it  must  be  identically  equal  to  k.  Hence, 
putting  i  =  1, 

_  9(6  — 1)... (6— m)  ^^     1  ..^  . 

"■  m!  ^    6-0*  ^^^^^ 

Multiplying  both  sides  of  this  by  u^,  and  substituting  from  this  and  from 
(88)  in  (44),  we  find* 

I?    _  6(6— 1)... (6— m)  {u^-'Um       ri  u^—Um^i    i        i/    w^e— ^ol 
"^* ^.  I ^3^ --r.OiQ_^^^ +...+(-)  —Q—\ 

(46) 

_  9(6— 1)... (6— m)  .^ u^—Uq  ..r.  V 

m!  6-0  ^       ^ 


ml 


I  ""-^   -^0* 


*  Cf.  Boole,  p.  146. 
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where  Tr  is  the  tangent  of  the  angle  which  the  line  joining  (a:«,  ««)  to 
(xr,  u^  makes  with  the  axis  of  x. 

Expressed  in  terms  of  central  differences,  (21)  and  (22)  being  taken  as 
the  typical  formulse,  this  gives 

+ (2^0! ^  """^ m\ ^'  ^ 

,^  _      ^,  ..X^'-l')^..    ,        ,    0(0''-l'O...(^'-n')^.. 

j-fl,.  j.Mzl1!>^„  -l    -I.  g(e'-i')-(e'-H')^^, 
e(g»-i»)...(e»-n')(e-n-i)  ^.,,  ^ 

^  (2n+l)!  "  i. 

where  ^r  is  the  tangent  of  the  angle  which  the  line  joining  (z«,  ««)  to 
(x-r,  Ur)  makes  with  the  axis  of  x.  The  last  term  in  (48)  may  also  be 
written 

^  (2n+l)!  *  ^    ^ 

The  above  formulae  are  exact,  but  they  do  not  give  any  very  dear 
indication  of  the  magnitude  of  the  error  ^%,  since  A'^Tq  might  be  very 
different  according  as  6  was  between  0  and  1  or  between  \m—\  and 
im+ J.     The  expression  found  in  the  next  section  is  more  useful. 

11.  Let  us  write* 
.  ...  = ,,      ,,        X  A..       M^-l)  A 2„  X(X~l)...(X-m+l)  . 

_  X(/\— 1)...(X— m)  . ^ i^e— ^0  /gQx 

w!  e-0  •  ^   ^ 

Then  0(X)  vanishes  when  X  has  any  of  the  m+1  values  0,  1,  2,  ...,  m, 
and  also  when  X  =  6.  Hence,  provided  6  lies  between  0  and  m,  the 
(m+l)th  differential  coefficient  of  0(X)  with  regard  to  X  vanishes  for  some 
value  of  X  between  0  and  m ;  in  other  words,  if 

ue=f{x^+eh),  (61) 

*  Markoff,  p.  6. 
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so  that  Tr  =/^+e^)-ffi+^^),  (52) 

then  A-ro=4r7/"*'(^  (S*> 

OT+1 

and  ^B^  =  ^^^~m+l)f  """^  fe'-'^V'^H^,  (54) 

where  ^  has  some  value  between  otq  and  ^r^.  This  is  for  advancing 
differences ;  if  we  use  central  differences,  we  shall  have  a  corresponding 
expression,  where  $  has  some  value  between  those  belonging  to  the 
extreme  ordinates  which  enter  into  the  formula. 

This  last  result  explains  the  general  superiority  of  central-difference 
over  advancing-difference  formulae,  and  it  also  indicates  some  of  the 
limitations  of  interpolation  by  finite  differences. 

(i.)  Suppose  that  throughout  the  range  of  values  of  x  from  x^  to  x^ 
y*-^i(a:)  is  approximately  constant,  or  at  any  rate  does  not  vary  greatly. 
Then  the  magnitude  of  the  residual  error  depends  on  the  magnitude  of 
0(G— 1) ...  (0— m).  This  is  obviously  less  when  0  is  nearly  equal  to  \m 
than  when  it  is  nearly  equal  to  0 ;  if,  for  instance,  m  =  5,  and  we  are 
interpolating  at  the  middle  of  an  interval,  the  above  expression,  when  we 
use  the  advancing-difference  formula,  is 

JL      13      6      7       9. 

but,  when  we  use  the  central-difference  formula,  it  is 

5      3     JL      JL      3      5 

2'*'2r'2*2""2'»'2'> 

which  is  less  than  one-fourth  of  the  former.  Thus,  by  the  use  of  central 
differences,  we  may  be  able  to  exclude  a  term  which  would  otherwise  have 
to  be  included,  and  thus  to  shorten  our  formulae. 

(ii.)  It  may,  however,  be  the  case  that  within  a  certain  range  of  values 
/"*"*■  Mic)  is  small,  while  outside  this  range  it  becomes  relatively  great.  In 
such  a  case  we  ought  to  adapt  the  formula  to  the  circumstances,  using 
central-difference  formulae  towards  the  middle  of  the  range,  and  advancing- 
difference  or  receding-difference  formulae  towards  the  extremities. 

(iii.)  In  such  a  case,  also,  we  may  obviously  make  our  formula  worse 
by  introducing  differences  of  a  higher  order. 

These  difficulties  are  usually  solved  by  inspection  of  the  differences 
themselves ;  their  smallness  along  certain  lines  indicating  the  particular 

8BB.  2.     TOL.  4.     xo.  933.  Z 
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fonnula  that  should  be  used.  The  formula  may  be  neither  a  central- 
difference  nor  an  advancing-difference  formula :  the  differences  taken  into 
account  may  run  first  centrally  and  then  diagonally.  It  is  not  necessary 
to  obtain  special  formulae  for  every  such  case ;  if  the  taUe  indicates  that 
we  ought  to  stop  at  a  particular  difference  A'^Ua,  any  formula  which  is 
a  proper  formula  for  interpolation  (i.e.f  which  would  give  u  exactly  if 
A^u  were  constant),  and  which  uses  only  values  of  u.  Aw,  ...,  A^u  com- 
prised within  the  triangle  whose  vertex  is  A^Ua,  can  be  reduced  to  a 
central-difference  formula  by  reconstructing,  on  the  basis  of  A*^Ua  being 
constant,  the  portion  of  the  table  which  lies  outside  this  triangle. 

Suppose,  for  instance,*  that  we  had  to  interpolate  from  a  table  in 
which  values  of  t^  =  tan  x  are  given  by  intervals  of  10°  in  x  from  —90^ 
to  +90°.  The  portion  of  the  table  from  «  =  0°  to  a;  =  90°,  taken  up  to 
10th  differences,  would  be  as  below ;  the  portion  from  a:  =  —  90°  to 
x  =  0°  being  similar,  except  that  the  values  of  u  and  of  the  even  differ- 
ences would  be  negative. 


X 

u 

Au 

+ 

A'u 

A^t 

1 
A*W 

+ 

1 
A*u 

A^u 

AH* 

A*u 

A"»l* 

+ 

+ 

+ 

+ 

-»- 

■«- 

+ 

+ 

(f 

•00000 

17633 

0 

1131 

0 

312 

0 

196 

0 

1    0 
270 

l(f 

•17633 

18764 

1131 

1443 

312 

508 

1% 

466 

270 

864 

694  1 

2QP 

•36397 

21338 

2674 

2263 

820 

1170 

662 

1600 

1134 

5223 

4369  > 

1 

SOP 

•67736 

4837 

1990 

2262 

6367 

52096 

26176 

4263 

3432 

7967 

67319      1 

40° 

•88910 

36266 

9090 

9676 

6422 

13661 

10219 

71633 

63676 

CD 

00 

60° 

1- 19176 

64080 

18766 

28748 

19073 

96603 

81862 

00 

00 

60° 

178206 

1  01643 

47613 

1  43324 

1  14676 

00 

00 

70° 

2^74748 

2  92380 

190837 

00 

00 

80° 

6^67128 

00 

1 
1 

90° 

00 

00 

1 

It  will  be  seen  that  all  the  differences  first  decrease  and  then  increase ; 
that  for  interpolating  near  a;  =  0°  we  may  use  central  differences  up  to 
about  the  9th;  that  for  values  near  —50°  and  +50°  we  must  use 
advancing  and  receding  differences  respectively,  also  up  to  about  the  9th ; 
and  that  for  intermediate  values  we  require  a  special  formula.     We  can 


*  Gf.  Journal  of  Royal  Statittieal  Society,  Vol.  Lzm.,  p.  446. 
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therefore  frame  a  new  table,  as  below,  by  taking   the  9th  difTerence  as 
constant.     The  inserted  differences  are  printed  in  dark  type. 


X 

u 

4 

A'tt 

A^ 

A^U 

+ 

A*U 

A7u 

A^M 

+ 

A*U 

+ 

+ 

+ 

• 
+ 

+ 

(f 

•00000 

17638 

0 

1131 

0 

312 

0 

196 

0 

270 

10 

•17638 

18764 

1131 

1443 

312 

608 

196 

.  466 

270 

270 

20° 

•36397 

21338 

2674 

2263 

820 

1170 

662 

1000 

640 

270 

SO' 

•67736 

26176 

4837 

4263 

1990 

2888 

1668 

1816 

810 

270 

40* 

•83910 

36266 

9090 

9081 

4828 

6822 

8484 

2896 

1080 

270 

«f 

1-19176 

18171 

11160 

6880 

1850 

It  will  be  found  that  this  table  gives  very  good  results.  If,  for  in- 
stance, we  calculate  u  iov  x  =  5°,  15°,  25°,  85°,  45°,  by  the  central- 
difference  formula*  for  mid-way  interpolation,  the  first  four  values  will  be 
correct  to  five  places,  while  the  fifth  will  only  be  wrong  by  •00004. 


Appendix. 


1.  The  proposition  in  §  9  (ii.),  that 


2! 


8! 


.  (w  terms) 


is  equal  to  Ur  when  r  has  any  negative  or  positive  integral  value  from  —  m 
to  n,  if  ?w  =  2n+l,  and  from  — n  to  n+1,  if  m  =  2n+2,  may  be  proved 
by  elementary  methods  as  follows : — 

(i.)  Suppose  the  proposition  true  for  r  =  p,  so  that 

Up  =  0p  (Wo) 

=  „„+^^„j+£(^^^+(£±l)|i£i:l),5»„j+...,  (55) 

the  series  continuing  until  the  individual  terms  vanish,  on  account  of  p 
being  within  the  limits  mentioned  above. 


*  Froeeedingty  Vol.  zzxi.,  p.  462,  formula  (63). 
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The  formala  (55>  being  tme  identieallT,  we  can  apfdy  it  to  iu^  and  iti 
dittereneeB,  instead  of  to  u^  and  we  find 

which,  by  taking  termB  after  the  first  in  pairs,  can  be  redaeed  to 
Adding  f55)  and  (56). 

SO  that  the  proposition  is  true  for  r  =  /?+!. 

But  it  is  true  for  r  =  0  :  therefore  it  is  true  for  r  =  1,  2,  ...  .  The 
limit  of  these  values  is  determined  by  the  fact  that  the  series  in  (56)  goes 
up  to  a  difference  one  degree  higher  than  in  (55) ;  so  that  the  next  term  in 
(55)  must  be  one  that  contains  p—p  as  a  factor. 

(ii.)  Again,  (57)  is  true  if  we  apply  it  to  2/|,  reading  the  us  in  the 
other  direction.     This  gives 

=  ^^+(-y)^,,,+  (-p)(-p-l)^»„+(-p+l)(-/')(-p-l)^«>+...; 

SO  that,  if  the  proposition  is  true  for  r  =  p+l,  it  is  true  for  i-  =  —  ^. 
The  case  of  r  =  — ?«,  when  2n+l  terms  are  taken,  can  be  proved 
specially. 

2.  The  relation  (55)  may  be  written 


ip      (p+l)p(p-l)     A'  1^ 
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If  we  write 
Y'pW  —  i-r       2!        i+x^  4!  (l+x)"^*" 


■   (2p— 2)...l      X 


ap-2 


(2p— 2)!      (H-x)P-" 

x,w_j,x-i-         g,  iH-x^-"^    (2p-i)!    d+xy-" 

it  can  be  proved  that 

\^P+i(x)— Xp(x)  =  IV'pW— Xp-iW[/(1+«). 
and  thence,  by  induction, 

^,ix)+x,{x)  =  a+xy, 

ylr,^Ax)-Xpix)  =  a+x)-". 

These  formulae,  by  the  substitution  of  A  for  x,  would  lead  to  the  results 
in  the  last  section. 
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ON  THE  GEOMETRICAL  INTERPRETATION  OP  APOLAR 

BINARY  FORMS 

By  C.  F.  Russell. 

[Reoeired  April  24th,  1906.— Read  April  26th,  1906.] 

1.  Binary  algebraic  forms  are  usually  represented  geometrically  by 
sets  of  points ;  of  the  three  methods  explained  in  Grace  and  Yomig's 
Algebra  of  hivariants,  according  to  which  the  symbolical  expression  aj 
is  represented  by  n  points  (i)  in  a  straight  line,  (ii)  on  a  conic,  (iii)  in 
the  Argand  diagram,  the  first  two  only  are  employed  in  this  paper.  It 
will  be  assumed  that  the  coefficients  in  the  binary  forms  considered  are 
real,  so  that  imaginary  roots  of  the  equation  a^  =  0  will  occur,  if  at  all, 
in  conjugate  pairs.  The  second  method  of  interpretation  is  thus  always 
possible  ;  the  first  is  possible  only  when  there  are  no  imaginary  roots. 

It  is  well  known  that,  if  two  harmonic  (i.e.,  apolar)  quadratics  are  thus 
represented,  the  construction  for  obtaining  the  fourth  point  when  three 
are  given  is  linear.  In  this  paper,  I  prove  a  similar  property  for  any  two 
apolar  forms  of  the  same  order. 

2.  If  the  form  a"  be  represented  by  the  points  A^,  A^,  ...,  An,  and 
(xy)  be  the  point  P,  then  the  first  polar  form  a^'^ay  will  be  represented 
by  n—l  points  which  I  shall  call  tJie  polar  (n—l)-points  of  P  for 
Ai,  A29  ..M  Ani  since  the  number  of  the  points  is  more  important  than 
the  order  of  the  polar  form  (the  first).  Similarly,  a^'^a^^  will  be  repre- 
sented by  the  polar  (n— 2) -points  of  P;  and  so  on.  This  nomenclature 
serves  also  to  avoid  confusion  with  the  polar  lines,  conies,  &c.,  of  a  point 
with  respect  to  curves,  which  will  sometimes  occur  in  the  work. 

The  principle  on  which  the  method  of  this  paper  depends  is  most 
easily  expressed  symbolically :  if  ax  and  bx  Cx  are  apolar  n-ics,  then 
(ac)ax''^  and  fex"  are  apolar  (71— l)-ics.  This  exhibits  the  connection 
between  polar  and  apolar  forms. 

8.  Let  a  range  of  n  points,  representing  a  form  a^  according  to  the 
first  method,  be  regarded  as  the  intersections  of  the  line  with  a  plane 
n-ic  curve.     Then,   if  P,  another  point  on  the  line,  be  defined  by  (xy). 
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the  line  will  meet  the  first,  second,  ...,  polar  curves  of  P  in  the  (wr— 1)- 
points,  (n— 2)-points,  ...,  of  P  for  the  range. 

This  furnishes  a  method  of  constructing  P^,  the  polar  1 -point  of  a 
point  P  for  a  given  triad  ^i,  A^,  Aq.  For,  if  we  draw  through  Ai,  A^Msf 
the  special  cubic  curve  consisting  of  three  straight  lines  which  form  a 
triangle  LMN,  the  polar  line  of  P  with  respect  to  this  triangle  will  pas^ 
through  Pj. 

The  problem  of  finding  the  polar  2-points,  Qi,  Q^,  of  P  for  the  triad 
is  really  the  converse  of  this.  For  P  is  the  polar  1-point  for  the  triad 
of  each  of  the  points  Qi,  Qj.  If  therefore  we  draw  two  or  more  lines 
through  P  and  find  the  poles  P^,  P^,  ...,  of  each  of  these  lines  with 
respect  to  the  triangle  LMN,  all  these  points  B  must  lie  on  the  polar 
conic  of  P  for  the  triangle,  and  hence  the  required  points  Qi,  Q2  are  the 
intersections  of  the  line  AiA^A^  with  a  conic  circumscribing  LMN,  of 
which  any  number  of  points  can  be  obtained. 

Now  let  P,  Q,  B  be  a  triad  of  points  which  is  apolar  to  the  triad 
A  I,  A2,  Aq,  and  let  P,  Q  be  given  while  B  is  to  be  constructed.  We 
know  that  Q  and  B  will  be  harmonically  conjugate  with  respect  to  Qi,  Qa ; 
i.e.,  the  polar  line  of  Q  for  the  conic-locus  of  the  points  B  will  pass 
through  B.  And  this  polar  line  of  Q  can  be  linearly  constructed,  although 
the  points  Qi,  Q^  cannot  themselves  be  obtained  except  by  a  construction 
of  the  second  degree. 

4.  Throughout  the  rest  of  this  paper  I  use  the  second  method  of  inter- 
pretation ;  and  by  the  polar  line  of  a  point,  or  the  pole  of  a  straight  line, 
I  shall  always  mean  the  polar  or  pole  with  regard  to  the  fundamental 
conic ;  whenever  I  have  occasion  to  refer  to  the  polar  line  of  a  point  with 
respect  to  a  triangle  this  will  be  specially  stated. 

Any  quadratic  form  a^,  interpreted  by  two  points  on  the  conic, 
determines  a  straight  line,  i.e.,  the  line  joining  these  points ;  and  hence 
determines  also  a  point  in  the  plane  of  the  conic,  i.e.,  the  pole  of  this  line. 
This  single  point  can  be  linearly  constructed,  and  upon  it  depends  the 
construction  in  the  harmonic  case  of  two  quadratics. 

In  considering  the  cubic,  I  shall  first  suppose  that  the  roots  of  the 
equation  a*  =  0  are  xjx^  =  0,  1,  and  ao ,  so  that 

8 2  a 

Let  the  points  representing  the  form  be  Pi,  P^,  Pg,  and  let  the  point  Q 
represent  any  linear  form  (xy),  for  which  the  ratio  xjx^  =  \. 

Then  we  may  easily  obtain  the  following  results:  for  Q',  the  polar 
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a 

1 -point  of  Q  for  the  triad ,  given  by  ax«y  =  0,  the  ratio 

3?i  ^  X(2~-X). 
x^         2X-1   ' 

for  Q,  the  harmonic  conjugate  of  Q  with  respect  to  the  Hessian  points 
(for  brevity,  the  H-points)  of  a|J,  the  ratio 

x^        2X-1' 
for  q^j  the  harmonic  conjugate  of  Q  with  respect  to  P|,  Pg,  the  ratio 

Hence  we  have 

\PxQ'PsQ\  =  ^^Ef  X=T  =  -^  =  \Pi9tPsP*\ ;  (1) 

and,  since  any  three  points  can  be  projected  into  any  other  three  points, 
this  result  must  hold  for  the  general  cubic. 

Applying  this  result  to  the  present  case,  we  are  concerned  first  with 
the  H-points. 

Let  all  the  roots  of  the  cubic  be  real,  and  let  al  =ax)8xyx»  where  a, 
is  represented  by  Pi,  fix  by  Pq,  and  yx  by  Pg. 

Then  the  H-points  are  imaginary,  and  the  pole  /  of  the  line  joining 
them  is  within  the  conic. 

To  construct  the  point  /  [see  Algebra  of  Invariants,  Ex.  (i.),  p.  240], 
join  Pi  to  the  pole  of  the  line  PiP^f  Pj  to  the  pole  of  Pa  Pi,  and  Pg  to  the 
pole  of  PiPj :  the  joining  lines  will  be  concurrent  in  J. 

Next  join  QJ,  and  produce  to  meet  the  conic,  obtaining  the  point  Q, 
and  join  Q  to  the  pole  of  PiPg,  the  line  meeting  the  conic  again  in  q^. 

Then  the  result  (1)  furnishes  the  following  construction: — ^Let  Qq^ 
meet  PiPg  in  M;  then  P^M  will  meet  the  conic  again  in  Q\  the  required 
polar  1 -point  of  Q. 

There  is  thus  obtained  an  easy  line  construction  for  the  point  Q'  (see 
Fig.  1). 

The  point  arrived  at  must  be  the  same  whether  we  take,  in  our  con- 
struction, the  points  Pi,  Pg,  or  either  of  the  two  other  pairs  of  the  triad, 
Pi,  Pa  and  Pq,  Pg.  We  have  thus  the  geometrical  theorem  that  the  line 
MP^  and  the  two  other  lines  LPi,  ^Pg,  obtained  similarly,  are  concurrent 
in  a  point  on  the  conic. 

In  the  figure  the  point  Q'  is  obtained  in  the  three  possible  ways,  the 
same  position  being  found  each  time.  It  is  therefore  to  be  noticed  that 
the  actual  process  of  finding  Q'  is  very  much  simpler  than  appears  from 
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the  complicated  figure.  It  will  be  seen  th&t  tor  practical  convenience  it  is 
desirable  to  select  for  the  constniction  that  pair  of  the  points  Pi,  P^,  Pf 
vhicb  are  both  on  the  same  aide  of  the  line  QIQ. 


6.  This  geometrical  theorem  can  be  extended  indefinitely.  For  the 
point  9,  is  given  b;  ^^yx+^iyy,  aiid  therefore  the  triad  91,  q^,  q^  is 
given  by  a  cubic  which  is 

The  polar  1-point  of  Q  with  respect  to  this  triad  is  given  by  0.0^,  and  is 
therefore  the  point  Q'. 

Hence  in  the  figure  we  should  arrive  at  the  same  point  Q'  if,  instead 
of  the  triad  P„  i*,,  Pg,  we  took  the  triad  9,,  9^  q^ ;  and  therefore  also  if 
we  took  the  triad  obtained  from  9,,  q^,  9,  in  the  same  way  as  the  triad 
9i>  ?••  9t  is  obtained  from  P,,  Pj,  Pg ;  and  bo  on. 
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6.  If  Qi,  Q^  are  the  polar  2-points  of  Q  for  the  triad  Pj,  Pj,  Pj,  we 
know  that  Qi,  Q^  are  harmonically  conjugate  to  Q,  Q' ;  and  they  are  so 
also  with  respect  to  the  H-points. 

Therefore  the  line  T/,  where  T  is  the  pole  of  QQ',  will  meet  the  conic 
in  Qi  and  Q^  ;  and  these  points  can  therefore  be  constructed. 

The  pole  K  of  the  line  Qi  Q2  is  the  intersection  of  the  line  QQ'  with 
the  Hessian  line  ;  and,  if  any  line  whatever  be  drawn  through  K,  meeting 
the  conic  in  B  and   S,  then  the  triad   Q,  B,  S  is  apolar  to  the  triad 

Pi>  Pa*  Pa* 

If  the  points  Q,  B  are  given,  and  S  is  to  be  found,  we  therefore  find 

K  as  above,  and  join  KB :  it  will  meet  the  conic  in  S.     Another  way  of 

proceeding,  which  is  really  equivalent  to  the  last,  is  this :    Join  QB,  and 

produce  to  meet  the  Hessian  line  in  K',     The  polar  of  K'  will  meet  the 

conic  in  the  polar  2-points  of  S.     It  will  be  seen  in  §  7  that  from  this  we 

are  able  to  find  S. 

The  solution  of  the  problem  is  therefore  complete. 

This  method  of  constructing  Q',  and  then  Qi  and  Qg,  is,  however, 
somewhat  artificial.  I  proceed  to  give  two  alternative  methods  of  finding 
the  points  Qi,  Q2,  both  of  which  are  direct  and  do  not  depend  on  Q'  being 
first  obtained.  TJae  one  is  of  interest  chiefiy  on  account  of  the  simplicity 
of  the  result ;  the  other  because  it  can  be  extended  to  the  general  problem 
of  two  n-ics. 

7.  The  first  of  these  admits  of  very  easy  proof ;  it  will  therefore 
suffice  to  state  the  result,  which  is  as  follows : 

The  line  joining  Qj,  Q^,  the  polar  ^-points  of  Qy  is  the  polar  line  of  Q 
with  respect  to  the  triangle  P^PaPs. 

By  means  of  this  result  we  can  find  the  point  whose  polar  2-point8 
are  given  (see  §  6). 

[We  have  seen  that  the  line  QiQ^  always  passes  through  I  for  all 
positions  of  Q ;  that  is,  for  all  points  on  the  fundamental  conic  the 
polar  line  with  respect  to  the  triangle  P^PaPs  passes  through  J.  Hence 
the  fundamental  conic  is  the  polar  conic  of  I  with  respect  to  the  triangle.] 

When  the  points  Qi,  Q^  have  been  constructed  in  this  way,  Q\  the 
polar  1 -point  of  Q,  may  be  obtained  by  a  much  simpler  process  than 
that  explained  above,  by  finding  the  harmonic  conjugate  of  Q  with 
respect  to  Qi,  Q^^ 

The  problem  of  two  apolar  triads  is  then  completed  as  before ;  and 
the  result  obtained  may  be  thus  stated  : 

If  the  triads  Pi,  Pq,  P^  and  Q,  B,  S  are  apolar,  then  the  polar  triangle 
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of  QBS  v>ith  respect  to  the  conic  is  iiiscribed  in  tlie  polar  triangle  of 
QBS  with  respect  to  the  triangle  PiPqPj. 

8.  To  obtain  the  third  construction  for  Qi,  Q^  referred  to  above,  we 
notice  that  af  a^  can  be  written  in  the  form 

and  therefore  ala^  is  apolar  to  the  pair  of  points  which  is  apolar  both 
to  fixn  Yx  and  to  Ox,  fiyyr+fixyy  That  is,  if  qi  is  the  haiTQonic  conjugate 
of  Q  with  respect  to  Pj,  P^  and  Pjji  meets  P^Pq  in  L',  then  the  line  Q1Q2 
passes  through  L\ 

Hence,  if  we  construct  similarly  the  points  Af'  and  N'y  these  points 
L\  M\  N'  must  be  collinear,  the  line  of  collinearity  being  the  line  QiQ^ 
and  so  passing  through  J. 

• 

9.  We  have  seen  that  if  the  points  Q,  22,  S  form  a  triad  apolar  to 
Pj,  P3,  Pg,  then  R  and  S  may  be  taken  as  the  intersections  of  the  conic 
with  any  line  drawn  through  the  pole  of  QiQ^-  If*  therefore,  the  line 
chosen  does  not  (geometrically)  meet  the  conic  at  all,  so  that  the  points 
B  and  S  are  imaginary,  the  triad  Q,  B,  S  is  still  apolar  to  Pi,  Pj,  Pg. 

Also,  if  Q,  B,  given  points  (while  S  is  to  be  found),  are  imaginary 
points  lying  on  a  line  which  does  not  meet  the  conic,  we  can  still  con- 
struct S  by  the  second  method  given  in  §  6. 

But,  if  in  the  original  triad  Pi,  Pj,  Pg  two  points,  say  Pj  and  Pg,  are 
imaginary,  the  constructions  which  have  been  given  above  are  no  longer 
immediately  possible. 

If  -ff  be  the  point  of  intersection  of  Pi -4  and  P^Ps  in  Fig.  1, 
the  range  Pi,  J,  jBC,  A  is  harmonic.  Prom  this  we  can,  in  the  present 
case,  construct  /  and  afterwards  the  H-points,  which  are  now  real.  Also 
5i  and  L',  but  not  q^,  ?8,  M\  N\  can  be  obtained  ;  and  then  the  line  UI 
will  meet  the  conic  in  Qi  and  Q^,  which  may  be  either  real  or  imaginary. 

Or  it  is  still  possible  to  use  the  method  of  §  4 ;  f or  L  can  be  obtained, 
but  not  M  and  N,  and  then  the  line  PiL  gives  the  point  Q\ 

10.  If  Pi,  Pa,  Pg  and  Q,  B,  S  be  two  apolar  triads,  and  BI,  SI  meet 
the  conic  again  in  B  and  S  respectively,  it  is  known  that  the  line  BS 
meets  BS  on  the  polar  of  I ;    therefore  Q,  B,  S  is  also  an  apolar  triad 

to  Pi,  1 2,  Pg. 

There  are  thus  three  triads  associated  with  Q,  B,  S,  each  of  which  is 
apolar  to  Pj,  Pa,  Pg ;   they  are  Q,  B,  S ;  Q,  B,  S  ;  and  Q,  B,  S. 

And  the  members  of  the  doubly-infinite  system  of  triads  apolar  to 
Pi,  Pa,  Pg  are  associated  in  sets  of  four,  those  in  one  such  set  being 
derivable  from  any  one  of  the  four. 
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11.  Before  passing  on  to  consider  the  geometry  of  the  qnartic,  I  add 
a  short  note  on  the  covariant  points  of  two  different  cubice  af,  bl  given 
by  {abfaxbx.  When  the  cubics  coincide  these  points  become,  of  coarse, 
the  H-points ;  and  when  the  cubics  are  apolar  it  will  be  seen  that  they 
are  the  double  points  of  a  certain  involution. 

Let  Fi,  F2  be  the  points  to  be  interpreted  ;  then,  since 

{(abfaxbx,  a7)  =  J((aa')'axa;,  bl), 

we  have  that  the  point  which  with  Fi,  F^  makes  a  triad  apolar  to  a^  is 
also  the  point  which  with  the  H-points  of  a^  makes  a  triad  apolar 
to  bl 

Hence  the  following  construction : — Find  the  point  which  with  the 
H-points  of  al  makes  an  apolar  triad  to  bl.  Construct  its  polar  2-point8 
for  al  and  find  Ai,  the  pole  of  the  line  joining  them.  Similarly  find  B^. 
Then  AiBi  meets  the  conic  in  the  required  points  Fj,  F^. 

Let  us  now  take  any  point  on  the  conic  and  find  its  polar  2-poiQt8 
with  respect  to  the  cubic  al ;  then  find  the  point  which  with  these  two 
points  makes  an  apolar  triad  to  bl.  This  last  point  will  be  given  b; 
(ab)^aybx. 

Taking  the  triads  in  the  reverse  order,  we  get  the  point  {aJ>fasby 
We  have  thus  defined  a  (1,  1)  correspondence  of  points  on  the  conic  of 
which  the  united  points  are  F^  F^. 

^"^  {ab)^ay  K-  {abfa^  6y  =  -  {abf{xy\ 

and  therefore  when  the  triads  are  apolar  the  correspondence  becomes  an 
involution  with  -Fi,  F^  as  its  double  points.* 

Another  property  of  F^  and  F^  is  that  the  two  lines  joining  the  polar 
2-points  of  either  of  them  with  respect  to  the  two  triads  are  con j agate. 

The  problem  of  finding  a  triad  apolar  to  two  given  triads  occurs 
above,  and  the  method  is  obvious.  That  of  finding  the  unique  triad 
apolar  to  three  given  triads  arises  naturally  in  considering  the  case  of 
the  quartic.     Its  discussion  is  postponed  to  §  18.  f 

*  Apolar  forms  of  diiferent  orders  are  connected  bj  a  property  somewhat  similar  to  this. 
Let  there  be  any  two  fi-ics  of  points.  Then  a  (1,  1)  correspondence  is  defined  by  ■^«^'"g  to  each 
a  single  point  in  order  to  get  two  apolar  (n-i-  l)-ics.  If  the  ii-ics  are  themaelTes  apolar,  this 
correspondence  becomes  an  involution.  When  n  is  3  this  involation  is  the  same  an  that  above, 
having  Fi,  F^  for  double  points ;  but  the  correspondence  (when  the  cubics  are  not  apolar)  is  not 
the  same  as  the  above  correspondence. 

t  Another  method  of  interpreting  binary  cubics  g^metrically  is  by  means  of  points  on  a 
rational  twisted  cubic  curve  (see  Algeh-a  of  Invariants,  }  194).  If  the  curve  is  given  by  {  ■>  ^ 
71  *=  bl,  (  —  r',  tv  =  diy  then  every  binary  cubic  form  defines  three  points  of  the  curve,  and  there- 
fore  corresponds  uniquely  to  a  plane.  If  two  cubic  forms  are  apolar,  the  point  of  intersectioii  of 
the  osculating  planes  of  the  three  points  lying  in  one  of  the  corresponding  apolar  planes  is  itself 
in  the  other. 
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12.  The  Qtuirtic. — Let  Pi,  Pj,  Pg,  P4  represent  the  form 

and  let  Q  be  any  other  point  {xy). 

Then  the  polar  1 -point  of  Q  for  the  four  points  may  be  thus  obtained : 

Find  ji,  the  harmonic  conjugate  of  Q  for  any  two  of  the  points,  say 
Pi  and  Pa ;  and  find  g^,  the  harmonic  conjugate  of  Q  for  the  other  two, 
Pg  and  P4. 

Then  find  Q\  the  harmonic  conjugate  of  Q  for  q^  and  q^ ;  it  will  be 
the  point  required,  and  is  therefore  the  same  in  whatever  way  we  divide 
the  quartic  into  pairs  of  points. 

To  construct  the  polar  2-points  of  Q,  choose  any  three  of  the  four 
points,  say  Pj,  Pg,  P4 ;  and  let  g'  be  the  polar  1 -point  and  q\,  q^  the 
polar  2-points  of  Q  for  this  triad. 

Let  gi  j'2  *°d  S'-Pi  nieet  in  Q\, 

By  selecting  other  sets  of  three  points,  we  obtain  similarly  the  points 

V2»  Qzi  Qv 

Then   these   points    Q[,  Q'^y   ©3,  Q\  are  coUinear,  and  their  line  of 

collinearity  meets  the  conic  in  the  required  points  Qi,  Q^. 

For  Qi  and  Q^  are  given  by  ajaj,  which  can  be  written 

and  in  this  expression  the  coefficient  of  Ox  is  the  form  giving  q\  and  the 
coefficient  of  Oy  is  the  form  giving  q[  and  q^. 

Therefore  Qi  and  Q2  are  apolar  to  the  pair  of  points  which  is  apolar 
both  to  g',  Pi  and  to  gi,  q'o.  Hence  the  line  Qi  Q2  passes  through  Qi ; 
similarly,  it  passes  through  Q'^,  Q'^,  and  Q\. 

The  polar  2-points  of  Q  having  been  obtained  in  this  way,  the  polar 
1 -point,  Q\  may  be  constructed  by  finding  the  harmonic  conjugate  of 
Q  with  respect  to  Qi  and  Qg. 

The  polar  3-points  of  Q  are  given  by 

{ayfix+ax^y)yxS,+ax^x(yySx+yxSy), 

and  therefore  the  triad  which  they  form  is  apolar  to  any  triad  which  is 
itself  apolar  both  to  Pg,  P4,  g^  and  to  Pi,  P2,  ffa-  Such  a  triad  can  easily 
be  constructed. 

By  dividing  the  quartic  into  pairs  of  points  in  different  ways,  we  can 
obtain  five  other  triads  apolar  to  the  triad  required.  Any  three  of  these 
six  triads  are  sufficient  to  define  the  polar  S-points  of  Q  ;  and  the  problem 
is  therefore  reduced  to  that  of  finding  the  unique  triad  apolar  to  three 
given  triads,  referred  to  at  the  end  of  §  11. 
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13.  I  have  been  unable  to  obtain  a  solution  by  means  of  a  linear 
construction  ;  the  following  is  the  simplest  solution  which  I  have  been 
able  to  find. 

If  the  points  X,  Y,  Z  form  the  triad  apolar  to  three  given  ones,  then 
y,  Z  are  harmonically  conjugate  with  the  polar  2-points  of  X  for  each  of 
the  three  triads. 

Therefore  the  three  lines  joining  these  three  pairs  of  polar 
2-points  of  X  must  be  concurrent,  and  the  poles  of  these  lines  must  be 
coUinear. 

Now,  as  a  point  P  on  the  conic  moves,  the  pole  of  the  line  joining  its 
polar  2-points  for  the  first  triad  moves  along  the  Hessian  line  of  that 
triad.  And  thus  the  three  poles  referred  to  above  move  along  three 
straight  lines,  viz.,  the  Hessian  lines  of  the  three  triads. 

The  position  of  any  one  of  these  three  poles  determines  P  and  the 
other  two  poles  uniquely. 

We  have  thus  a  (1,  1,  1)  correspondence  of  points  on  three  straight 
lines,  and  we  require  the  three  sets  of  corresponding  points  which  are 
collinear. 

Let  the  three  Hessian  lines  be  called  A,  B,  C. 

Then  the  lines  joining  corresponding  points  on  A  and  B  envelop  a 
conic  which  touches  A  and  B.  And  the  lines  joining  corresponding 
points  on  B  and  C  envelop  a  conic  which  touches  B  and  C. 

These  two  conies  have  four  common  tangents,  real  or  imaginary. 
One  of  these  is  the  real  line  B ;  the  other  three  are  the  straight  lines 
required. 

Now,  by  taking  different  positions  of  P  on  the  conic,  we  may  linearly 
construct  as  many  sets  of  corresponding  points  on  A,  B,  and  C  as  we 
desire. 

Thus  we  can  construct  as  many  tangents  to  the  above  two  conies  as 
we  please. 

Hence  the  lines  required  are  the  three  unknown  common  tangents  to 
two  conies,  each  of  which  touches  a  given  straight  line  and  is  defined  by 
its  tangents. 

If  we  obtain  a  conic  similarly  from  the  correspondence  on  A  and  C, 
it  will  also  be  touched  by  the  three  straight  lines  just  found.  Its  fourth 
common  tangent  with  the  first  of  the  above  conies  will  be  A  ;  that  with 
the  second  will  be  B. 

These  three  straight  lines  are  actually  the  lines  joining  two 
at  a  time  the  points  X,  Y,  Z.  They  therefore  meet  in  pairs  on  the 
fundamental  conic,  and  form  the  triangle  defined  by  the  required  apolar 
triad. 
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14.  Hence  we  can  obtain  (though  not  by  a  line  construction)  the  polar 
S-points  of  a  point  Q  with  respect  to  a  quartic  Pi,  Pq,  Pg,  P4. 

The  solution  of  the  problem  :  Given  a  quartic  and  a  triad  of  points, 
to  construct  the  single  point  which  with  the  triad  forms  an  apolar 
quartic,  can  now  be  stated  thus  : 

Find  the  polar  3-points  of  one  of  the  given  triad  of  points  for  the 
quartic. 

Find  the  polar  2-points  of  another  point  of  the  triad  for  these  three 
points. 

Find  the  polar  1 -point  of  the  third  point  of  the  triad  for  these  two 
points.  This  will  be  the  point  required,  whatever  be  the  order  in  which 
the  points  of  the  given  triad  are  taken. 

In  order  to  give  a  complete  linear  solution,  I  go  on  to  shew  that  the 
second  of  the  above  three  steps  can  be  linearly  performed  without  actually 
constructing  the  polar  S-points  at  all. 

Let  Q  be  the  point  {zy)  and  B  the  point  (xz). 

The  polar  8-points  of  Q  are  given  by 

and  therefore,  as  has  been  seen  already,  the  polar  3-points  of  Q  form  a 
triad  apolar  to  every  triad  which  is  itself  apolar  both  to  Pg,  P4,  91  and  to 
Pi,  P2,  ga-  The  two  points  which  with  B  form  such  a  triad  are  those  on 
the  line  joining  the  poles  of  the  polar  lines  of  B  with  respect  to  the  two 
triangles  P3  P^  gi,  Pi  Pj  q^. 

Thus,  by  the  six  methods  of  dividing  the  quartic  into  pairs  of  points 
[and  also  from  the  four  similar  cases  obtained  by  writinjg  the  polar 
8-points  of  Q  in  the  form 

ay^xyr^x  +  a,(^yyx<J«+^«yy^x  +  ^xyx<Jy)], 

we  get  six  [and  four]  pairs  of  points  which  with  B  form  apolar  triads  to 
the  polar  8-points  of  Q. 

The  lines  joining  these  different  pairs  of  points  must  all  be  concurrent 
in  the  pole  of  the  line  which  joins  the  polar  2-points  of  B  for  the  triad 
consisting  of  the  polar  3-points  of  Q. 

These  polar  2-points  are  given  by 

ax)8x(yy^r+ya^y)+five  similar  terms, 

or  alaya,;  and  thus  these  points  (which  I  shall  call  the  mixed  polar 
2-point8  of  y  and  z)  can  be  linearly  constructed  (since  the  pole  of  the  line 
joining  them  can  be  found)  without  first  constructing  the  polar  8-points 

of  g. 


35  2  Mr.  C.  F.  Russell  [April  86, 

This  completes  the  linear  solution  of  the  problem  for  the  case  of  the 
quartic. 

Although  we  cannot  construct  linearly  the  polar  S-points  of  Q,  we  can 
at  least  construct  the  H-points  of  the  triad  which  they  form.  For  taking 
two  positions,  E^  and  B^,  of  the  point  B,  the  lines  obtained  from  them  as 
above  will  intersect  in  the  pole  of  the  required  Hessian  line. 

15.  General  n-ic  form. — Let  the  form  considered  be  Ogta^"^. 

The  polar  1 -point  and  2-points  of  any  point  y  with  respect  to  a*~^  are 
given  by  a^ay'^  and  ajaj"^. 

Then  it  is  easy  to  prove  that  the  intersection  of  the  line  joining  the 
point  Uxay'^  to  the  point  a,  with  the  line  joining  the  points  ala^"*  lies 
on  the  line  joining  the  polar  2-points  of  the  point  y  for  the  n-ic. 

If  therefore  we  are  able  to  construct  linearly  the  polar  1 -point  and 
2-points  of  y  for  an  (;i— l)-ic,  we  can  obtain  n  different  points  all  lying  on 
the  line  joining  the  polar  2-points  of  y  for  any  n-ic. 

The  polar  1 -point  of  y  for  the  n-ic  is  then  obtained  by  constructing 
the  harmonic  conjugate  of  y  with  respect  to  the  polar  2-points  already 
found. 

And  it  is  then  possible  to  proceed  to  the  (n+l)-ic. 

Hence  starting  from  the  cubic  and  quartic,  we  can  construct  the  polar 
1-point  and  2-points  of  a  point  y  for  any  binary  form  by  this  means. 

16.  There  remains  to  be  considered  the  problem  :  Given  n  points  on 
the  conic,  and  n— 1  other  points,  to  find  the  point  required  to  make  two 
apolar  n-ics. 

Here,  as  in  the  last  paragraph,  the  method  is  that  of  proceeding  from 
the  case  of  a  form  of  lower  degree  to  that  of  one  of  degree  higher  by 
unity. 

The  solutions  for  the  cubic  and  the  quartic  have  been  given :  it  will 
therefore  be  a  sufficient  explanation  of  the  method  for  the  general  form  if 
the  case  of  the  quintic  is  considered. 

Let  the  quintic  be  axfixyxSxCx,  and  let  the  four  other  given  points  be 
Q,  B,  Sy  and  T,  Q  being  the  point  y. 

The  polar  4-point8  of  Q  for  the  quintic  are  given  by 

This  form  is  here  written  as  the  sum  of  two  parts,  and  each  part 
separately  gives  a  quartic  of  points  which  can  be  easily  constructed. 

Now,  by  the  known  case  of  n  =  4,  we  can  construct  linearly  the  lines 
joining  the  mixed  polar  2-point8  of  B  and  S  for  each  of  these  quartics. 
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Bat  it  is  obvious  that  the  line  joining  the  mixed  polar  2-point8  of 
Q,  B,  and  S  for  the  quintic  passes  through  the  point  of  intersection 
of  these  lines. 

And,  by  dividing  the  expression  (2)  in  different  ways,  we  can  construct 
many  other  points,  all  lying  on  the  line  joining  the  mixed  polar  2-points 
of  Q,  B,  and  S. 

The  line  itself  can  therefore  be  constructed,  and  the  mixed  polar 
2-points  of  Q,  B,  and  S  obtained.  Then  the  harmonic  conjugate  of  T 
with  respect  to  these  two  points  is  the  point  required. 

The  most  convenient  way  of  dividing  the  expression  (2),  which  gives 
the  polar  (n— l)-points  of  Q,  is  into  3  terms  and  n— 8  terms.  The 
first  part  then  gives  an  (n— l)-ic  of  points  which  can  be  constructed. 
The  second  part  gives  an  (ri— l)-ic  of  points  which  cannot  themselves  be 
constructed  if  n  is  >  6,  but  the  mixed  polar  2-points  of  22,  S,  ...  for 
them  can  be  obtained  by  means  of  a  process  similar  to  that  just  used, 
viz.,  this  second  part  must  be  sub-divided  into  8  terms  and  n— 6 
terms,  in  two  or  more  different  ways,  and  the  same  applies  to  the  sub- 
part of  n— 6  terms,  and  so  on.  Also  at  each  point  the  results  obtained 
for  the  previously  considered  case  of  the  (n— l)-ic  form  are  assumed. 

The  process  is  thus  exceedingly  complicated,  and  is,  as  might  have 
been  expected,  of  little  practical  use  for  forms  of  degree  higher  than 
the  sixth  or  seventh.     It  is,  nevertheless,  theoretically  complete. 

It  is  scarcely  necessary  to  point  out  that,  since  the  forms  (2),  &c., 
may  be  divided  into  parts  and  sub-parts  in  different  ways,  this  theory 
leads  to  an  immense  number  of  geometrical  propositions  concerning  th& 
collinearity  of  points  and  the  concurrence  of  lines. 


2.    TOL.  4.    NO.  934.  2   A 


S54  Dr.  E.  J.  BouTH  [May  10, 


ON  THE  MOTION  OF  A  SWARM  OF  PARTICLES  WHOSE 
CENTRE  OF  GRAVITY  DESCRIBES  AN  ELLIPTIC  ORBIT  OF 
SMALL  ECCENTRICITY  ROUND  THE  SUN 

J5y  E.  J.  Route. 

[Reoeived  May  3rd,  1906.— Read  May  10th,  1906.] 

The  problem  of  the  disintegration  of  comets  has  been  studied  by 
Schiaparelli,  Bessel,  Charlier,  and  Luc  Picart.  A  short  account  of  the 
work  done  by  each  has  been  given  by  Tisserand  in  chap.  xvL  of  the 
fourth  volume  of  his  Traite  de  Mecaniqice  celeste,  1896.  The  comet  is 
regarded  as  a  homogeneous  spherical  swarm  of  loose  particles  whose 
centre  of  gravity  is  describing  a  circle  about  the  Sun  Yfith  a  constant 
angular  velocity  n. 

The  case  in  which  the  centre  of  gravity  of  the  swarm  describes  an 
ellipse  of  small  eccentricity  has  also  been  noticed  briefly  by  Tisserand 
in  Art.  128  of  the  volume  already  quoted.  He  refers  the  motion  to 
moving  axes  ^,  17  which  turn  round  the  Sun,  so  that  the  axis  of  ^ 
passes  through  the  centre  of  the  swarm,  while  the  axis  of  >;  is  measured 
at  right  angles  to  i  in  the  plane  of  motion.  He  arrives  at  the  result 
that  the  swarm  is  stable  if  ^  >  Sn^+He^  where  fi  is  the  constant  of 
attraction  of  the  sphere  of  particles  at  any  internal  point.  He  remarks 
that :  **  II  faudrait  obtenir  la  valeur  de  H ;  mais  ce  calcul,  que  j'avais 
entrepris,  est  assez  compliqu6." 

The  chief  object  of  this  paper  is  to  examine  in  greater  detail  the  case 
in  which  the  centre  of  gravity  describes  an  ellipse  of  small  eccentricity. 
The  axes  chosen  are  nearly  the  same  as  those  of  Tisserand,  and  the  equa- 
tions of  motion  (though  obtained  in  a  different  way)  agree  with  his,  after 
the  correction  of  a  misprint.  The  process  of  solution  would  indeed  have 
been  extremely  complicated  if  it  had  not  happened  that  the  equation  to 
determine  the  periods  took  the  Lagrangian  determinantal  form,  and  thus 
became  more  manageable.  The  consequence  is  that  the  conditions  of 
stability,  though  still  complicated,  are  very  much  simplified,  and  can  be 
completely  exhibited. 

The  problem  has  subsequently  been  discussed  by  M.  0.  Callandreau 
in  the  course  of  a  valuable  paper  published  in  the  Annales  de  VObservatoire 
de  Paris,  Vol.  xxiii.,  1902.     He  arrives  at  a  result  different  from  that 
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mentioned  above.  The  coordinates  of  any  particle  are  found  to  contain 
periodic  terms  whose  coefficients  are  multiples  of  ^t.  These  results 
cannot  represent  in  this  form  the  motion  when  (^t  becomes  large. 

Another  object  of  this  paper  is  to  consider  the  internal  motion  when 
the  swarm  of  particles  has  unequal  thicknesses  in  different  directions. 
To  effect  this  we  have  supposed  the  boundary  to  be  an  ellipsoid  whose 
axes  are  not  necessarily  nearly  equal.  It  is  found  that  there  are  cases  of 
motion  in  which  the  conditions  for  uniform  density  and  for  stability  of 
form  are  sensibly  satisfied,  and  in  which  there  are  few,  if  any,  collisions 
between  the  particles. 

In  the  most  general  case  in  which  the  initial  motion  is  imrestricted 
these  two  conditions  are  not  satisfied.  At  the  same  time  the  collisions 
between  the  particles  become  more  numerous  and  important.  As  the 
algebra  also  becomes  rather  complex,  it  has  been  considered  sufficient  to 
eompare  the  changes  in  length  of  the  two  diameters  in  the  directions 
of  i  and  fi. 

There  is  a  short  discussion  on  some  of  the  subjects  of  this  paper  in 
the  author's  treatise  on  Dynamics  of  a  Particle,  1898  ;  see  Art.  414  and  the 
note  on  p.  406.  These  portions  are  more  fully  developed  here,  and  many 
additions  have  been  made. 

1.  We  suppose  the  Sim,  ^,  to  be  fixed  in  space.  Let  B  be  the  centre 
of  the  swarm,  C  any  particle.  Let  r,  0  be  the  polar  coordinates  of  B 
referred  to  A^  and  ^,  n  the  coordinates  of  G  referred  to  B  as  origin,  the 
axis  of  i  being  the  prolongation  of  AB,  and  i;  being  taken  positively  in 
the  direction  of  motion  of  B,  Let  M  be  the  mass  of  the  Sun,  m  that  of 
the  swarm,  p  its  density.  Let  the  form  of  the  swarm  be  an  ellipsoid 
whose  principal  diameters  are  directed  along  the  axes  of  ^,  17,  ^.  The 
component  attractions  of  the  swarm  at  any  internal  point  C  are  then 
Ml  ^9  M2'7>  Ms^  where  /i^,  /i2>  Ms  ^^  known  functions  of  the  ratios  of  the 
bounding  ellipsoid,  and  their  sum  is  4-^^. 

2.  Taking  the  ordinary  equations  of  motion  for  moving  axes,  we  have 
for  the  particle  C 

d^{r+e)     (^,^.  (dey      1    d/,de\__  M{r+0         . 


cPti        /dff\^,      1      d{,,^dd\  Mf, 


de  ~    ucf  '*'^ 

2  A  2 


(1) 
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where  {AC)*  =  (r+^'+l^+^, 

and  ultimately,  when  the  squares  of  i,  n,  f  are  rejected,  AC=  r-\-$.  These 
equations  also  apply  to  the  point  B,  where  i=0,  ti  =  0.  Hence  when 
we  expand  in  powers  of  in^  the  terms  independent  of  ^^  cancel  oat. 
We  thus  have 

cPi   „dt,  de     cpe    .(dJd\*_cMi      ^ 


1?'^   dt  dt'^^de 


/d0\*  Jlffl 


y- 


m 


8.  If  the  centre  of  gravity  of  the  swarm  describe  a  circle  aboat  the 
Sun,  we  write  r  ^=  a,  dO/dt  =  n.    The  equations  then  become,  since 

M 


a 


8 


=  n\ 


g+24f+       ^,       =0 


(8) 


We  now  put 
^  =  4  cos  ipt+e),         1}  =  JB  sin  (pt+e),         f  =  C  sin  (g<+e^, 

and  we  then  find 

A  _  p^—fJi^  _         —2np 
B  ■"  — 2np  ""^2— 0^1— 3n^ 


(4) 


In  order  that  the  particles  of  the  swarm  should  keep  together,  it  is 
necessary  that  the  roots  of  this  quadratic  should  be  real  and  positive. 
Since  /ii  and  /i^  are  positive  by  definition,  it  is  sufficient  that  fi^  >  8n'. 
The  two  positive  quantities  ix^—^n^  and  ^tg  clearly  separate  the  roots. 

The  paths  of  the  particles  when  the  system  is  describing  either  of  the 
two  principal  modes  of  motion  are  similar  ellipses.  With  the  smaller 
value  of  p^  the  ratio  AjB  is  positive  and  th^  direction  of  rotatimi  is  the 
same  as  that  of  the  swarm  round  the  Sun.     With  the  greater  value  of  ^r 
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the  ratio  A/B   is  negative  and  the  rotation  is  opposite  to  that  of  the 
swarm. 

4.  If  the  semi-axes  a,  6,  c  of  the  ellipsoid  are  in  descending  order,  the 
quantities  /ij,  ia^,  /is  ^^^  ^^  ascending  order  (author's  Statics^  Vol.  ii., 
Art.  216).  Hence,  if  that  axis  of  the  ellipsoid  which  is  directed  along  the 
axis  of  i  is  the  least  of  the  three,  /a^  is  greater  than  either  /a2  or  /xg,  and, 
since  their  sum  is  47rpi,  we  see  that  fni  >  AirpilSy  that  is,  /ij  is  greater  for 
an  ellipsoid  so  placed  than  for  a  sphere  made  of  the  same  materials.  The 
stability  is  therefore  greater  for  such  an  ellipsoid  than  for  a  sphere.  In 
the  same  way,  if  the  greatest  axis  is  placed  along  the  axis  of  ^,  the  stability 
is  less  than  for  the  sphere. 


5.  When  the  centre  of  the  swarm  describes  an  ellipse  we  write  in 
equations  (2) 


0  =  nt'\'2e  sin  nt+^e^  sin  2nt,        3"  ~       ^ 


dt 


(—\   =l+Secosnt+^^+^e^cos 


2nt 


(5) 


We  thus  obtain 


dt 


=  X 


=  Y 


V 


(6) 


W^  =  z 


where        a^  =  /ij— n^(3+66^,      ^  =  /ia~i^^^»      ?*  =  M8+'*^ 

dn 
X  =  (46  cos  nt+be?  cos  2n^)  n  -r? 

at 


Y  =  - 


Z  =  - 


—  {2e  sin  7i^+5e^  sin  ^nt)  n^J7+  (lOe  cos  n^+16c^  cos  2n^)  n^^, 

(46  cos  nt+5€^  cos  2n^)  w  ^ 

+(2e  sin  nt+5e^  sin  2w0  n^^+  (e  cos  w^+f^^  cos  2n0  ^V 
n*(3«  cos  n^+f  e^+f  ^  cos  2n^). 


As  a  first  approximation  we  reject  the  terms  X,  Y,  Z,  since  they  con- 
tain powers  of  e,  and  thus  fall  back  on  the  solution  already  obtained  in 
Art.  8. 


the  form         ^  _.  ^  eospt+Ge  cos  ip+n)  t+G'e  cos  (p-n)  t  , 
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6.  To  find  a  second  approximation  we  substitute 

$^  A  co8(p^+e),        fi  =  B sin(p^+€)  (7) 

in  the  expressions  X  and  7.     These  then  take  the  form 

X=2£cos|(p  +  n)^+e[,         Y=2JB'sin{(i?±n)^+€}  (8) 

where  E^  E'  are  constants  and  p  is  either  root  of  the  quadratic  (4).  After 
substituting  in  the  differential  equations  (6),  we  arrive  at  a  solution  of 

jy  =  B  sin  pt+He  sin  (p+Ji)  t+H'e  sin  (p—n)  1 1 

where  the  constant  e  has  been  omitted  for  brevity  aijd  A,  B,  G,  H^  G',  H' 
are  constants.  There  will  be  also  corresponding  terms  depending  on  the 
other  root  of  the  quadratic  (4). 

To  arrive  at  a  third  approximation  we  substitute  the  values  (9)  of 
^,  fi  in  the  expressions  X,  Y  and  search  for  terms  which  will  rise  into 
importance  in  the  process  of  solution.     Now  we  observe  that  the  junction 

of  any  term  of  ^,  fj  of  the  form     .    (p±n)t  with  a  term    .    (nt)  in  the 
•^  **   '  sm  -^  sm 

expressions  for  X,  Y  will  produce  terms  of  the  form  cos^^  or  einpL 
These,  when  the  equations  (6)  are  solved,  will  lead  to  terms  in  ^,  fj  of 
the  form  teospt  and  ^sinj?^.  They  will  also  contain  the  small  factor 
e^.  We  must  therefore,  in  our  third  approximation,  add  to  the  terms 
given  in  (9)  such  terms  as  K^t  cospt  and  K'e^t  sin  j)f. 

The  terms  which  contain  the  factor  e^t  finally  become  large.  This 
does  not  necessarily  prove  that  the  swarm  must  break  up.  It  may  merely 
show  that  the  divergence  of  tJie  actual  motio7i  from  that  represented  by 
(7)  or  (9)  becomes  large.  It  may  be  possible  to  modify  the  approxim- 
ations (7)  or  (9)  by  including  in  them  these  large  terms  and  thus  make 
the  new  terms  introduced  at  the  higher  approximations  wholly  periodic. 
We  shall  therefore  start  with  the  equations  (9)  as  our  first  approximation, 
where  p  is  now  supposed  to  be  so  far  arbitrary  that  we  may  include  in 
the  terms  A  cospt,  B  %mpt  all  other  terms  of  the  same  form  which 
make  their  appearance  in  the  third  approximation. 

7.  The  equations  of  motion  (6)  are  satisfied  when  powers  of  e  above 
the  square  are  neglected  by  writing 

i  =^  A  COB pt+Ge  Gosip+n)t+G'e  cos{p—n)t 

+ Je^  C08(p+ 2n)  t+J'e^  G0Q(p—2n)t 

fj  =  B  Binpt+HeQin(p+n)t+ire6in(p—n)t       '* 

+K^sin{p+2n)t+K'e^sm{p'-2n)t} 
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To  find  the  coefficients,  we  substitute  these  values  of  ^,  17  in  the  differ- 
ential equations  (6)  and  equate  the  coefficients  of  like  terms  on  each 
side.     Those  depending  on  (p+n)t  give 

-2n{p+7i)G+\-{p+n)^+l3'}H  =  {^np+n'^A+in^By 

Those  depending  on  {p—n)t  give 

{-{p-nf+a^\G'-2n{p-n)H'  =  5n^A+{2np'-n^B] 

(12) 


I'Br 


(13) 


-2n(p-n)G'+{-(i)-n)^+^}ff'  =  (2np-n^A+in 

Those  depending  on  pt  give 

{'-p^+a^\A-2npB 

=  e'{5n'G+{'^np+)t^H\+e'{5n^G'+&np-n^jEP\ 

"^pA+i-p^'+^lB 

=  ^\{2np+n^G+hi''H}+^{{2np-n^G'+in^H'\) 

Those  depending  on  ip+2n)t  give 

{-(p+27if+a^}J-2n(p+2n)K  =  i\16n^A+5n(p—n)B\    \ 

-2n(i)+2n)/4-|-(i?+2n)2+)8^}iir  =  i{-5n{p-n)A+^rv'B}) 

Those  depending  on  (p—2n)t  give 

{'-{p'-2nf+a^}J'-2n{p-2n)K'  =  i\16n^A  +  5n{p+n)B\   ^ 

-2n(p-2n)J'+{-{p'-2n)^+^}K'  =  i{-5n{p+n)A+^n^B\} 

The  terms  depending  on  (p±2n)^  do  not  give  rise  to  any  terms  of  the 
form  cos  pt  or  sin  pt,  and  are  therefore  unimportant  for  our  present 
purpose. 

We  find  the  values  of  G,  H,  G',  H'  from  (11)  and  (12)  in  terms  of 
A  and  B  and  substitute  in  (IS).  We  thus  arrive  at  two  linear  equations 
from  which  the  ratio  B/A  and  the  values  of  p  may  be  found. 

We  notice  that  the  solution  will  contain  four  arbitrary  constants  for 
each  particle,  viz.,  A,  e,  and  the  two  others  corresponding  to  the  second 
root  of  the  quadratic  (4). 

8.  Let  the  two  linear  equations  just  mentioned  be 
where  L,  M,  N,  P  are  derived  from  (11)  and  L',  M',  N',  P'  from  (12). 
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It  will  be  found,  after  a  short  calculation,  that 

M  =  N,        M'  =  N'.  (17) 

After  some  algebraical  substitutions,  which  it  does  not  seem  necessary 
to  reproduce,  we  find 

JIf  =  -nV+n)(i)+8n)(8p-in)+n«(2p+n)(ia«+6i8^  ;     (18) 

P  =  -n^2)+n)(4/+8n2)^+|tiV-i^^+i^*«^+(2l?+n)*n«i8* 
and,  if  A  is  the  eliminant  of  the  left-hand  side  of  (11), 

A  =  (p+n)\p-n){p+Sn)^(p+nna^+^+a^lS'. 
We  also  find 

L'  =  -^n^p-nHp-Sn)  {(2p+nf+n^\  +n*(2p-70«a*+26n*/8»' 
M'  =  -n«(^-n)(i)-8n)(8i)+j70+n«(2p-n)(Ja^+5i8^  \  ;     (19) 

P'  =  -n^p-n)(V-8n2)»+fn»p+in»)+JnV+(2p-n)«n«i8" 
and,  if  A'  is  the  eliminant  of  the  left-hand  side  of  (12), 

A'  =  (p-n)\p+n)(p-Sn)-(p-n)Ha^+fi^+a^^. 

We  see  by  comparing  these  expressions  that  L',  P',  A'  may  be  derived 
from  L,  P,  A  by  changing  the  sign  of  either  n  or  j> ;  while  AT  may  be 
derived  from  M  by  changing  the  sign  of  either  n  or  p  and  also  changing 
the  sign  of  the  whole  expression. 

It  follows  that  L/A,  L'/A'  take  the  forms 

A       F^(p'^+pF^(pr         A'       Fi(i?^-p>a(2>") 

where  the  highest  power  of  j>  in  any  numerator  or  denominator  is  jp^. 
Thus  L/A+L'/A'  and,  in  the  same  way,  P/A+P'/A'  are  fimctions  which 
contain  only  even  powers  olp,  while  M/A+M'/A'  is  a  fraction  which  con- 
tains only  odd  powers  of  p.     For  the  sake  of  brevity  we  write 

When  written  at  length,  we  have 

2nVJe 


0(^«)  =  5n*+ 


AA' 
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28  =  -2(p»-nV(i)*-9n»)(2p»+n')+  {8p«-29nV+18«y+8n»}a* 
+  i4p«+8nV4-62nV-69n»})8«-  |8?/'+26ny+82n*}a«/3» 
-  {4p*-Sny+n*}a*-\25ny+25n*}^+  { V+n»}a*/3«+25nV)8* 

where  a"  = /ui-»*(8+5e»),    ^  =  ^-^n't^. 

9.  The  equation  to  find  p  is  obtained  by  eliminating  the  ratio  BjA 
from  (16).     Since  M  =  N,  M'  =  N',  this  becomes 

[p'-a-+."(f+|;)][p'-^+.-(f+|;)] 


-K+.(f+^)X  =  o. 


(20) 


We  substitute  for  a',  ^  from  (6)  and  introduce  the  functional  symbols, 
and  this  reduces  to 

where  /jl'  =  /ii— 8n^ 

We  notice  that  thia  equation  is  not  altered  by  changing  the  sign  of 
p,  so  that  the  roots  run  in  pairs  of  equal  quantities,  but  with  opposite 
signs.  In  other  words,  the  equation  when  expanded  will  contain  only 
even  powers  of  p.  The  values  of  i,  n  will  therefore  take  the  form 
l,A{e^±,e^^  where 2?  is  real  or  imaginary. 

10.  When   the   small  quantity  e^  is  zero  the  equation  (21)  takes  the 

^^"^  D  =  (i>'-M')(l>'-Ma)-(2np)'  =  0,  (22) 

which,  of  course,  is  identical  with  (4),  since  /m'  =  ^tj— 3n".  Let  the  roots  of 
(22)  be  pI,  pI,  Since  the  left-hand  side  of  (22)  takes  the  signs  +,—,—,+ 
when  i?^  =  00 ,  )u',  )U2,  —  00  respectively  and  is  equal  to  ^tVa  when  p^  =  0, 
we  see  (1)  that,  if  )u'  and  /i^  are  positive,  both  p^  and  pi  are  positive  and 
one  is  greater  than  both  jul\  /ul^  and  the  other  less ;  (2)  if  either  /a'  or  fjL2 
is  negative,  one  of  the  roots  p^,  pi  is  negative  and  the  other  positive ; 
<8)  if  both  fjL\  fjL^  are  negative,  then  both  p\,  pi  are  negative.  It  follows 
from  this  reasoning,  or  because  D  is  a  Lagrangian  determinant,  that 
pl\  fi2  separate  (that  is,  lie  between)  the  values  of  p^,  pi. 

If  we  apply  the  same  reasoning  to  (21),  we  arrive  at  somewhat  similar 
results.  Since  the  two  values  of  L/A+I/V^'  ^^^  finite  and  equal,  and 
also  those  of  P/A+P'/A',  when  p^=i+<x>  and  p^  =  —(x>  it  follows 
that,  if  g^  be  any  real  root  of  either  of  the  equations 

p^-,jL'+e'i>{p^  =  0,        p^-fH+e'ylr(p^  =  0, 
the  equation  (21)  has  at  least  one  root  greater  and  one  root  less  than  q^. 
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11.  We  do  not  require  for  our  present  purpose  all  the  roots  of  (21): 
we  only  want  those  two  roots  which  differ  from  p\,  p^  [the  roots  of  (22)] 
by  quantities  of  the  order  e^.  To  approximate  to  these,  we  substitute  in 
succession  for  p^  in  the  small  terms  the  two  values  j?,,  pi  given  by  (22). 
The  equation  (21)  is  then  resolved  into  the  two  quadratics 

[2?^-M'+^0(i>?J[i>'-Ma+^V(i>l)]-l>'[2^+^x(i>P?  =  0»       (28) 

[i)«-M'+e«0(pp][y-M2+^V^(pp]-l>'[2n+^x(i'P?  =  0,       (24) 

where,  as  before,  /i'  =  /ii  — 8n^  In  each  quadratic  we  take  the  root 
which  differs  from  j?J,  pi  respectively  by  quantities  of  the  order  c*.  The 
swarm  is  stable  to  a  first  approximation  if  both  these  roots  are  positive. 

We  see  at  once,  by  looking  at  the  equation  (28),  that  a  stable  oscillation 
with  a  period  iirlpi  in  a  circular  orbit  remains  stable  in  an  elliptic  orbit 
if  both  )u'— 6*0(pj),  fJL^—^yffi.p^  are  positive,  but  becomes  unstable  in 
the  elliptic  orbit  if  both  these  quantities  are  negative.  In  fact,  by  Art.  10, 
both  the  roots  of  the  quadratic  (28)  are  real  and  positive  in  the  first  case, 
and  both  are  real  and  negative  in  the  second  case.  We  are  here  con- 
cerned with  only  one  of  the  roots,  but  in  each  case  the  conclusion  is  the 
same  whichever  is  taken.  If,  however,  the  quantities  m'— ^^(jpj)  and 
M2~^y^(i^l)  ^*^®  different  signs,  it  is  necessary  to  determine  which  of 
the  two  roots  is  nearest  in  value  to  p^ 

To  examine  the  case  when  one  of  these  quantities  is  negative  and  the 
other  positive,  we  write  the  equation  (28)  in  the  abbreviated  form 

(2>^-i2*^(/-Sp-/(2ni)^  =  0.  (28)' 

The  oscillation  being  stable  with  a  circular  orbit,  ijJ  and  /aj  ^^^ 
positive ;  but,  if  ijJ  is  of  the  order  «*,  we  may  have  B\  negative  and  of 
the  same  order.     If  r\,  s\  are  the  roots  of  the  quadratic  (28)',  we  have 

(r-;-5p«  =  (B\-S^^+Sn\{B\+S^+\&n\. 

Hence  rj— sj  cannot  be  of  the  order  e^  unless  Sf  and  n\  (as  well  as  i2p  are 
also  of  that  order,  and  therefore  all  the  three  quantities  /i',  /A],  n^  must 
be  of  that  order.  But  in  forming  the  equations  of  motion  some  at  least 
of  these  quantities  are  regarded  as  being  of  the  order  of  the  principal 
terms  of  motion,  while  the  eccentricity  e  of  the  orbit  is  so  small  that 
such  terms  as  e^<f>{p^)  are  much  smaller. 

With  this  limit  to  the  magnitude  of  the  eccentricity  e,  we  see  that 
rj— 5*j  cannot  be  so  small  as  to  be  of  the  order  6^.  There  is  therefore 
only  one  root  of  the  quadratic  (28)  which  differs  from  p\  by  quantities 
of  the  order  (?,  and  it  is  this  root  which  must  be  positive  if  the  swarm 
is  to  be  stable. 


1906.]    I     Motion  op  a  swarm  op  particles  round  the  Sun.  368 

'   In' the  same  wiy,  'when  /i'  in  equation  (22)  is  of  the  order  «*,  pj— jjf 
cannot  be  of  that  order  if  ^  is  of  an  order  higher  than  ^iq  or  n^. 

It  follows  that  wlien  pf  is  greater  than  both  the  positive  quantities 
/u^  /JL2  the  corresponding  root  of  (23)  is  greater  than  the  positive  quantity 
S\y  and  the  oscillation  remains  stable  when  the  circular  orbit  becomes 
slightly  elliptical.  If  p^,  though  positive,  is  less  than  both  fjJ,  /ig*  ^^^ 
corresponding  root  of  (23)  is  less  than  the  negative  quantity  B\  and  ths 
oscillation  becomes  unstable  when  the  orbit  is  elliptical. 

12.  The  other  Boots  of  tlie  Fundamental  Eqvxition. — The  equation 
(21)  has  other  roots  besides  those  two  which  we  have  been  considering^ 
Though  they  are  not  important  for  our  present  purpose,  it  may  be 
interesting  to  examine  briefly  what  their  meaning  may  be. 

The  following  numerical  identities  may  be  established  by  substitution 
from  Art.  8,  or  otherwise : — 

LP-Af^  =  (16p*+32y7i+4i)V-12pn«+Sw*)A, 

L'P'~M'^  =  (16y-32p«n+4pV+12p7i«+fw^)A'. 

These  we  shall  write  briefly 

LP-M^  =  ifA,        UP'-M'^  =  iC'A'. 

We  observe  also  that,  by  Art.  8,  each  of  the  functions  ^(jp^,  ...  is  the 
sum  of  fractions  whose  numerators  are  L,  M,  P,  ...,  and  whose  de- 
nominators are  A  or  A'.  After  making  these  substitutions,  the  equation 
(21)  takes  the  form 

(p'-a^(p'-^-4ny  =  e^^,+e'    ^ 


AA'   '      AA' 
where  a^,  ^  are  as  defined  in  Art.  5,  and 

X=  [(i)«-^^L'+(i?«-a^P'-4npM')]  A 

+l{p^-^L+{p^-a^P-4npM)]A\ 

Y==KA'+K'A+PL'+P'L-2MM\ 

Since  L,  L\  P,  P',  A,  A'  are  quartic  functions  of  p,  the  functions 
X,f  Y  are  integral  rational  functions  of  p,  X  being  of  the  10th  degree, 
and  Y  of  the  8th  degree. 
.  By  multiplying  the  equation  (21)  by  AA',  we  see  that  it  is  of  the 
12th  degree.  If  also  ^  were  zero,  the  twelve  roots  would  be  given  by 
equating  what  is  then  the  left-hand  side  to  zero.  Thus,  when  ^  is  not 
zero,  but  small,  four  of  the  values  of  p  differ  slightly  from  the  roots  of       , 

D  =  (pa-^')(l>*-/ia)-47iy  =  0, 
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while  the  eight  remaining  roots  differ  but  slightly  from  those  of  AA'  =  0 ; 
that  is,  differ  by  quantities  of  the  order  ^.     Now 

A'  =  J(^-.n)^-M'[  \(p-n?-tH]  -4.n\p-nf. 

If,  then,  p\,  p\  are  taken,  as  before,  to  represent  the  roots  of  the 
quadratic  D  =  0,  the  roots  of  A  =  0  are  (i?i— n)*,  (p^—n)^^  while  those 

of  A'  are  {pi+nf,  (pa+w)^- 

cos 
These  correspond  to  the  terms  Ge   .    (i)±w)^,  ... ,  which  occur  in  the 

dxu 

expansions  for  ^,  rj  in  Art.  7.  Since  the  roots  which  originate  in  A  =  0 
or  A'  =  0  only  make  their  appearance  in  the  equation  (21),  when  e  is 
not  zero,  we  infer  that  the  coefficients  Ge,  6'e  in  the  expressions  for 
^,  n  must  contain  some  power  of  e  as  a  factor.  We  therefore  again 
arrive  at  the  result  that  the  preliminary  assumption  (Art.  7)  should  be 
of  the  form 

i  =  A  coapt+Gecos(p+n)t+G'eco8{p—n)t, 

with  a  similar  expression  for  17,  where  p  has  two  values  which  differ 
slightly  from  pi,  p2-  The  third  terms  in  Art.  7  only  make  their  appearance 
in  equation  (21)  when  that  equation  is  carried  to  a  higher  degree  of 
approximation. 

IS.  Principal  Oscillations.  —  Let  us  compare  the  motions  of  the 
system  according  as  the  diameter  of  the  swarm  in  the  direction  of  the 
axis  of  $  is  longer  or  shorter  than  that  along  the  axis  of  17.  To  simplify 
matters  we  shall  suppose  that  the  centre  of  the  swarm  describes  a  circle 
round  the  Sun. 

If  the  system  is  describing  a  principal  oscillation  or  motion,  we  have, 

^         '     '  ^  =  4  cos  {pt+e),  jy  =  i5  sin  (p^+e), 

(AS^  ^        P^—f^^        =  1       Ma— 0^1— 8^^ 
\BJ        2)«-0ui-8n^  p*-0.xi-8n«)' 

Thus  the  projections  of  the  particles  on  the  plane  ^17  describe  similar 
ellipses  in  the  same  peiiodic  time,  but  the  ellipses  of  one  principal  motion 
are  not  similar  to  those  of  the  other.  It  also  appears  that  for  the  same 
Values  of  /ia»  Mi--8n^  the  ratio  (A/B)^  is  greater  than  unity  in  one 
principal  motion  and  less  than  unity  in  the  other.  Thus  the  major 
axes  of  the  elliptic  paths  which  correspond  to  one  value  of  p^  are  per- 
pendicular to  those  which  correspond  to  the  other. 

We  know  by  the  theory  of   the  attractions  of  ellipsoids  that  /a^  is 
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greater  or  less  than  /m^  according  as  the  major  axis  of  the  attracting 
ellipsoid  is  directed  along  the  axis  of  17  or  ^  (see  Art.  4). 

Let  us  first  suppose  that  the  diameter  of  the  swarm  directed  along 
ri  is  longer  than  that  along  i ;  then  fi^  <  Mi*  The  principal  oscillation  in 
which  the  major  axes  of  the  paths  also  lie  along  17  is  distinguished  by 
having  the  larger  or  smaller  value  of  p^  according  as  ^iq  is  greater  or  less 
than  fjLiSn^.  In  either  case  the  elliptic  paths  resemble  that  of  the 
boundary  of  the  swarm,  and  should  be  similar  to  it.  The  particles  then 
keep  within  the  boundary  and  the  shape  of  the  boundary  is  not  altered. 
In  the  other  oscillation  the  major  axes  of  the  paths  are  directed  along 
the  minor  axis  of  the  swarm,  and  the  particles  not  close  to  the  centre 
will  have  portions  of  their  elliptic  paths  outside  the  swarm.  If  all  the 
particles  are  performing  this  principal  oscillation,  the  effect  would  be  that 
the  major  axes  of  the  swarm  would  follow  the  particles,  and  the  swarm 
would  take  up  a  new  position  relatively  to  the  axes  of  ^,  17. 

Similar  remarks  apply  if  the  longer  diameter  of  the  swarm  is  directed 
along  the  axis  of  $.  In  this  case  fj.^  >  Mi»  ^^^  ^^^  principal  oscillation 
in  which  the  major  axes  of  the  paths  are  also  along  the  axis  of  ^  has  the 
smaller  value  of  p^.  In  the  other  oscillation  the  major  axis  is  directed 
along  the  axis  of  fi. 

In  all  these  cases  one  principal  motion  has  an  element  of  instability 
which  does  not  exist  in  the  other :  one  oscillation  is  always  more  stable 
than  the  other.  It  is  only  when  the  particles  on  the  boundary  move 
along  the  boundary  that  the  swarm  has  assumed  a  stable  form. 

14.  Does  the  swarm  remain  homogeheotis  when  performing  a  principal 
oscillation  in  which  the  elliptic  paths  of  the  external  particles  lie  on  the 
boundary  of  the  swarm  ? 

We  see  from  the  values  of  i,  v  (Art.  13)  that  the  particles  initially 
on  any  ordinate  parallel  to  the  axis  of  ^  remain  on  the  same  ordinate 
while  it  moves  round  the  axis  of  ^  with  an  acceleration  tending  to  that 
axis  in  a  periodic  time  2'7r/p. 

Construct,  then,  a  cylinder  with  a  triangular  section  having  for  its 
edges  three  of  these  moving  ordinates,  and  let  them  cut  the  plane  of 
(»f  in  P,  Q,  B.  It  is  not  difficult  to  prove  that  the  area  of  the  triangle 
PQB  is  constant.  If  the  area  PQB  is  indefinitely  small,  the  length  of 
the  column,  being  bounded  by  the  external  ellipsoid,  is  also  constant. 

Since  the  same  particles  continue  to  fill  the  column  during  the  motion, 
the  average  density  of  each  elementary  column  will  be  constant  through- 
out the  motion.  Now  the  particles  also  move  up  and  down  the  column 
in  a  periodic  time  ^tt/q  (Art.  3)  and  resume  their  original  positions  at 
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these  intervals.  If  the  column  is  originally  homogeneous,  it  will  be 
strictly  homogeneous  at  these  intervals.  If  we  also  suppose  that  there 
are  equal  large  numbers  of  particles  running  each  way,  the  column  will 
continue  to  be  sensibly  homogeneous  throughout  its  length. 

It  follows  from  the  argument  that  the  particles  in  one  column  cannot 
impinge  on  those  in  another.  The  only  collisions  which  can  occur  are 
those  between  particles  in  the  same  column.  When  two  perfectly  elastic 
particles  of  equal  mass  impinge  directly  on  each  other  they  merely 
exchange  velocities,  and  such  collisions  do  not  affect  the  density.  Even 
if  these  conditions  are  not  satisfied,  yet,  if  the  particles  are  of  very  small 
size,  some  at  least  in  the  column  vdll  pass  each  other  in  their  up  and 
down  motion  without  touching.  Thus  the  number  of  collisions  will  be 
very  much  less  than  if  the  directions  of  motion  of  the  particles  were 
unrestricted.* 

15.  It  has  already  been  remarked  that  two  assumptions  were  made  in 
forming  the  equations  of  motion  in  Art.  3.  First,  the  swarm  was  treated 
as  sensibly  homogeneous  ;  and,  secondly,  the  boundary  of  the  swarm  was 
supposed  to  remain  sensibly  of  the  same  form,  so  that  /aj,  ia^,  /xg  could  be 
treated  as  constants.  We  have  now  shown  that  this  hypothesis  is  satisfied 
whenever  the  swarm  is  performing  a  principal  oscillation. 

The  initial  conditions  that  the  system  should  describe  either  oscilla- 
tion strictly  are  that 

d^ A(a  dfi Bo)  A 

di~     'W'       5F~T^' 

where  co  has  either  of  the  values  pi,  p^^  and  BjA  has  the  value  given  in 
Art.  3.  Though  these  initial  conditions  may  not  be  exactly  satisfied,  yet 
they  may  be  nearly  satisfied  in  some  swarms.  In  these  cases  we  may 
regard  the  swarm  as  sensibly  stable. 

16.  Other  Positions  of  the  Ellipsoid. — We  have  hitherto  supposed 
that  the  external  boimdary  of  the  swarm  is  approximately  an  ellipsoid 
having  its  axes  directed  along  the  axes  ^,  17,  ^.  Let  us  now  consider  how 
far  this  limitation  is  necessary. 

Let  one  axis  of  the  swarm,  as  before,  be  perpendicular  to  the  plane  of 
motion  ^,  17.  Let  the  other  two  make  constant  angles  a,  a-^-^ir  vdth  the 
moving  axis  of  $.  Let  the  attractions  of  the  swarm  at  any  internal  point 
be  represented  (as  before)  by  /a^x,  fx^Vy  y^^z  directed  along  the  principal 

*  One  of  tho  referees  haa  sugg^ted  that  when  the  swarm  is  very  thin  in  the  direction  of  the 
axis  of  (  the  motion  of  the  particles  up  and  down  the  columns  becomes  insignificant.  This  disc, 
being  the  limiting  case  of  the  ellipsoid  when  the  axis  of  «  is  sero,  is  heterogeneous,  bat  will 
retain  the  same  law  of  density  throughoat  the  motion  of  the  swazm. 
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diameters.     The  equations  of  Art.  8  become 

iB^here  a  =  /uli  cos^  a+^tg  sin'  a— 8n^ 

b  =  ipii — fjL^  sin  a  cos  a, 
c  =  /ij  sin'  a  4"  Ma  ^^^^  ^* 
After  solving  these  equations  we  find  for  a  principal  oscillation 

i=A  {2wpco8(p^+e)  — 6sin  (^^+e)}, 
V  =  A  i—p^+a)  sin  (pt+e), 
where  p^  has  either  of  the  two  values  given  by  the  quadratic 

{p^-a)(p^-c)  =  {2np)^+b\ 

and  Ay  e  are  two  of  the  four  arbitrary  constants  included  in  this  solution. 

The  values  of  p^  are  positive  if  a  and  c  are  positive  and  are  separated 
by  the  values  p^  =:  a,  p^  =,  c.  Since  c  is  necessarily  positive,  the  test  of 
stability  to  a  first  approximation  is  that  a  should  be  positive ;  see  Art.  8. 

To  find  the  directions  of  rotation  of  the  particles  for  a  principal 
motion,  we  notice  that  2n  {dfi/dt)  =  (—p^+a)  i  when  jy  =  0.  If,  then, 
p'  has  its  lesser  value,  (dfj/dt)  is  positive  or  negative  according  as  ^  is 
positive  or  negative.  It  follows  that  the  direction  of  rotation  of  the 
particles  of  the  swarm  in  either  principal  oscillation  is  the  same  as,  or 
opposite  to,  that  of  the  swarm  round  the  Sim  according  as  p^  has  its  lesser 
or  greater  value.  The  particles  therefore  move  opposite  ways  in  the  two 
oscillations. 

The  projections  of  the  paths  of  the  particles  on  the  plane  of  ifi  are  the 

ellipses  |^(_y+«)+5,.a+  j2np^}«  =  E^, 

where  K  is  any  constant.  For  either  principal  oscillation  these  conies 
are  all  similar  to  each  other,  but  are  not  the  same  for  both  the 
oscillations. 

If  /3  be  the  angle  either  principal  diameter  makes  with  the  axis  of  f, 
we  find  after  using  the  quadratic 

tan2;8  =  -g^=     tanga^-M,) 

a—c      iuLi—fjL2—ofr  sec  2a 
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It  may  also  be  shown  that  the  major  axes  of  the  elliptic  paths  in  the  two 
oscillations  are  at  right  angles  to  each  other. 

It  follows  from  these  results  that  the  principal  diameters  of  the 
elliptic  paths  do  not  coincide  mth  those  of  the  swarm,  except  when  these 
lie  along  the  axes  of  ^  and  17.  As  before,  this  fact  mil  introduce  an 
element  of  instability  into  both  the  principal  oscillations,  though  that 
instability  is  greater  for  one  oscillation  than  for  the  other.  In  either 
oscillation  the  paths  most  remote  from  the  centre  of  the  swarm  are 
occupied  only  in  part  by  the  particles,  and  as  these  move  on  the  pro- 
tuberant parts  of  the  swarm  must  follow  them.  For  proper  stability  the 
particles  on  the  boundary  of  the  swarm  must  be  moving  along  the 
boundary. 

17.  We  are  thus  led  to  inquire  what  motions  are  possible  in  which 
the  axes  of  the  swarm  rotate  round  the  axis  of  ^,  relatively  to  those  of 
^,  jy,  with  an  angular  velocity  p. 

We  now  put  a  =  pt+e  in  the  equations  of  motion  (Art.  16).  These 
become 

0 -2n^  +a^^+y^cos  2  (pt+e)+yf!  sin  2{pt+€\ 

^+2n^+^^+yiBm  2  (pt+e)-yfi  cos  2(pt+€), 

where     a^  =  J(AAi+Ma)— 8n^       /3^  =  J  (Mi+Ma)>       V  =  i (a*i— A^)- 

An  easy  solution  may  be  found  when  the  swarm  is  so  nearly  spherical 
that  the  square  of  y  can  be  neglected  ;  we  have  then 

^  =  ^  cos  {pt+€)+Gy  cos  8  (pt+e), 

1;  =  JB  sin  (pt+€)+Hy  sin  3  (pt+e), 

where  p^  has  either  of  the  two  values  given  by 

(^p^+a^+^y)('-p^+^+^y)  =  (-27ip+iy)\ 

The  conditions  of  stability  are  that  a^+ Jy  and  )8^+iy  are  both  positive. 
We  also  find  that 

HA  =  -  JU-B)(-V+a*+6wp), 

where  A  =  (- V+a^(- V+)8^-(6np)«. 

If  we  roughly  trace  the  path,  we  find  that  it  is  of  an  oval  form  having 
the  longest  and  shortest  diameters  directed  along  the  axes  of  (  and  17. 
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These  oannot  therefore  coincide  with  the  longest  and  shortest  diameters 
of  a  swarm  which  has  a  rotatory  motion  relatively  to  those  axes. 

18.  Compound  Oscillations. — ^When  both  the  principal  oscillations  are 
described  simultaneously  the  motion  becomes  very  complicated.  The 
motion  of  any  one  particle  is  then  given  by 

i  =  ill  cos  iPit+€i)+A2C0S  ip^t+e^, 
jy  =  -4i??^i8in(jpi^+6i)+^ama8in(p2^+€2), 
which  contain  the  four  undetermined  constants  AuA^t  ej,  e^  (Art.  8).    Here 

^       Ai       jp?-M2        -2npi' 
therefore  mi  —  1  =  ^ — ^ ; 

_  Bg  ^  -2/1^2  ^  pI"^'  . 
^      A^       V\-fJ^       —itnp^' 

therefore  7%— -1  =  ^ — — ; 

and  ix'  =  yui— 8n^ 

By  using  the  properties  of  the  fundamental  quadratic  (Art.  8)  we  find  that 

mim^  =  ^  (m'/ma)** 

which,  we  notice,  is  independent  of  the  motion  of  the  swarm,  and  depends 
only  on  its  form  and  structure.  If  we  represent  the  lesser  and  greater 
roots  of  the  fundamental  quadratic  by  p\  and  pi,  then  nii  is  positive  and 
m^  negative  (Art.  8). 

We  may  picture  the  motion  by  constructing  the  two  ellipses  which  are 
adapted  to  the  two  principal  oscillations  (Art.  18).  Let  a  point  Pi 
describe  an  ellipse  whose  principal  diameters  are  directed  along  the  axes 
of  if  fj  and  have  lengths  Ai  and  ^iTni  respectively.  Let  a  point  P^ 
describe  a  second  ellipse  whose  centre  is  Pi  and  whose  axes  are  parallel  to 
those  of  the  first  ellipse  and  have  lengths  A^  and  —A^m^.  Let  these 
points  move  with  velocities  equal  to  PiB^  and  p%D^  respectively,  where 
Z)i,  Ds  are  the  semi-conjugates  of  Pi,  Pg.  Let  the  direction  of  rotation  of 
Pi  be  from  the  positive  side  of  the  axis  of  $  to  that  of  j;,  while  that  of  P^ 
is  in  the  opposite  direction.  Then  the  motion  of  P^  represents  that  of 
any  one  particle  of  the  swarm.  The  magnitudes  of  these  ellipses  are 
fixed  for  any  one  particle,  but  may  be  di£ferent  for  different  particles. 

2.     TOL.  4.    NO.  935.  2   B 
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We  see  that,  sinee  m^  is  positive  and  ^negative,  ipit+ci)  and  — (i>s^+^ 
may  be  regarded  as  the  eccentric  angles  of  Pi,  P^  each  measured  from 
the  axis  of  ^  in  the  positive  direction. 

When  both  the  principal  oscillations  are  simoltaneonsly  described 
/is— m'  must  be  the  same  for  both ;  and  therefore  one  of  the  two  ratios 
m[,  ml  is  greater  than  unity  and  the  other  less.  Thus  one  of  the  ellipses 
has  its  major  axis  along  ^  and  the  other  along  fj*  Since  pi  has  been 
chosen  to  represent  the  lesser  root  of  the  quadratic,  m^  >  1  or  <  1  accord- 
ing as  /ia  >  or  <  fi'. 

19.  To  fix  our  ideas,  let  us  suppose  that,  initially,  all  the  particles  of 
the  swarm  have  an  angular  velocity  Q  round  the  axis  of  ^.  To  abbreviate 
the  algebra,  let  us  restrict  our  comparison  of  the  subsequent  motions 
of  the  particles  to  any  two  Qi,  Q^  initially  situated  on  the  axes  of  if  9  at 
distances  ^q,  j^q  from  the  centre  of  the  swarm.  These  particles  have 
initial  velocities  Qio  and  —^170  respectively  parallel  to  the  axes  of  9»  ^• 
We  then  find  for  the  motion  of  Qi 

and  for  the  motion  of  Q2 

Pilmi—pjni^  '  *  Pil^i—pJ^ 

It  follows  that  for  all  particles  initially  on  the  axis  of  i  the  ratios  H^q 
and  17/^0  ^^^  ^^®  same ;  so  that  the  paths  of  these  particles  are  similar  and 
similarly  sittuited.  In  the  same  way,  for  all  particles  initially  on  the  a^ 
of  17,  ilfjQ  and  17/170  ^^^  ^^®  same,  and  their  paths  also  are  similar  to  each 
other.  We  also  infer  that  these  paths  will  be  the  principal  paths  (Art.  IS), 
if  in  the  first  case  Q  =  j)imi  or  p^m^,  and  in  the  second  case  Q,  =  Pilm^ 
or  pjm^* 

20.  To  simplify  the  argument  further,  let  T  be  a  time  such  that  pi  T 
is  an  even  multiple  of  ir  and  jp^  T  an  odd  multiple  of  tt.  Strictly,  these 
cannot  always  be  made  exact  multiples,  but  they  may  be  nearly  so,  and 
then  what  follows  will  repeat  itself  for  many  intervals  each  equal  to  T. 

At  the  end  of  each  interval  the  ellipses  will  be  very  nearly  in  their 

*  There  is  an  eiror  in  the  seventh  line  of  p.  407  of  the  author's  treatise  on  Lynamiet  o/« 
Particle,  The  theorem  from  the  author's  Statics  is  wrongly  quoted,  and  the  result  as  to  the 
direction  of  the  major  axis  should  be  in  aooordanoe  with  that  given  in  Art.  414. 
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original  positions,  and  each  particle  will  be  on  the  same  axis  of  ^  or  17  as 
before,  but  at  the  end  of  the  diameter  opposite  to  that  which  it  occupied 
at  the  beginning  of  the  interval.  Let  ii,  171  be  the  distances  of  Qi,  Q^ 
from  the  origin  in  these  new  positions.     Then,  by  writing 

jpi  t  =  2i7r,        i?2  ^  =  (2; + 1)  TTf 

we  find  A  =  2Q— A^i— i?Q^  _  4n(n+n)+(Ma— mO 

2l  —  2Q  —pilnii — ^2/^  —  4n(Q+n)— Quq— /jQ 
no  ~     pJ^^-pJm,      -  pl-pl 

the  second  value  in  each  case  being  derived  from  the  first  by  using  some 
properties  of  the  fundamental  quadratic  (Art.  8). 

We  notice  that  when  Q  has  either  of  the  values  Pimi,  p^'nt^  the  ratio 
iJia  is  numerically  equal  to  unity,  for  values  of  Q,  between  these  limits 
the  ratio  ^1/^0  is  numerically  less  than  unity,  beyond  these  limits  iilio  is 
numerically  greater  than  unity.  In  the  same  way,  jjJj^o  is  less  or  greater 
than  unity  according  as  Q  lies  between  or  outside  the  limits  pjniif  W^* 

The  initial  lengths  ^o»  ''o  ^^  ^^^  semi-diameters  of  the  swarm  become 
ii9  Vi  After  the  first  interval  T,  and  then  repeat  these  values  at  the  times 
2r,  ST,  ....  Thus  the  form  of  the  swarm  is  contimcally  clianging^ 
enlarging  and  contracting  in  these  two  directions  alternately,  according 
to  the  rules  just  stated.  With  the  same  value  of  il  for  all  the  particles 
the  system  could  not  describe  a  principal  oscillation. 

21.  The  relation  between  the  changes  of  the  whole  swarm  and  those 
of  the  two  diameters  placed  along  the  axes  of  i,  tj  will  be  made  clear  if  we 
briefly  consider  the  motion  of  any  point  Q  which  is  not  initially  on  the 
axes  of  i  or  1;.  If  Xq,  y^  are  the  coordinates  of  its  projection  on  the  plane 
iti  in  its  initial  position,  the  coordinates  at  any  time  t  are  (as  in 
Arts.  18,  19) 

i=  XqC^  cos  Pi  ^+^0-^2  81°  Pi  ^""^0  ^1  cos  j?a  ^— y^  A  sin  j?a  t, 
j|  =  ntjajjj  Ca  sin pi  t—miyQD^  cos  pi  t—m^Xo  Ci  sin p2  ^+^^0  A  cos  jp2 1, 
where 

If  Xi,  yi  are  the  coordinates  of  the  projection  of  Q  on  the  plane  ^17  at 
the  time  ^  =  T,  we  find,  by  writing  Pit  =  2ix,  p^t^  (2^+1)  tt, 

«i  =  (Ci+ Ca)  a^o,         yi  =  —  (wgDi+mi-Da)  J/o- 

It  follows  by  Art.  20  that  xJxq  =  ^1/^0  ^^^  VilVo  =  'yi/'^o- 

2  B  2 
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Let  us  describe  two  subsidiary  ellipses,  one  having  two  arbitrary 
lengths  io,  %  (Art.  20)  for  the  semi-axes,  and  the  other  having  ii^  fii  for 
the  corresponding  lengths.  Therif  if  the  projection  of  any  particle  Q  tie 
initially  on  the  first  ellipse^  its  projection  at  the  time  T  toill  lie  on  this 
second. 

22.  Let  us  now  return  to  the  consideration  of  particles  initially  plaoei 
on  the  axes  of  $y  n*     Since  the  equality 

j7i_  _  4n(Q+n)— Qia—ypi^)   j^ 

^1  -4n(n+n)+0i2"M')'?o 
holds  for  all  particles  in  the  axes  4, 17,  the  two  diameters  of  the  swarm  mi 
these  directions  are  unequally  changed.  Suppose,  for  example,  that  the 
swarm  is  initially  spherical,  so  that  we  may  put  ^0  =  ''o-  ^^^  swarm  will 
assume  a  shape  resembling  an  ellipsoid  after  an  interval  T.  The  major 
axis  of  the  section  in  will  be  placed  along  the  axis  -of  ^  if  riiHi  i» 
numerically  less  than  unity,  that  is,  if  its  square  is  less  than  unity. 
This  requires  that  (Q+n)(/L4— /i')  should  be  a  positive  quantity,  where 
;A'=yiAi-3n^(Art.  18). 

The  result  is  that  a  spherical  swarm  in  which  all  the  particles  have 
initially  a  common  angular  velocity  Q  about  the  axis  of  f  cannot  remain 
spherical ;  the  section  ^tj  must  at  intervals  assume  an  oval  form.  The 
dynamics  of  the  problem  requires  that  the  major  axis  of  this  section  should 
lie  along  the  axis  of  ^  or  tJiat  of  tj,  according  as  (Q+7i)(/ua— yu')  is  positive 
or  negative.  The  theory  of  attraction  requires  that  the  major  axis  should 
lie  along  the  axis  of  i  or  that  of  tj,  according  as  Oia~"Mi)  is  positive  or 
negative. 

28.  Here  we  notice  that,  if  the  swarm  starts  as  a  spherical  mass  in 
which  /jLi  =  yua,  and  presently  assumes  an  ellipsoidal  form,  we  cannot 
strictly  assume  that  /jli  and  yua  are  constants  during  the  motion.  The 
changes  of  density  and  form  should  both  be  allowed  for.  When  this  is 
done  the  equations  of  motion  in  Art.  8  will  be  greatly  modified.  A  proper 
investigation  would  require  us  to  write  for  yu^,  y^a,  yug  their  known  values  as 
definite  integrals  in  terms  of  the  axes  of  the  instantaneous  ellipsoid. 

We  may,  however,  obtain  a  roughly  approximate  solution  by  equating 
fj^v  M2>  Ms  to  the  means  of  their  values  for  the  swarm  in  its  initial  shape 
when  its  semi-axes  are  i^,  %,  ^q  and  its  shape  after  the  first  interval  T 
when  its  semi-axes  are  ^1,  i/i,  ^q.  Treating  these  as  constants,  we  may  use 
the  results  already  obtained  to  deduce  some  conclusions  which  are 
important,  though  not  all  we  could  desire. 
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There  may  also  be  impacts  between  the  particles.  If,  however,  the 
particles  are  very  small  and  not  too  numeroas,  they  may  be  able  to  pass 
elose  to  each  other  without  touching.  It  may  then  happen  that  the 
number  of  impacts  will  not  be  so  great  as  to  affect  the  general  character 
of  the  motion. 

With  these  limitations,  we  deduce  from  Art.  22  that,  if  Q+n  is  positive, 
the  dynamical  and  statical  conditions  require  that  either  the  greater 
diameter  should  lie  along  the  axis  of  i  or  that,  if  it  lie  on  the  axis  of  i;, 
the  difference  of  the  diameters    should    be    sufficiently  great  to  make 

If  Q+n  is  negative,  the  longer  diameter  cannot  lie  along  the  axis  of 
$;  for  this  would  require  Mj— m'  and  fii—fi^  to  be  both  negative.  Since 
jjl' =  fii—Sn^  this  is  impossible.  The  longer  diameter  could  lie  along 
the  axis  of  fj,  if  fi^—ix*  and  fii—fi^  ^^^  both  positive,  and  this  requires  that 
the  difference  in  lengths  of  the  two  diameters  should  be  sufficiently  small 
to  make  Mi— Ma  >  8w^ 

[Here  Q  is  the  initial  angular  velocity  of  the  swarm  about  an  axis 
drawn  through  the  centre  of  gravity  perpendicular  to  the  plane  of  motion, 
n  the  angular  velocity  of  the  centre  of  gravity  about  the  Sun,  and  /ii,  /i^,  /a, 
are  the  coefficients  of  the  component  attractions  inside  the  ellipsoid ;  see 
Arts.  1,  3,  19.] 
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ON  LINEAR  DIl'FERENTIAL  EQUATIONS  OF   RANK  UNITY 

By  E.  Cunningham. 

[Received  May  3id,  1906.— Read  May  10th,  1906.] 

The  present  paper  is  concerned  with  linear  ordinary  differential 
equations  with  rational  coefficients.     If  such  an  equation  be 

and  pr  has  a  pole  of  order  tsft  at  infinity  {zjr  being  negative  if  pr  is  zero  at 
infinity),  and  if  p  is  the  least  integer  greater  than  the  greatest  of  the 
quantities  TSFr/r  (r  =  1,  ...,  n),  the  equation  may  be  written 

where  Pr  is  finite  and  developable  in  powers  of  Ijx  near  x  =  oo . 

If  jP  =  —  1,  the  integrals  are  regular  in  the  neighbourhood  of  a;  =  oo, 
and  the  nature  of  their  singularity  is  determined. 

If  ^  ^  0,  expansions  of  the  integrals  in  the  neighbourhood  of  a;  =  oo 
are  possible  in  the  form  of  normal  and  subnormal  series,  but  these 
expansions  are,  in  general,  divergent,  and  give  little  information  about 
their  nature. 

For  ^  =  0  an  explicit  solution  is  known  in  the  form  of  Laplace's 
definite  integral ;  but  for  p  >  0  this,  too,  fails.  An  extension  of  this 
definite  integral  solution  is  here  obtained  in  the  case  of  ^  =  1,  which 
appears  to  be  capable  of  extension  to  greater  values  of  p^  though  the 
analysis  would  be  cumbrous. 

The  form  of  solution  suggested  by  the  known  normal  series  is  the 


following : — 


fi 


e^+^Ududt 


where  tt  is  a  function  of  t  and  u,  and  an  appropriate  contour  is  to  be 
determined  for  each  integration. 

If  this  expression  be  substituted  for  y  in  the  given  equation,  and  the 
double  integral  obtained  as  the  left-hand  member  be  transformed  by 
integration  by  parts,  a  partial  differential  equation  is  obtained  which  takes 
the  place  of  the  ordinary  differential  equation  known  as  the  Laplace 
transformation  for  jp  =  0. 
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The  complete  integration  of  this  equation  is  not  required,  but  particular 
integrals  are  obtained  which  lead  to  the  divergent  normal  series  already 
known  to  exist. 

The  equation  considered  will  be 

where  the  affix  of  each  coefficient  denotes  its  degree  in  x,  each  being 
supposed  a  polynomial. 

Let  X  be  an  even  integer — (if  not,  the  equation  may  be  multiplied 
throughout  by  x) — and  let  X+2n  =  2w.     Then,  if 


y  =  \\e^''^'^XJdudt, 


the  contours  being  independent  of  x, 


y'  =  \[^'^^{t+ux)Ududt, 

•••  •••  «••  ••• 

In  general,  j/''>  =  ^ft^^'^'^ij^rUdudt 


where  the  quantities  cor  are  given  by 

9ctfr--l 

1^ 


(Or  =  —5 |-ft)r-ltt>i»  ft>l  =    t  +  tlX, 

or 


It  is  important  in  the  sequel  to  notice  that 

(i.)  ov  is  a  polynomial  of  degree  r  in  t^  and  t  combined,  and  of 
degree  r  in  2;  alone  ; 

(ii.)  that  the  two  highest  powers  of  x  in  av  arise  only  from  the 
term  {t+tcxY  in  <Wf 

Multiply  the  expression  P(y)  by  x^,  and  then  substitute  the  values  of 
y<'')(r=l,  ...,n). 

.=  [[e''-'^n(t,u,x)Ududt 

n  is  now  a  polynomial  of  degree  X+2n  in  x  and  of  degree  n  in  ^  and  u 
combined. 
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If  ^jr  denotes  the  coefficient  of  o^  in  ^,  and  irk  the  coefficient  of  2:*  in  11, 

and  80  on. 
Now 

J[«^+i^  Vx^dudt  =  L**d<  [2e*^a;^-«  171,-2  [|e^+*«^«''-«^dttci< 

where  the  square  brackets  in  the  first  integral  on  the  right-hand  side 
denote  that  the  difference  of  the  values  of  the  contained  function  at  the 
extremities  of  the  contour  is  tp  be  the  subject  of  integration  with  respect 
to^. 

In  the  same  way  a  single  integration  with  respect  to  t  gives 

[[^^^Vx^dudt  =  [e^dul^Ux^''^\-[[if^^^x^'^^dudt. 

By  a  repeated  application  of  these  two  equations  the  expression  x^Piy) 
is  reducible  to  the  form 


J L^+i^/(l7,  u,  t)dudt+P 


where  P  represents  an  aggregate  of  semi-integrated  terms,  and  f{UfU,() 
contains  derivates  of  U  with  respect  to  u  and  t.  If,  then,  U  be  chosen  to 
be  a  solution  of  the  partial  differential  equation  f{U^u,t)=^  0,  and  the 

contours  of  the  integrations  can  be  assigned  so  that  P  vanishes  identically, 
the  integral,  if  existent,  will  be  a  true  solution  of  the  equation  P(y)  =  0. 

The  highest  power  of  a;  in    11  {t,  u,  x)    being  a^''^**,   by   integrating 
m  times  with  respect  to  u,  the  corresponding  term  in  f(0^u,t)  is 

Similarly,  the  term  arising  from  the  term  involving  a;^"*'**"*  in  11  is 


(-^)'2-g;^]crx.,._a. 
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All  the  remaining  terms  may  be  integrated  after  the  same  manner,  no 
derivatives  of  more  than  the  (m— l)-th  order  in  respect  to  u  occurring ;  but 
there  is  a  certain  amount  of  arbitrariness  in  dealing  with  the  later  terms 
which  requires  some  explanation.  The  equation  /(U,  u,()  =  0  is,  how- 
ever, in  any  case  of  the  form 

'Tx+2ii  ^  ,n  =  ^arsA.  y^  (r  =  0,  1,  ...,  m — 1), 

and  the  coefficients  a^  are  polynomials  in  u  and  t.  It  appears,  therefore, 
that  in  the  neighbourhood  of  any  pair  of  values  u  =  a,  t  =  jS  a  function 
can  be  found  satisfying  this  equation,  and  developable  in  a  double  power 
series  in  u  and  t,  but  that  the  region  of  convergence  is  always  limited  by 
the  points  at  which  7rx+2n  vanishes. 

As  in  Laplace's  solution,  however,  it  is  the  special  integrals  related  to 
these  singular  points  which  lead  to  the  required  result. 

Let  the  roots  of  the  equation  irj^+in  =  0  be  assumed  all  different.  Let 
41  be  a  root  of  this  equation,  and  let  v  =  u—a.     Further,  if 

let  8  =  ^+y/)9.     Then  the  term  independent  of  v  in  7rx+2n-i  is  simply  fis. 

We  have  then  rr 

P(y)  =  ^-Mf^     6i^+«  XJW  (s,  t),  x)  dv  ds, 

IV  being  the  result  of  changing  the  variables  in  11. 

A  part  of  the  last  integral  arising  from  a  term  x^v^s^  in  11'  will  be 
reduced  to  a  double  integral  independent  of  x  by  means  of  /  or  /+! 
integrations  in  respect  to  s,  together  with  i(A;— r')  or  J(A;— /— 1)  in 
respect  to  t),  according  as  ft— r'  is  an  even  or  odd  integer.  This  is  always 
possible,  since,  the  equation  having  been  multiplied  by  n,  the  least  value 
of  k  is  n,  and  the  greatest  value  of  r'  is  m. 

The  result  of  this  is  that  the  function  within  the  double  integral 
becomes  of  the  form 


where  («,  v)r,n  denotes  a  polynomial  of  degree  r  in  5  and  n  in  t;. 
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On  expansion  this  equation  is  of  the  form 

n+1    m  ^-k-^rTT 

In  connection  with  the  singular  point  o  =  0,   a  partietilar  solution  of 
this  equation  is  sought  in  the  form 

Substituting  in  the  equation,  and  equating  to  zero  the  coefficients  of 
the  successive  powers  of  v,  beginning  from  the  lowest,  the  following 
equations  are  obtained : — 

(1)  p(p-l)  ...(p-m+Di'fift+p  ...(p-m+2)2r-^fi8^ 

+/)(p-l) ...  0)-»t+2)Oo/o  =  0, 

(2)  ip+l)p...  (p-m+2)  2rfifi+(p+l) ...  (p-m+S)  2r-^fi.s  ^ 

+(p+l) ...  (p-2m+8)aVi 

•  ••  •••  •••  •••  •••  •••  •••  •«• 

The  first  equation  gives 

or  /o  =  As'^ 

where  or  =  2{p—m+l)+  -^. 

Substituting  this  in  the  right-hand  side  of  equation  (2),  this  equation 
becomes 

{p+D  ...  (p-m+S)  2^-' 13  \s  ^  +{<r+2)f,\  =  B8--+C8'"'\ 
giving  s'+ Vi  =  "2"  +  ^^ 

/,=.-(f+i). 

The  next  equation  gives  /a  of  the  form 
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and,  in  general,  /.  =  s"'fl,  — j  . 

Thus  a  formal  solution  of  the  equation  is  obtained  in  the  form 


ifs"' 


i+,(i.i.)^+,.(i.i.)+...+,.(i,i.)+... 


where  <r  =  2(/o— -771+1)+  ^. 

P 

Of  this  solution  it  will  now  be  proved  that  it  is  absolutely  convergent 
within  a  finite  circle  about  t)  =  0  and  for  all  values  of  s  greater  in 
modulus  than  any  given  finite  quantity  Sq. 

For  the  proof  of  this  we  may,  without  loss  of  generality,  assume  that 
k  =  0  and  p  =  0.  If  otherwise,  let  U  =  u^s^'  U' ;  then  W  will  satisfy 
a  precisely  similar  equation. 

If  the  variable  t  =  —  be  used  in  place  of  5,  the  equation  becomes 

s 

H-S2|r(i,»),+r+>(i,»)n}  3^.^. ^^  =  0, 

and  the  solution  becomes 

l+i;(l,Qi+t;M,^)a+.... 

Consider  now  the  equations  giving  the  successive  polynomials  (1,  t)r. 
They  are  of  the  form 

and  give  fr  as  a  polynomial  of  degree  r  in  ^. 

Compare  with  these  the  equations  obtained  by  making  the  coefficients 
all  positive. 

(B)  -t  ^+2r0.  =  22^^  (|a«|  ^+|6u.|  ^^^ 

Then  ^  will  be  a  polynomial  in  t  whose  coefficients  are  the  moduli  of 
those  of /r,  and  therefore        \f(h)(t)  I  <  A^nt 


for  all  values  of  t.     Again,  if  ^  >  1,  ^  <  ^+^ 
Now  compare  with  equations  (B)  the  equations 

(C)  -<^^+2n/..=  22^(|a**|  +  |6A.K^^ 
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Then,  it  tia  a  positive  quantity  greater  than  1,  and  if 

a* 


3Vt 
"5F 


> 


otr 


(*  =  0,  ...,  r-1), 


the  equations  shew  that      |  t'^yl^r  |  >  |  ^"^'"^r  |i 
and  therefore  that  I  V^r  I  ^  I  ^  I- 

But  also  the  solution  of  equations  (G),  taking 

V^o  =  ^  =  /o  =  1» 

gives  yffr  =  Crt^,  Cr  being  positive,  while  <f>r  =  (1»  On  the  coefficients  being 
positive.     Hence,  if  \lfk  >  ^k  for  all  values  of  ^  >  1, 

80  that  we  deduce  successively  that 


^*^"5F'    "SF*^"5?"'    "•' 


and  therefore  that  ^^  >  -^#  . 

Now  the  expression     F  =  1 + i^V^i + 1)*  V^2+  •  •  • 
becomes  l+CiVt+c^  u*^+ . . ., 

and  satisfies  an  equation  of  the  iPorm 

where  Phk  is  a  power  series  converging  up  to  the  root  of  irj^+in  nearest  to 
the  origin,  say  f or  1 1;  |  <  a. 

If  the  variable  v  be  replaced  by  to  =  vty  a  partial  differential  equation 
is  obtained  which  is  satisfied  by  a  function  of  w  alone  and  whose  co- 
efficients are  developable  in  power  series  converging  for  |u;  I  <a^.  Thus 
V  satisfies  an  ordinary  differential  equation  in  w  whose  coefficients  con- 
verge if  ]t(;|<a^  and  are  finite  for  w  =  <x> ,  and  hence  the  series  V 
converges  provided  |to|<a^,  i.e.,  provided  |t)|<a;  and  this  is  proved 
only  under  the  assumption  that  ^  >  1.     Hence  the  series 

converges  absolutely  if  |t)|  <  a  and  U|  is  finite  and  greater  than  unity. 

Clearly,  moreover,  since  frit)  is  a  polynomial  in  t,  the  restriction  tha^ 
|<|>  1  may  be  removed.    Hence  V  converges  for  all  finite  values  of  t. 
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that  is,  for  all  non-zero  values  of  ^^.  including  s  =  co,  and  for  |t't<a» 
Also,  if  the  real  part  of  sz  ia  negative,  Lt  |e~ U"!  =  0  if  |v|  <  a. 

We  have  now  to  consider  the  continuation  of  this  function  to  values  of 
i;  outside  the  circle  |t7|  =  a,  in  order  that  we  may  know  its  behaviour  for 
large  values  of  t). 

We  may,  without  loss  of  generality,  suppose  that  no  root  of  the 
equation  TTx+nCt?)  =  0  is  a  real  positive  quantity.  Let  c  be  a  real  positive 
quantity  less  than  a,  and  let  v  =  Vi+c.  Then  the  expansion  of  17  in 
powers  of  t7i  is . 

while  that  of  V  is       Vc+v^(^^+^v\  (^^+..., 

and  it  has  been  shown  that,   for  any  value  of    ^  >  1,  the  sum  of  the 
absolute  values  of  the  terms  of  the  power  series  in  t  which  constitutes  the 

y +*  U 
expression  \kpi^  ^^  ^^^^  ^^^^  ^^^  ^^™  ^^  ^^^  absolute  values  of  the  terms 

of  V  a;>^  which  are  powers  of  t  with  positive  coefficients. 

Now,  since  V  satisfies  a  certain  ordinary  differential  equation,  its 
development  in  powers  of  Vi  will  converge  within  a  finite  circle  extending 
to  the  nearest  root  of  ttk+u  =  0,  and  so,  too,  will  its  differential  coefficients 
with  respect  to  v  and  t. 

It  follows,  therefore,  that  the  expansion 


^'+"^(^)+- 


will  converge  within  the  same  circle,  and  likewise  its  differential  coefficients. 

Again,  taking  a  point  Vi  =  d  within  this  circle,  V  and  its  differential 
coefficients  are  at  this  point  power  series  in  t  with  positive  coefficients, 
and  the  above  reasoning  applies  again  ;  so  that,  in  general,  we  find  that  U 
is  developable  within  a  finite  region  containing  the  real  axis,  and  that  it 
and  its  differential  coefficients  are  at  all  points  on  the  real  axis  less  in 
modulus  than  V  or  its  corresponding  differential  coefficient. 

Again,  since,  as  remarked  above,  the  differential  equation  in  w  (=  vt) 

satisfied  by  V  has  its  coefficients  finite  for  t^;  =  oo ,  a  finite  quantity  X 

exists  such  that  ^      ,     ,   ^,, 

Lt  |e-^^F[  =  0; 


10=00 


or,  if  t  is  other  than  zero,       Lt  {e'^^^V}  =  0. 


V=oo 
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Under  the  same  conditions,  also, 

Lt  {6-^^|i7|}  =  0, 


v=v> 


and  therefore,  if  ^  be  restricted  to  be  less  than  a  ^ite  quantity  t»  a  finite 
quantity  z  can  always  be  found  so  that 

U{e-i^\U\]  =  0 

17=00 

for  all  values  of  t  greater  than  unity. 

But,  since  U  is  absolutely  convergent  and  contains  only  positive  powers 
of  tf  the  restriction  that  ^  <  1  may  be  removed,  and  the  same  is  true  for 
-all  values  of  |  ^  |  <  r,  including  zero. 

Similarly,  also,  it  is  found  that 


Lt  le-i~^ 


I- 

) 


=  0. 


If  !^  is  not  real  and  positive,  the  same  result  will  be  obtained  if  we 
proceed  to  infinity  in  a  direction  such  that  the  real  part  of  vi^  is  negative, 
provided  that  direction  does  not  pass  throup;h  a  root  of  xj^+a.  =  0. 

Reverting  to  the  original  variable  s,  therefore,  we  see  that,  provided 
8 1  exceeds  any  definite  finite  quantity,  Sq  (that  is,  r~'), 


M  [-*"«?]  =  «• 


it  being  assumed  in  both  cases  that  |  :c  |  is  sufficiently  large  and  that  v  and 
s  are  made  infinite  with  such  arguments  that  the  real  parts  of  va^  and  sx 
are  both  positive.  This  is  always  possible.  Hence  it  is  always  possible 
to  assign  contours  of  integration,  for  v  and  s  respectively,  consisting 
of  loops  encircling  the  points  v  =  0  and  s  =  0  and  extending  to  infinity 

in  appropriate  directions,  so  that    II  e"'^^^I7(2t7(2s   exists,  and   so   that 

when  this  is  substituted  in  the  equation,  and  the  integration  by  parts 
indicated  on  p.  876  is  carried  out,  the  integrated  part  vanishes  at  the 
infinite  limit.  The  double  integral  is  therefore  an  integral  of  the  given 
-equation. 

Recalling  the  form  of  U,  the  integral  is 

e^'^^[[^''^v^s-'^\l+v(h  — )  +v^lh  — )  +..Xdvd8. 
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Consider  in  particular 


-T-r  dcds. 


With  the  contours  found  this  is  equal  to 

Now  the  coefficient  of  tf^^  in  U'  is  s~*(l,  — )   ;   so  that  I  varies  from 

0  to  h. 

Hence  the  expansion  of  the  integral  is  of  the  form 

P( — )  being  a  series  of  ascending  positive  integral  powers  of  — ,  which 

will  in  general  be  divergent,  but  which,  exactly  as  in  Poincar^'s  develop- 
ment of  equations  of  rank  1,  can  be  shewn  to  represent  the  value  of 
the  integral  asymptotically. 

If  the  expansion  is  to  be  a  valid  representation  of  the  function,  it 
must  either  converge  or  terminate.  The  latter  will  be  the  case  if,  and 
only  if,  the  function  u  terminates. 

The  necessary  modification  of  the  foregoing  in  the  case  of  equal  roots 
of  the  equation  7rx+2*  =  0  will  not  be  carried  out  here.  There  appears 
to  be  no  essential  difficulty,  but  the  analysis  is  cumbrous  and  does  not 
illustrate  any  new  fact  of  importance. 

The  extension  to  equations  of  rank  p  greater  than  1  consists  in  the 
adoption  of  a  trial  solution  in  the  form 

[[[...  e^+i«^+-+f*'*V(P+i)UeZi; ...  dudt, 

U  being  a  function  of  t,  u,  ...,  v;  and,  again,  the  difficulty  is  in  the 
writing  rather  than  the  reasoning. 

Particular  integrals  of  linear  partial  differential  equations  with  rational 
coefficients  can  be  investigated  by  means  of  a  similar  analysis  in  the  form 


11 


...  6''+«»+-+'«l7dt?...dttd^, 


there   being   many   points   of    similarity    with    the    foregoing    analysis 
(v.  Picard,  Bend,  del  Circ.  Mat  di  Palermo,  v.). 


884  Pbop.  P.  MoRLBY  [June  34, 


ON  TWO  CUBIC  CURVES  IN  TRIANGULAR  RELATION 

By  F.  MoBLBT. 

[ReoeiTed  April  6th,  1906.— Bead  April  26th,  1906.— ReoeiTed  in  reriBed  fonn  June  24th«  1906.] 

Two  plane  eabic  carves — one  of  points  and  one  of  lines — can  be  so 
related  that  there  is  an  infinity  of  triangles  with  points  on  the  former  and 
lines  on  the  latter.  I  shall  say  that  two  such  cubics  are  in  triangular 
relation. 

This  problem,  which  is  investigated  here,  stands,  in  a  way,  between 
Poncelet's  problem,  with  its  various  developments,  and  Klein's  tetrahedra 
whose  points  and  planes  are  on  a  Rummer  quartic. 

The  case  when  the  two  cubics  are  in  apolarity  occurs  in  the  memoir 
by  Prof.  White,  "  On  Twisted  Cubic  Curves  that  have  a  Directrix,"  Trans, 
Amer,  Math.  Soc.y  Vol.  nr.,  p.  186. 

The  problem  belongs  to  the  theory  of  two  connexes,  but  I  shall  first 
give  its  genesis  from  a  single  cubic.  The  identification  of  'the  pairs  of 
cubics  arrived  at  in  the  two  ways  is  made  in  §  8. 

1.  Given  a  pencil  of  conies  and  a  point  cubic  0^  each  conic  determines 
six  points  on  the  cubic.  Consider  the  locus /of  the  joins  of  these  points, 
and  in  particular  its  class. 

Let  X  and  y  be  two  of  the  six  points  and  let  them  be  on  a  line  with  a 
point  p.  Then  x  and  y,  being  both  on  a  line  of  a  pencil  and  a  conic  of  a 
pencil,  are  in  a  Cremona  involution.     Writing 

yi  =Pi+\Xi    (i=  1,  2,  8) 

and  (the  base  points  of  the  conic  being  1,  +1,  ±1) 

we  get  at  once  cubic  expressions  for  yi  in  terms  of  Xi,  whence,  when  x  is 
is  on  the  cubic  0,  ^  is  on  a  curve  of  order  9,  \fr^. 

But  the  locus  of  the  double  points  of  the  involution  is  a  cubic,  its 
intersections  with  0  are  also  on  \fr ;  there  are  then  9X8— 9  or  18  other 
intersections,  and,  as  these  pair  off  in  the  involution,  there  are  nine  lines 
on  p  which  cut  out,  from  the  cubic  </>,  pairs  of  points ;  or  the  class  of  / 
is  9. 

If,  however,  a  base-point  b  of  the  pencil  of  conies  is  on  the  cubic,  the 
line  pb  counts  twice  among  the  nine  lines  and  the  class  reduces  to  7. 
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Thus,  when  n  base-points  are  not  on  the  cubic,  the  number  of  free 
intersections  is  6— (4— w)  or  n+2,  and  the  locus  of  their  joins  is  a  curve 
of  class  9—2  (4— n)  or  2n+l. 

The  case  n  =  0  is  familiar  (see  Salmon,  Higher  Plane  Curves,  §  154 
of  the  Third  Edition). 

The  case  n  =  1  is  the  one  under  consideration. 

2.  Such  a  pair  of  cubics  presents  itself  in  the  theory  of  two  connexes^ 
of  class  and  order  1.     With  a  single  connex  is  bound  up  the  principal 

^''''^  Kiax)iai)+k,ixi)  =  0, 

where  (xi)  =  0  is  identity,  or  rather  the  incidence  condition. 

There  are  three  singular  connexes  in  the  pencil ;  their  singular  points 
s  and  singular  lines  cr  fit  into  its  singular  triangle  (or,  from  the  stand- 
point of  collineations,  the  fixed  triangle). 

With  two  connexes  is  bound  up  the  *'  principal  net  " 

k,{ax){ai)+k^  {i3x){bO+K{xi)  =  0. 

The  singular  connexes  of  the  net  have  their  singular  points  8  on  the  cubic 

0  =  {ax){l3x)  I  abx  I  =  0, 

and  their  singular  lines  cr  on  the  cubic 

/=(ai){bi)\abi\  =  0. 

These  cubics   are  then  in  triangular  relation.     They  are  in  one-to-one 
correspondence. 

8.  If  we  regard  X?q,  ki,  k^  as  coordinates  of  a  point  k  in  the  plane,  then 
for  singular  connexes  k  is  on  an  auxiliary  cubic ;  to  the  point  I  whose 
coordinates  are  1,  0,  0  corresponds  identity,  and  to  any  line  on  this  point 
corresponds  a  principal  pencil  of  connexes  ;  so  that  to  the  intersections  of 
the  line  with  the  auxiliary  cubic  correspond  three  singular  connexes 
whose  singular  points  and  lines  fit  into  a  triangle.  Thus  the  one-to-one 
series  of  triangles  is  put  into  correspondence  with  a  pencil  of  lines,  and 
can  accordingly  be  numbered.  To  the  tangents  from  I  to  the  auxiliary 
cubic  correspond  triangles  with  two  coincident  lines,  and  therefore  two 
coincident  points ;  these  may  be  called  parabolic  triangles,  the  triangle  of 
three  real  distinct  non-collinear  points  being  hyperbolic.  Each  such 
parabolic  triangle  affords  a  common  point  and  a  common  line  of  0  and  /, 

*  This  theory  is  best  set  out  in  Clebsch's  lectures  (see  Vol.  m.,  chap,  ii.,  of  the  French 
translation).    Here  (or)  is  written  in  place  of  Clebsch's  symbol  oz  for  a  row  product. 

2.     VOL.  4.     NO.  936.  2   0 
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paired  off  in  this  way :  the  line  of  /  on  a  common  point,  and  the  point  of 
0  on  a  common  line,  are  incident. 

This  accounts  for  six  common  points  or  lines ;  there  are  also  six 
contacts,  as  will  be  seen  later. 

4.  The  points  and  lines  common  to  a  connex  (ax)(ai)  and  to  the 
identical  connex  (xi)  form  a  **  principal  coincidence."  To  each  point  is 
assigned  a  line  on  it.  Calling  incident  point  and  line  an  element,  we 
have  00^  elements.     The  connex,  referred  to  its  singular  triangle,  being 

(pixi)  =  0, 
the  line  ^  associated  with  a  point  x  is  the  join  of  x  and 

ifixi)  =  0. 

Hence  ^i  =  (m9-"M8)^9^>        or        x,i^  =  X^, 

where 

(1)  Xi+Xa+Xa  =  0. 

A  principal  coincidence  is  determined  by  its  singular  triangle  and  a  double 
ratio — the  double  ratio  made  on  ^  by  a;  and  the  points  on  the  three 
smgular  lines,  and  equally  made  on  a;  by  ^  and  the  Unes  on  the  singular 
points. 

The  pair  of  cubics  arising  from  a  principal  net  are  formed  by  the 
elements  common  to  two  principal  coincidences.* 

The  pair  of  cubics  is  fully  determined  by  two  singular  triangles  and 
an  element ;  but,  as  the  two  triangles  may  be  picked  from  oo^  singular 
triangles,  and  the  element  from  oo^  elements,  the  coordinates  of  the  pair 
are  12+8—2—1  or  12. 

Thus,  a  pair  of  cubics  in  triangular  relation  has  twelve  coordinates  ; 
on  every  point  x  of<f>a/re  three  lines  of  f ;  two  of  these  belong  to  a  triangle^ 
and  the  third  makes  with  x  and  any  selected  triangle  a  double  ratio  which 
is  the  same  for  all  pomts  x. 

5.  Hence  a  figure  may  be  constructed.  Take  a  cubic,  say  of  lines,  and 
mark  three  of  its  lines.  On  a  variable  line  i  of  the  cubic  mark  the  point 
Xf  making  a  constant  double  ratio  with  the  points  on  £  and  the  three  lines. 
The  locus  of  2;  is  the  other  cubic. 

This,  applied  to  the  deltoid  by  Mr.  J.  F.  Messick,  gave  the  figure 

annexed. 

« 

^  If  in  a  principal  coincidence  each  element  is  continued  so  as  to  obtain  the  ^-curves  of 
Elein  and  Lie,  then,  g^ven  two  ftunilies  of  TT-cnnree,  their  elements  of  contact  generate  the  pair 
of  onbics. 


a  0 
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A  eonvenient  pair  of  equations  is  obtained  from  the  equations 

If  namely  the  cubic  0  is  {axf  =  0, 

then  the  cubic  /  is  (oX/^®  =  0 

where  af  =  0,        2X,  =  0. 

To  examine  the  intersections  not  arising  from  the  parabolic  triangles,  we 

have  only  to  make  these  cubics  intersect  at  (1,  0,  0).      When  /  is  on 

(ly  0, 0)  it  must  touch  at  this  point  a  line  of  reference,  say  the  line  (0, 1, 0). 

This  requires  s  ^ 

aiag  =  0, 

and  this  is  the  condition  that  </>  has  the  same  line  at  the  same  point. 
Hence  there  are  six  contacts  or  common  elements. 

It  is  verified  at  once  from  the  developed  expressions  of  the  invariants 

8  and  T  that  ^    *^      \^\^\^  o    t  ^ 

S  of/ =  A1A2A8  S  of  </>, 

Totf=\l\l\lTotif>, 
whence  tJie  absolute  invariants  are  equal. 


6.  Let  us  now  discuss  the  matter  parametrically.     Let  the  cubic  0, 
referred  as  before  to  a  singular  triangle,  be 

where  a^  is  the  value  of  the  parameter  u  at  a  point  of  reference  and 

Then  for/  ^^  =  x.-f^i=^. 

The  line  $  meets  0  where,  if 

V  vanishes ;  that  is  where  v  =  u,  and  say  u^  and  t^,  where 
(2)  tt+ttiH-Wa  =  0. 
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Thus  7=  il<r(t?— u)<r(t?— «*i)cr(t?— t«j) 

where  A  is  independent  of  v. 

We  eliminate  A  by  differentiation  and  division,  observing  that 

D(ru  =  au^u. 

We  thus  get  on  eliminating  A 

Letting  t;  =  a»,  we  have  three  equations  of  the  type 

<r(ai — a^(r(u — Oj+ir)  <r(ai — ag)(r(ti — 03+*) 


7.  Now  always 

(ra  0*6  (TC  (T  (a + 0 + c) 

as  is  proved  immediately. 

Multiply  (4)  by  (r(u— ai+/c)/(r(u— aj),  and  observe  that,  from  (6), 

<r(ai — a+ir)  (r(tt — a)(r{u — ai+ir)  _   c/  v      c..^         i_  x  ■  c,  v  ,   z. 

*  . ^  -7 V~7 ~ir\  =  S(^— «i)""S  (^■"«+«f)+S(ai— a)  +  f* 

(r/ccr(ai— a)  (r(tt— ai)(r(tt— a+ic)        ^  *      *  «     1  » 

Then  (4)  becomes 

\{f^+f(«i—««)+f(«i—«8)—f(ai—<*)—f(ai—«*i)—f  («!—««)} 

+\,  {f(tt-ai)-f (tt-aj+<)+f  (ai-o^+ficf 

+Xi,|f<t^-ai)-f(tt-aa+/c)+f(ai-aa)+ficf, 
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or,  again  using  (5), 


or 
(6) 


®<r(Wi — ai)(r(Wj| — Oi)  <r(ai — aa)(r(tt+a8 — ic) 


X^  _  (T  (gg— ai)  (r(^i— da)  (rCiia^qa)  aC^i+tig— ag— ai) 


This  is  the  relation  between  Ux  and  t^ ;  for  a  given  t^  there  are  two  valued 
of  fi2$  say  t^  and  t^g,  connected  by 

or  t^+Wa+^  =  'f* 

which  establishes  again  the  existence  of  the  triangles. 

The  relations  connecting  the  vertices  Ui  of  a  singular  triangle  are  then 

(7)  t^i+t^+Wg  =  K, 

and  three  equations  of  the  type 

(8)  p\i  =  (r(aa— a8)(r(t^— ai)(r(w3— ai)(r(Wg— aj, 

where  we  get,  by  adding,  Weierstrass's  "  equation  with  three  terms." 

8.  The  first  genesis  (§  1)  leads  at  once  to  the  first  of  these  equations  ; 
for,  if  a  conic  on  three  fixed  points  of  the  cubic  cuts  again  at  u^,  then 

t^+t^+Wg  =  const. 

But  also,  if  a  conic  U  meets  the  cubic  at  t^«  (<  =  1,  2, ...,  6),  and  a  conic  V 
meets  at  v^,  then 

U  =  AUcr  iu-u,),  V  =  BlL<r(u-vd, 

where  A,B  are  independent  of  u.    And  the  conic   U'—m^  meets  0  at 
points  given  by  ^ jj^  ^^_^^  ^  u^U<r{u-vd. 

Thus  the  points  on  conies  of  a  pencil  are  zeros  of 

for  a  variable  z. 

If,  then,  three  base  points  are  on  0,  say  u^  =  1^4,  %  =  t^5,  tig  =  %  the 
other  intersections  of  conies  of  a  pencil  are  zeros  of 

(riu-^Vi)  (r(u^v^  (r(u—v^ 
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But,  from  (8) ,  replacing  u^  by  v^  and  p  by  p\  and  dividing, 

(r(ai — U^crjai — u^a-jai — u^  _£^ 

<r(ai—Vi)(r(ai — v^criai-^v^        p' 

Thus  the  same  pair  of  cubios  can  be  generated  in  either  way.  Given  the 
singular  triangles,  we  obtain  a  suitable  pencil  by  taking  any  three  points 
ac  of  0  on  a  conic  with  one  and  therefore  with  every  singular  triangle. 
All  the  conies  are  in  a  pencil,  meeting  again  at  a  point  b.  For  different 
selections  of  a»,  we  can  move  b  over  the  whole  plane,  the  points  of  ^ 
excepted. 

In  the  first  genesis,  then,  the  apparent  number  of  coordinates  (9  for  0, 
8  for  the  points  on  it,  2  for  the  point  off  it)  must  be  diminished  by  2 
inasmuch  as  oo  ^  pencils  give  the  same  pair.  That  is,  the  coordinates  of 
the  pair  are  12,  as  before. 
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SUPPLEMENTARY  NOTE  ON  THE  REPRESENTATION  OF 
CERTAIN  ASYMPTOTIC  SERIES  AS  CONVERGENT  CON- 
TINUED FRACTIONS 

By  L.  J.  RooBRs. 

[BeceiTed  June  9tli,  1906.— Read  June  14th,  1906.] 

The  methods  employed  supra  pp.  88  to  87  for  representing  certain 
definite  integrals  as  continued  fractions  may  be  used  for  obtaining  more 
general  results. 

Consider  the  integral 


Jo    si 


0    sinh  t 

It  obviously  has  a  finite  value  if  Ijx  >  a— 1,  and,  if  expanded  in  powers 
of  Xf  will  give  an  asymptotic  series  of  odd  powers  of  x. 
Calling  it  <px,  we  shall  assume 

3  3 

.      ___^    CLX     C^  6q  X     Ca  €^  X 

q>x  —  J—    ^__       J __  ,  . . . - 

X  x  2ax^  X  X  '  ^ 


Now  </>- 0 


1— a;     ^1+aj       1— a;*       1—ax      1+ax* 
therefore 


1        X  t  X  jl 


l—x      l+dx       ^  1+x      1— ax 


—  X  X        ] 


Hence  6  -^ — |-  --^ —  is  odd,  and  we  shall  assume  for  it  the  form 
^  1— a;      1+ax 

(l+a)xfJaa^fjif^Q!^ 
1-         1-      1-   ' 
so  that 

ax       e^e^a^     e^e^x^        ,       x      _^  {l+a)x /i/qX^/s/a^ 
X— 35—  1— aj—  1— «— *"      1+aa;  1—        1—      1— 

Changing  x  into ,  and  dividing  by  a:,  we  get 

jj a eiCjX^  _.     l+g      AA^^ 

1— (a+l)aj—  1— (a+l)a;— "*       1— oa;—  1— a^—J     *  * 
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By  Lemma  I.  on  p.  74,  we  may  write  this 

^^1- 1- r^-~i- 1- 1- •••' 

where  Ci  =  eg+es  =  ^4+^6  =  ...  =  a+1, 

and  /j  =/g4-/3  =  ...  =  a, 

BO  that  ejH+i  =  /sm+i+n+l, 

^  =  /an— w. 
But,  by  Lemma  II.,  p.  74,  we  have 

/O  ^  I"i  ^«     ^o/l  ^^  ^0^1»    fltfi  ^^  ^I'r^f   /a/a  ^^  ^%>   jBt/i  ^^  ^8"!  ^4>    •••» 
80  that  e2»e2n+l  ~  («2n  +  ^)(«2n+l— n  — 1)  ; 

and  therefore  (2nH- 1)  e2»  =  n{a-'n), 

(2n+l)e2n+i  =  (n+l)(a+l+n). 
Hence,  finally, 


r 

Jo 


sinh  a<  _,/,  ,       ^£  (I'-g')  iV  (2''-g')2V  (8'-a»)8V 
0    sinh  <  '^  1+  8+  6+  7+ 


•  •  •   • 


If  a  is  a  positive  integer,  the  integral  evidently  reduces  to  an  algebraic 
fraction,  whose  value  is  that  identical  with  the  terminating  chain-fraction 
in  the  above  identity. 

Moreover  we  evidently  obtain 

r  sing^   .,/,,.  _  o^  (l^+a^  iV  &+a^^x^ 

Jo  sinh^^      ^^"1+         8+  Sm- 

other identities  may  be  obtained  by  similar  processes,  into  which  it  is 
scarcely  necessary  to  enter  in  detail. 

I  find  that 

r  cosh  at  .^,  ,.  _  ^  a^-aJ^x^  2V  (S^-a^a^  4V 

Jo    cosh  ^"^      "^^""1+        1+        T+        1+        1+-"- 

r  sinh  at  „,y,^,  _  wy    j^^a^  y    2^  {4?-a^  y   4Si 
Jo  cosh^'      '''-"1+        1+         1+        1+        1+-' 

where  y  =  »*/(l— a;^,  as  on  p.  87. 
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^Jo    ^  V        cosh  2^/  ^        1+  1+  1  + 

V^Jo  ^cosh^  /       1+       1+  1+  1  + 

,     ,  /r  sinba^    _,/,  ,A  _  ax   iV  (2^~a^a;^  SV  (4^-a^a:^ 

^''''Uo^^^^^^    ^V""iTTT  ~i+~  1+     1+     ••" 

The  convergency  of  these  fractions  is  easily  established  by  the  criterion 
quoted  on  p.  75  as  Lemma  lY. 
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ON   THE   EXPANSION   OF   POLYNOMIALS  IN   SERIES   OF 

FUNCTIONS 

By  L.  N.  G.  Filon. 

[Reoeiyed  and  Read  May  10th,  1906.— Reoeiyed  in  reyised  form  Angnst  10th,  1906.] 

1.  Introduction  and  Summary. 

The  problem  of  expanding  a  given  function  f{x)  in  a  series  of  functions 
of  given  form — thus : 

fix)  =  ai(/>{Ki,x)+a^<p{K2,x)+.,.+an(/>{Kn,x)+...,  (1) 

where  /c^,  /cg,  ...,  /Cn,  ...  are  the  roots  of  a  transcendental  equation 

ylriz)  =  0  (2) 

— is  one  which  has  been  familiar  to  mathematicians  since  the  days  of 
Fourier.  This  problem,  in  most  cases  which  occur  in  mathematical 
physics,  is  usually  solved  by  the  method  of  normal  functions ;  that  is, 
functions  x(^9  ^)  ^^^  determined  such  that 

X  ('f r,  X)  0  (iC„  X)dx=:0  (3) 


i: 


when  r,  s  are  different,  but  has  some  definite  value  when  r  =  5.  Thus, 
multiplying  (1)  by  x  (^n*  x)  and  integrating  from  a  to  )8,  the  coefficient  a» 
is  readily  determined. 

The  great  disadvantages  of  this  method  are  that  it  gives  no  clue  for 
the  discovery  of  the  functions  x  when  the  form  of  the  latter  is  not  obvious 
from  other  considerations,  and  that  it  gives  no  means  of  predicting,  given 
the  functions  </>  and  the  transcendental  equation  (2),  whether  the  required 
expansion  is  possible  or  not. 

Another  method  has  been  given  by  Cauchy,  and  is  described  in  Picard's 
Cours  d* Analyse  (pp.  169  et  seq.).  This  method  depends  on  the  calculus 
of  residues.  Cauchy  (and  Picard  after  him)  restricted  himself  to  the  case 
of  trigonometrical  series  (see  Cauchy,  OEuvres  Completes,  t.  vu,  2*  S6rie: 
**  Sur  les  R^sidus  des  Fonctions  exprim6es  par  des  Integrates  d^finies," 
p.  898),  but  the  process  by  which  the  result  is  arrived  at  seems  artificial. 
The  function  [denoted  below  by  i^(^)]  on  which  the  whole  expansion 
hinges  is   selected  from   an  a  priori  knowledge  of   the  coefficients   in 
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Fourier's  expansion,  and  no  method  is  given  for  finding  it  in  the  general 
case. 

Dini,  in  his  book  on  Fourier  series  {Serie  di  Fourier  e  altri  rappre- 
sentazione  analitiche  delle  funzioni  di  una  variabile  reale,  Pisa,  1880), 
has  employed  a  mixed  method,  depending  partly  on  normal  functions, 
partly  on  Cauchy's  residue  theorem.  He  gives  a  determination  of  the 
function  F(z)  of  the  present  paper,  but  in  order  to  do  so  seems  to  assume 
{loc.  city  pp.  181,  182)  that  the  conjugate  functions  are  practically  already 
known,  and  that  x(k,x)  =  0(/c, a;)0(aj),  Q{x)  being  a  function  of  x  inde- 
pendent of  K.  This  restricts  very  considerably  the  generality  of  his 
results. 

Dini's  analysis  seems  to  be  directed  rather  to  giving  exact  proofs  of 
expansions  already  known  than  to  developing  methods  for  obtaining  new 
expansions. 

The  object  of  the  present  paper  is  to  extend  and  generalize  the  appli- 
cation of  Cauchy's  method  of  residues  to  expansions,  and  to  give  a  rule  for 
finding  the  form  of  the  expansion  in  certain  large  classes  of  cases. 

In  what  follows  the  functions  to  be  expanded  are  supposed  finite 
polynomials.  This  enables  us  to  dispense  at  present  with  troublesome 
considerations  of  convergence. 

The  paper  beging  by  establishing  a  general  theorem  for  expanding  a 
polynomial  in  a  series  of  functions  of  the  form  ^(/ca;),  k  being  a  root  of 
\lr(z)  =  0.  The  theorem  is  practically  contained  in  equations  (6)  and  (15). 
Exceptional  cases,  when  ^  =  0  is  a  zero  of  ylr{z)y  are  next  dealt  with.  An 
example  of  the  method  is  then  given,  showing  how  to  expand  a  function 
fix)  in  the  form  2  |^nC0s(/Cnic)H--Bn8in(/Cna;)},  the  /c»'s  being  roots  of  the 
transcendental  equation  Jq^ko)  =  0. 

It  is  also  verified  that  the  method  will  give  the  expansions  of  Fourier, 
Schlomilch's  expansion,  and  expansions  in  Bessel  functions  of  order  zero 
which  occur  in  physical  examples.  New  forms  are  obtained  for  the  co- 
efficients in  the  expansions  in  Bessel  functions  of  order  zero. 

Also,  in  each  case,  the  method  enables  us  to  find  the  range  of  validity 
of  the  expansion  and  the  values  of  the  series  at  the  extremities  of  the 
range  of  validity.  Thus  the  results  (84),  (85),  which  give  the  values  at  the 
ends  of  the  range  for  Fourier's  second  trigonometrical  series,  I  have  not 
been  able  to  find  anywhere. 

The  latter  part  of  the  paper,  after  a  brief  consideration  of  the  possi- 
bility of  extending  the  results  to  functions  other  than  polynomials,  is 
devoted  to  applying  the  method  to  series  of  functions  ^(/c,  x)  where  /c,  x 
do  not  appear  exclusively  as  a  product  kx.  The  results  are  applied  to  an 
expansion  in  functions  occurring  in  the  theory  of  elasticity,  which  expan- 
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sion  I  believe  to  be  new.  Mr.  John  Dougall,  in  a  paper  on  "  An  Analytical 
Theory  of  the  Equilibrium  of  an  Isotropic  Elastic  Plate "  {Trans.  Boy. 
8nc.  Edin.,  Vol.  xli.,  Part  I.,  8,  1904),  has  used  functions  of  this  type 
and  obtained  the  sum  of  a  few  series  involving  them  by  the  method  of 
residues,  but  he  has  not  attempted  the  converse  problem  of  determining 
the  coefficients,  given  the  sum. 

2.  Determination  of  the  Coefficients. 

Let  ^{Zf  x)  be  a  function  of  two  variables,  z  being  complex  and  x  real. 
Consider  the  function  F(z)ip(z,x)l\fr(z),  and  integrate  it  round  any  closed 
contour  C  in  the  ;?-plane,  enclosing  the  origin.     Then 

;r-^  1  —  V  /  /     dz  =  sum  of  the  residues  of  the  function  inside  C. 

Suppose  now  that  <p{z,x)  is  a  function  without  poles,  and  that  F(z) 
has  poles  only  at  the  origin.  Then  the  poles  of  the  function  which  con- 
tribute to  the  residues  are  the  zeros  of  \lr{z)  inside  C  and  the  origin.  To 
begin  with,  we  shall  assume  that  xfriz)  has  no  zero  at  the  origin. 

Let  Kit  /ca, ...,  ica  be  the  zeros  of  \fr{z)  inside  C,  arranged  in  the  order  of 
magnitude  of  their  moduU.     Then 

1    f  nz)fM^  ^  I  IMj^  +  residue  at  the  origin. 

27rtjc       -^U)  i-^i        V^  Ur) 

The  residue  at  the  origin  will  be  some  function  of  x.  Denote  it  by  f(x). 
^"  """""        /(x)  =  -  i  i^p^  +  ^.  \  Em^^.  (4, 

If,  now,  as  the  contour  G  becomes  larger  and  larger, 

2«Jc         \lr{z) 

we  obtain,  on  proceeding  to  the  limit 

=  _Y  FMfY\  (6) 

r=l  \lr'{Kr) 

the  roots  Kr  occurring  in  the  order  of  their  moduli.  The  problem  is  so  to 
determine  F{z)  that  f{x)  shall  be  identical  with  a  given  polynomial  and 
that  (5)  shall  hold. 

Consider  -L  (  Em^  dz 

taken  round  a  small  circle  enclosing  the  origin.  Since  ^(j?,  x)  is  without 
poles,  its  expansion  in  powers  of  z  is  absolutely  and  uniformly  convergent 
over  this  circle.     Also,  if  the  radius  of  this  circle  be  <ki|,  ll\jr{z)  may 
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be  replaeed  by  the  equivalent  Taylor  series.  The  product  of  the  two 
series  is  absolutely  and  uniformly  convergent  over  the  path  of  integration. 
Thus  <f>{z^x)l\lr{z)  may  be  replaced  by  the  two  series  and  the  result  of 
multiplying  these  out  integrated  term  by  term.  We  shall  further  suppose 
tbat  \lr(z)  itself  has  no  pole  infinitely  close  to  ;sr  =  0,  and  take  the  radius 
of  the  circle  of  integration  less  than  the  modulus  of  its  nearest  pole  (if 
any),  so  that  ^(^r)  itself  can  be  replaced  by  a  power  series. 
Take,  as  a  particular  case, 

F{z)  =  z-^^^'^ylr^{z)  (7) 

« 

where  yj^niz)  =  ao+aiZ+...+anZ'',  (8) 

i.e.,  ^n(^)  denotes  the  first  (w+1)  terms  of  the  denominator  \fr(z)  of  the 
above  integral. 

i^iz)  =  aQ+aiZ+...+anZ''+an+iz''-^^+,.. ;  (9) 

^kiz)  yfriz) 

i^iz) 

=  z~'^^'^^^+  power  series  in  z. 
Thu8  ^{±^i(£i^dz=^.  [i^dz. 

Let  4>^z,x)  =/o(a:)+;?A(x)+...+^Vn(a:)+.... 

Then  required  residue  =  fn{x). 

U  we  take      F{z)  =  £d^  +  S^  +.. .+  £-^)  (lo) 

Z  Zi  z  , 

where  j7o>  i'l'  •••>!'»  ai'^  constanlis,  then 

/(x)  =  i)o/o(a:)+l'i/i(x)+ •  •  •  H-l'n/nCx).  (11) 

We  will  now  consider  more  specially   the  important  particular  case 
'^^^^  /«(x)  =  5„x» 

a 

or  ^(^,  a;)  =  a  function  of  zx  only  :  thus 

i^{z,x)  =  ^{jix)  =  go+?i'2^-c  +  ---+9»t('8^a:r+....  (12) 

Hence  9n  =  ^ .                                            (18) 

(1 1)  gives  /(x)  =  i^o  Jo+J^i  ?i « + . . .  +i?« ?n ic'' 

or  i'»?-  =  '^.                                            (14) 

that  is  p,  ^  /»(0)/^-(0). 
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We  shall  suppose  ^*(0)  is  not  zero ;  so  that  no  term  is  missiiig  in  tiie 
expansion  of  </>(z). 

The  required  form  for  F{z)  is  therefore 


Fi,^^m}ts^+m±i^)+,.,+m 


(15) 


^(0)      z       ■   0'(O)      ^      '  ""  '   ^*(0)    2:»+* 

It  will  be  convenient  in  what  follows  to  conceive  the  series  (15)  as  ex- 
tending to  infinity.  This  will  prove  in  many  cases  to  be  really  a 
simplification,  and,  if  we  remember  that,  after  a  certain  term,  all  the 
terms  of  the  series  vanish,  no  difficulties  of  convergency .  will  be  in- 
troduced. 

8.  Case  where  yj^iz)  =  0  at  the  origin. 
Suppose  that  z  =:  0  is  a  zero  of  yj^iz)  of  p-th  order.     Then 

In  this  case  ylroiz),  '^liz),  ...,  yffp-iiz)  all  vanish.     Consider 


1 


^         (ap4*^+gp^.*+i^'^^+..-)    I 


(16) 


In  the  expansion  of  the  above  in  ascending   powers  of  z  only  the 
negative  powers  are  required.     Therefore  it  is  sufficient  to  expand 


ttp +ap+i  ^+ . . . +ap+,-8r'+ . . . 
as  far  as  sf"^. 

Let 

(ap+ap+i2:+...+ap+,;2f'+...)-^  =  6o+*i'2^+--+Vi'2^"*+--- J 
then  we  have  the  equations,  to  find  the  &'s, 

1  =  b^a^ 

0  =  6o^P+i+^i^^ 


0  =  6o^P+<+^i^^+<-i+---+*<^P 

•••  •••  •*•  •*• 

0  =  io<''»p-i+^i<*s«>-«+">+^p-i<*p. 


(17) 


(18) 
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Using  (17),  (16)  becomes 

z^^*-^{z)  ~  i?+*  {1— -e'[6o«P+*+^(*o«P+*+i+*i«P+i) 

+^(6oap+»+2+6iap+f+i+fta*P+i)+-" 

+  '2^"^(6o^P+*-l  +  *1^2p+.-2+...+6p-iap+#)]} 

+  positive  powers  of  z.  (19) 

(19)  has  been  established  for  positive  values  of  s.  But  it  is  easy  to 
see  that  it  will  still  hold  f or  s  =  0  or  s  =  a  negative  integer  numerically 
less  than  p. 

If  s  be  negative  (or  zero),  then,  using  (18)  and  remembering  Oi  =  0  if 
t  <,  p,  we  see  that  the  only  term  in  the  square  bracket  in  (19)  which 
does  not  vanish  is  ^"'6o^p>  ^-^m  -2^""*-     Thus,  if  s  <  0,  (19)  gives 

xlr,^..iiz)lz^^'yl.(z)  =  0, 
as  it  should. 

We  may  therefore  write  (19) 

Jti^i^)  =  p+i--^[*o««+i+^(ftoa«+2+6ia«+i)+^(6o»«+8+iia.+2+62a«+i) 

+ . . .  +^''~^(6o^«+p+ii^»+p-i+  •  • .  +  6p-ia»+i)] 
+  positive  powers  of  z^  (20) 

and  (20)  holds  for  5  =  0  or  any  positive  integer.     If  we  take,  as  before, 

F{z)=:%PsZ-^'^^^ylr,{z) 


«=ao 


and  ^{z,x)=  I,  z'/Ax), 


8=0 


then  the  residue  at  the  origin  of  F(z)<p{z^x)j\lr(z)  is 

«=ao,  5=00  8=00 

•■S^  J?»/.(ic)— /p-i(«)  ^2^  hQas+iPs—fp-iix)  2^(6oa»+2+6ifl^«+i)i?#— 


3=00 


—foix)  2  (6ofl^»+p+...+6p-ia«+i)i?#. 


•=o 


If,  now,  we  have,  as  before,  been  able  to  expand  fix)  in  a  series  of 
functions  /,(a;)  so  that  ,^^ 

fix)  =  ^2  psf8ix), 

it   follows  that  fix)  is  not   expansible  solely  in  functions  ^iz,x),  but 

2.    TOL.  4.    NO.  937.  2   D 
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contains  a  finite  number  of  terms  of  a  different  form.     We  have 

S=ao 

faOO  fsOO 

+fi(x)  2^(6o«»+p-i+--  +  ^P-2»»+i)j?»+...+/p-i(aj)  ^^bQOt^ipM 
-T|^0(/r„a:).  (21) 

r=l  Y^'Ur) 

In  the  important  particular  case  where  <l>(Zy  x)  is  given  by  (12) 

/^W-    ^j    X,         ■P'-^.(O)- 
Then 

/(x)  =  ^(0)  T(6,a,+p+...+6p_ia,+i)^ 

,  a:0'(O)'=*,,  ,        .  ,  v/"(0)  , 

+     j^l     ^^^  (6oa,+p_i + . . .  +  Op-2  a«+i)  ^Hq-x  +  •  •  • 

(/>  — 1)!       »=0      "  0'(O)         r=l  Y^  (/Cr) 

where  F(;2r)  is  given  by  (15). 

4.  Application  to  a  New  Trigonometrical  Expansion. 

As  an  example  of  the  application  of  this  method  to  trigonometrical 
expansions  in  general,  let  it  be  proposed  to  expand  f(x)  in  the  form 

f(x)  =  X  {an,  cos  n,  x + K,  sin  n,  x) 

where  n,  is  a  root  of  the  transcendental  equation  Jq{z)  =  0. 

We  take  <f>(xz)  =  e**,         -^{z)  =  Iq{z)  =  Jo(i'^). 

We  proceed  to  calculate  F(z).     We  have  here 

0(0)  :=  ^'(0)  =  ...  =  0*^(0)  =  ...  =  1. 

Then  (16)  gives 

F(.)  =  [[^  +  ^)  +  ...  +  ^:^)fiu)\__^  (28) 

where  D  =  djdu.     Or,  writing  out  yj^niz), 
T?<s       n     1.       -D.      -D,      -DV     i)",      -D",      )  //  x1  /o>.\ 


) 


0 


1906.]       Thb  expansion  of  poltnomials  in  sbribs  of  functions.        408 

The  series  (24)  contains  only  a  finite  number  of  terms.  It  is,  there- 
fore, permissible  to  change  the  order  of  the  terms.  Collecting  terms  in 
z'^f  z'^,  ...,  we  find 

F{z)  =  [|i-(ao+ail)+aai)*+...)  +  ^K+^^+«a^+... 

We  may  note  here  that  (25)  is  the  symbolic  value  of  F{z)  for  all 
trigonometric  series,  since  it  has  been  obtained  without  reference  to  the 
form  of  yj/^(z). 

In  the  present  case  yfriz)  has  no  zero  2^  =  0.  But  in  those  cases  [e.^., 
that  of  a  Fourier  series,  where  yfriz)  =  sinh(6;8f)]  where  \jr{z)  has  a  single 
zero  ;?  =  0  the  additional  terms  in  (22)  take  a  simple  form.  For  they  then 
reduce  to  the  first  term,  namely, 

60  T  a.+i/'(0)  =  [^'^^/(«)]_,-  (25a) 

We  proceed  to  evaluate  -n^^^' 

By  a  known  transformation  in  the  theory  of  differential  operators,  this  is 
Vr(2))e~(-^)e-V(^)  =  e~V^(D+^)  [%-~/(^)iw, 

a  being  some  upper  limit. 

It  is  not  necessary  to  evaluate  a.  In  fact,  a  may  be  given  any  con- 
venient value. 

For,  if  we  change  a  to  ^,  the  difference  between  the  two  values  of 


18 


e^\l^{D+z)  [%-"/(M)dw, 


that  is,  since  the  limits  of  the  integral  are  now  constants  with  regard  to  u. 


er^yl^iz)  J 


e"^f{u)  du. 


But  we  are  going  to  compute  the  value  of  Fiz)  only  for  such  values  of  z  as 
are  roots  of  ^  (z)  =  0.  The  above  difference,  which  contains  yjr  {z)  as  a 
factor,  is  therefore  irrelevant. 

2  D  2 
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We  have  then 

Fiis)  =  r^(Z)+-?)  f%-"*/(M)  du\      +ir{z)  {some  factor;^ .         (2 
L  Jit  J«=o 

So  far  our  results  are  independent  of  the  form  of  ^(j?)  ;  that  is,  they  ho 
for  all  trigonometric  series. 

Take  now  the  value  for  ^(^)  assumed  at  the  beginning  of  the  preae 
section.    We  have  (see  Gray  and  Mathews'  Bessel  Functions^  p.  89) 

Thus  ylr{z)  =  Jo(iz)  =  -^['   (f'^'^'de, 

Therefore,  using  the  symbolic  form  of  Taylor's  theorem. 

Since  a  is  arbitrary,  we  may  take  it  equal  to  0.     Hence 

F(-?)  =  -  ^  r    p  V  <•'"  *-~>/(w)  de  du. 
The  terms  in  the  expansion  corresponding  to  the  roots  ^  =  ±  in^  are 

'flintf 


1      pr     rtune 

-i.  c*».<'"'*-«>/(m)  dd  du 

+  22L1-Jo gin. 


I    2;^  J -J.,       '"'" 


nine 


e-*v 


whence  we  get 

#=«  n  I  pr  rsintf 

f(x)  =   2^  I       ^j..   .  cos n,x  sin  {n,(M— sin fl) } /(u) dO dv 

—  ^ij^  s^*^  ^'-^  f  J      cos  {n,(tt— Bin  0) }  f{u)  dO d«l  (K 


1906.]     Thb  bxpansiom  of  poltnomials  in  bbbibs  of  functions.         405 

5.  Validity  and  Limits  of  the  last  Expansion. 

To  obtain  the  conditions  under  which  the  expansion  (27)  is  valid  we 
have  to  consider  the  integral 


f  FO 
Jc    h 


(z) 


dz, 


taken  round  a  very  large  contour  C  in  the  ^r-plane. 

The  form  (25)  for  F{z)  shows  that  when  z  becomes  infinite  in  any 
manner 

L  zF(z)  =  [V^(Z))  f{u)l,.^o  =  lJo(iD)f(u)']u=o  =  ^[A^^  ^)  ^^' ; 


2=» 


which  is  finit>e. 


With  regard  to  the  values  of  %  ,  , ,  that  is  of  -^rrx  i  we  have,  when    z 
^  i^(z)  h{z) 

is  large, 

•'o  W  =  \J  ( — )  cos  iz — j-j         (real  part  of  2:  >  0), 

Jq{z)  =  yj  \— — j  cos  f ;8f+  -^  j     (real  part  of  ;8r  <  0), 

Jo^iy)  =  Joi-iy)  =  (2^)-*e^ 

where  the  square  roots  are  so  taken  that  their  real  part  is  positive  (see 
Hankel,  Math.  Annalen,  Vol.  i.,  pp.  500,  501). 

From  these  we  deduce 

loiz)  =  (iirz)-^  (e'+c-'+*'")  (imaginary  part  ot  z>  0), 

Iq(z)  =  {2Trz)'-^  (e'+e-'"**")  (imaginary  part  of  z<0), 

Iq{z)  =  (27r2r)"*e'  (z  real  and  positive), 

Io(z)  =  (— 2x-8r)"*6"'  (;?  real  and  negative), 

the  values  of  the  roots  above  being  determined  by  taking  ^/z  to  be  the 
positive  real  root  of  z  when  z  is  real  and  positive. 

It  is  clear  that,  if  «  =  ±  1,  e^/Ioiz)  is  in  general  comparable  with 
(2^z)K  and  r  p^^ 

Jc    Io(z) 


dz 


need  not  be  finite.     Accordingly  the  expansion  is  not  valid  for  the  end 
values  a;  =  ±  1.     Still  less  is  it  valid  if  |  a;  |  >  1. 
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Consider  1 2;  |  <  1.  Let  the  path  of  integration  be  a  circle  of  radios 
B  passing  through  z  =  i{nir+^Tr) ; 

when  U  I  is  large. 

Let  z  =  p+iq  be  any  point  on  the  path  of  integration. 

Consider  first  those  parts  of  the  contour  which  lie  inside  an  angle  2e 
enclosing  the  imaginary  axis :  let  us  restrict  for  the  present  our  attention 
to  that  arc  which  is  bisected  by  the  positive  half  of  the  above  axis. 

Here  Iq{z)  =  (2x^)-*  (e'+e-'+**"), 

I  Iq{z)\  =  {2irBr^  k  I  1 1+6-«'+**'|  =  (27ri?)-*eP  |  l+e-^6*<-««+^>| 

Thus  |Io(^)|  >  (2^B)-*e'^'  [l+e"^'^'  cos(2j-j7r)], 

since  |  a+ib  |  >  |  a  | , 

^       (27ri?)ie-"^l<^->"> 


and 


H-e-2iPlcos(2j-J^)' 


Let  Pq  be  given  by  the  equation 

^(1-1x1)  -,  x(2xM 
X  being  any  constant. 
Then,  if  p>Pof 

e"  1  1 

I^)    ^  X[l+e-^l^i  cos  (2g-i7r)]  ^  X(l-e-^) 

<  a  fixed  finite  quantity  Q  if  i2  exceeds  a  fixed  value, 
since  Pq  becomes  infinite  with  12. 

Let  the  arc  bounded  by   iPo+i^o  subtend  an  angle  2e'  at  the  origin. 

Thus  e'  tends  to  zero  as  B  increases,  and  the  arc  ie'  ultimately  lies  inside 
the  arc  26. 

The  integral  over  the  arc  2€— 2e' 

<  Q  (2e-2e')  L  zF{z) 
in  the  limit. 

Over  the  arc  2e'  B>q>  B—pl/B. 

Now  pIIB  i&  of  order  jr^i — ra  ("/»")    *°^  tends  to  aero  as  JB  in- 
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creases.    Hence,  if  12  is  large  enough, 

6  being  any  assigned  positive  quantity  which  may  be  taken  as  small  as  we 

please,  and  .^       i   \  ^        n 

^  cos  (2g — Jtt)  >  cos  6. 

Hence  over  the  arc  ie' 

The  integral  over  the  arc  2e'  is  therefore  less  than 

2e'(2xii)*  L  zF{z) 


^      1+6-2 '^ '  cos  0    ^  1+^-2  IpI  cos  e^  ^"^""^^  • 


2=00 


in  the  limit. 

But  L    26'  (27rB)i  =  L   const.  ^-^  =  0. 

Thus  the  whole  integral  over  the  arc  26  tends  to  a  quantity  less  than 

2^6  L  zF{z), 


7sao 


when  B  becomes  indefinitely  great. 

Thus,  making  e  small,  we  see  that  the  arc  bisected  by  the  positive 
half  of  the  imaginary  axis  ultimately  contributes  nothing  to  the  contour 
integral.  By  symmetry  the  arc  bisected  by  the  negative  half  of  the 
imaginary  axis  also  contributes  nothing. 

Now,  over  the  parts  of  the  contour  lying  outside  the  angle  26,  it  is 

obvious  that  L  (t-tt  )  ^  ^'     Hence  these  parts  also  contribute  nothing. 
Therefore,  if  |aj|  <  1, 

When  the  radius  of  C  becomes  infinitely  great  the  expansion  then  holds. 


1 


6.  The  Expansions  of  Fourier. 

The  same  method  may  be  applied  to  deduce  from  the  general  theorem 
of  Art.  2  the  well  known  series  of  Fourier 

/W  =  ao+%cos-T-  +aaC0s-7-  +...  +  O1  sm-T-+6aSin-7— +  ...,  (28) 

and  another  series,  also  given  by  Fourier, 

f{x)  =  aicosniaj+ogcos  W2X+...  +  6isinnia;+62si^^^+«-->     (29) 
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where  n^,  ^3,  ...  are  the  roots  of  the  equation 

X  sin  nr      ^  ..  .^ 

cos  nr =  0,  (80) 

nr 

X  being  <  1. 

In  the  case  of  Fourier's  series,  we  find,  in  a  manner  similar  to  that 
employed  on  p.  408,  using  the  symbolic  form  of  Taylor's  theorem, 

F{z)  =  J  r«-~6*/(t*)it*-i  r   6-^«-'V(^)^^+V^(^)|some  factor}, 

where  a,  as  before,  is  arbitrary  and  yf/^{z)  =  sinh^ft.     Taking  a  =  —  6  and 
putting  z  =  any  root  k  of  yj^ijs)  =  0,  we  have 


F(k)  =  -  i  j^'  e'<^-~>/(t^)dw. 


(81) 


The  constant  term  is  obtained  from  the  additional  term  due  to  the  single 
root  ^  =  0  of  yj/'iz).     It  is 

It  is  easily  verified  that  (81)  and  (82)  lead  to  the  well  known  expansion. 
An  investigation  similar  to  that  of  Art.  5  will  then  show  that  the  expansion 
is  valid  if   —  6  <  «  <  6,     Jj  zF(z)   being  here  equal  to 


<=00 


i[y(6)-/(-6)]. 

In  the  case  where  a;  =  ±  &  it  is  easily  shown  (see  also  Picard,  Coun 
d'AnalysCy  pp.  167-177)  that 

whence  we  get  the  well  known  result  that  the  value  of  the  series  at  the 
ends  of  the  range  is  ^  [y(5)+y(_ jj] . 

With  regard  to  the  series  (29),  Fourier  showed  (Theorie  de  la  Ckaleur, 
p.  848  et  seq.)  how  to  expand  an  odd  function  in  terms  of  sines.  The 
coefficients  a  were  therefore  absent  in  his  expansion.  Picard  in  his  Cours 
d' Analyse  (pp.  179-188,  first  edition)  has  generalized  Fourier's  result,  so 
as  to  include  the  even  terms.  But  he  has  proceeded  in  what  appears  to 
be  a  rather  arbitrary  manner,  with  the  result  that  he  has  introduced  into 
his  expansion  a  constant  term  which  is  unnecessary. 
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If  we  treat  this  example  by  the  method  of  the  present  paper,  putting 

,  ,  .  ,  \  sinh  zr 

ur(^)  =  cosh  zr , 

^  zr 

we  find,  by  a  process  very  similar  to  that  used  before, 

where  G  is  some  factor  which  we  do  not  require  to  determine. 
Whence,  after  some  reductions, 

I      I  cos  ngU— 'COB  w,r}  /{u)  du 

cos  n^x  J-^^ ; 

r— (sm  2n,r)/27i, 

sin  nsuf{u)du]  ,^^. 

j-sin  fisX -J-^  [  '  ^^^^ 

r  —  (sin  2w,  r)  /  2n,  j 

which  gives  the  expansion  required. 

The  sine  terms  in  this  expansion  agree  with  those  given  by  Fourier 
(loc.  cit.)  for  the  expansion  of  an  odd  function. 

Picard's  result  differs  from  (36)  in  that  the  coefficient  of  cosn«a;  is 


«=ao 


/(x)  =  S^  ■ 


[ 


r-7— s wTT—)    1       GOQ  n,uf{u)du, 

'— (8m2w,r)/2n,}  J_r  •   ^^  ' 


instead  of  the  coefficient  given  in  (33),  and  there  is  an  absolute  term 
introduced. 

That  such  an  absolute  term  is  not  really  required  is  obvious  from  the 
present  work,  since  z  =  0  ib  not  a  zero  of  yfriz).  In  fact  (S3)  allows  us 
to  expand  a  constant  in  a  series  I^AgCOBn^x,  and  when  we  replace  the 
absolute  term  in  Picard's  result  by  its  expansion  in  a  series  of  cosines, 
the  new  expansion  is  found  to  agree  with  (33). 

That  (88)  is  the  natural  expansion  may  also  be  seen  from  the  fact  that 


L 


(cos  w,t*— COS  figr)  cos  ritudu  =  0, 

if  8  and  t  are  different — a  result  which  is  easily  verified  directly  and  which 
would  allow  us  to  obtain  the  expansion  by  a  method  analogous  to  that  xA 
normal  functions.  . 
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Also,  if  we  investigate  as  before  the  validity  of  this  expansion  by  con- 
sidering   I  F{z)  V/  !  dz,  we  find  that 


\z 


L^  zF(z)  =  i[/(r)+/(r)]-^£ /(tt)du. 


Then  it  may  be  shown,  as  in  Art.  5,  that,  if  |x |  >  r,  |  ^(xz)lyfr(z)  \  =  ao 
over  one  half  of  the  contoar  of  integration,  so  that  the  expansion  is  then 
not  legitimate,  but  that,  if  |x|<r,  \i>{xz)l\l/^(z)\=^0  when  |j8r|=oD, 
except  within  an  angle  2e  enclosing  the  imaginary  axis ;  and  the  parts  of 
the  path  of  integration  within  this  angfe  can  easily  be  shown  to  contribute 
nothing  ultimately  to  the  integral,  so  that,  if  |  x  |  <<  r,  the  expansion  is 
valid. 

When  a;  =  r,  L     V/  ^  =  2  when  the  real  part  of  i?  is  positive,  and 

L    V/  ;  =  0  when  the  real  part  of  z  is  negative. 

Hence,  if  a;  =  r, 

fir)  =  8eries+i[/(r)+/(-r)]-  ^  j"  /(t*)**, 

or  series  =  i  [/(r)-/(-r)]+ 1^  T    f(u)  du.  (84) 

Similarly,  if  «  =  —  r. 


series  =  i[/(-r)-/(r)]+  f^]/(n)du. 


(86) 


These  two  end  values  for  the  series  are  not  given  by  Picard,  and  I  have 
been  unable  to  find  them  anywhere  else. 

It  follows  from  (84)  and  (35)  that  when  f{x)  is  an  odd  function  the 
expansion  in  sines  holds  right  up  to  the  limit  x=^  ±,r.  But,  if  f(x)  be 
an  even  function,  there  is  a  discontinuity  at  the  ends  of  the  range.  This 
is  precisely  the  reverse  of  what  happens  with  the  ordinary  Fourier's  series. 


7.  Schlomilch's  Expansiofu 

Here  we  require  to  expand  f{x)  in  a  series  of  Bessel  functions  of  zero 
order  in  the  form    ^^^^  ^  A,+A,Jo{x)+A,Jom+... . 

Clearly,  if  this   expansion  is  to  hold  for  negative  as  well  as  for  positive 
values  of  x,  f(x)  must  be  an  even  function. 


1906.]     Thb  expansion  of  polynomials  in  series  of  functions.         411 

It  will  be  more  convenient  to    consider  a  more  general   expansion, 
where /(a;)  is  not  restricted  to  be  even,  namely, 

/(x)  =  Ao+A^Joix)+A^Jo{2x)+...+BiLo{x)+BJjo{2x)+..., 

where  Lq(x)  =  —     "p*  ^  l^  3^"^l^  3^  5^^'"  J'  ^^^' 

This  function  occurs  in  the  theory  of  the  vibrations  of  a  circular  plate, 
and  its  properties  have  been  discussed  by  Lord  Bayleigh  (Theory  of 
Sound,  Yol.  n.,  §  802).    Bayleigh  denotes  this  function  by  K{x). 

We  write 

gu)  =  l+—  -^+^  +  — prg5  +  ^  +  —  i,Q,^^,  +  '"A91) 

and  take  <p  (zx)  =  Q  (zx),        ^  (z)  =  sinh  irz. 

We  then  find  easily 

whether  s  be  odd  or  even,  with  the  exception  of  1/^(0)  =  1. 
Substituting  into  the  expression  (15)  for  F(z)j  we  find 

F{z)  =  ir.iz)  ^ 

and,  treating  the  series  in  curled  brackets  as  was  done  in  Art.  4,  we  find 
Hence,  remembering  that  [(<D)'/(")]«=o  =  [-D'/CttQ],-©, 

F(z)  =  Vo(^)  -^ + r^  [a-^r*  uf  m  di\   .        (89) 

z  Lz — IJ  Jo  Ju«0 

(89)  is  the  general  expression  for  F{z)  whatever  the  form  of  yf/'iz).    It 
is  therefore  applicable  to  all  expansions  of  the  type 

l{A,Jo{n,x)+BsLo{nsX)\ . 
Taking  now  ^(^)  =  sinh  irz,  we  find  that 

5|^xN  =  -ij'   e'<'-~>x(tt)di.+V^(^)a 
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Applying  this  result  to  (89), 

F(z)  =  -i  r    du?  rf^(l-^-*e'<'-~>w/'(w0+V^(2r)G,         (40) 

since  ^o^'^)  =  0  in  the  present  case. 

There  will  be  an   absolute   term,   since  \lr(z)  has  a  simple   zero  at 
the  origin. 

This  absolute  term  is  given  by  the  first  term  in  (22),  namely, 

which,   when   we  put    0(0)  =  1,    6o  =  ^I'^'f    ^i  =  '"'>    V^(-D)  =  sinhxD, 
Thus,  from  (22),  (40),  (42), 


/,.,=/,„H^r..£iCM., 


,  X,      QJKX)      r    ^..  P  dter^'-*^uf{ut) 
+  ?2xco8h^J_/"Jo        (1-S         ' 

^  =  ic  being  any  zero  of  sinh  irz  other  than  ;?  =  0.     Whence,  grouping 
terms  in  pairs, 

17-/     \  1   r    J    P  {i^8inwvMy'(uQ 
+Lo(na:)-)_^c?t.J^  (1-^^i        • 

(43) 

The  even  terms  give  Schlomilch's  well  known  expansion.  The  odd 
terms  complete  this  expansion,  the  function  Lq{x)  having  here  to  Jq{x) 
the  same  relation  that  the  sine  has  to  the  cosine. 

In  order  to  investigate  the  validity  of  this  expansion,  it  is  necessary 
to  know  the  order  of  magnitude  of  Q(z)  when  |^|  is  large. 

We  have  (see  Rayleigh,  Zoc.  cit.) 

Writing  0—f)  =  u, 

ni\—  2  ^r      e-"du 

^^^^-V'^JoV^ca-u)} 

TT     Jo^(2u)L  ^4^\2/2.4^     J 
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It  may  then  be  shown  that,  when  z  is  large  and  its  real  part  is 
positive,  the  most  important  term  in  Q{z)  is  the  first.  This  first  term 
becomes,  on  writing  zu  =  Vj 

e'^'dv 


2      e"      p 

TT  ^/m  Jo 


2    ^   n 

^  ^/m  Jc 


the  integrations  with  regard  to  v  being  taken   along  the  straight  line 
joining  the  origin  to  the  point  z. 

By  considering  a  contour  ABCD  in  the  i;-plane,  AD  being  the  are 
of  a  very  small  circle,  centre  the  origin,  CB  a  concentric  arc  through 
the  point  v  =:  z,  CD  a  portion  of  the  line  joining  v  =^  0  to  v  =  z,  and 
AB  a  portion  of  the  real  axis  in  the  t7-plane,  we  can  readily  show  that 
the  first  term  in  Q(z)  is  approximately  equal  to 

lo       \/t? 

when  \z\iB  large,  the  path  of  integration  being  now  real. 
Therefore  the  most  important  term  in  Q{z)  is 

TT    ^{2Z)  Jo       V^  V   W ' 

Take  now  the  real  part  of  z  negative.    Write  z  =  —^i  then  the  real 

part  of  f  is  positive.  ^  ^ 

Q(z)  =—     (l-f)''^e'^'dt. 

TT    Jo 

Now  expand  (1  — ^~*  by  the  binomial  theorem 

By  reasoning  similar  to  that  employed  above,  the  most  important  term  in 
Q(x)  is  2  r   _,^  2  2 


0  Trf  7r;2r 

The  case  where  -er  is  a  pure  imaginary  has  been  worked  out  by  Lord 
Rayleigh.  Taking  the  value  given  for  Lq{z)  [his  K(z)']  in  ascending 
powers  of  l/z  in  his  Theory  of  Sounds  §  302,  we  have 

the  same  convention  being  adopted  with   regard  to  a/z  as  on  p.  405. 
Similarly  when  z  =  —i^. 


ImbO 
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Thus  g(^)  =  -  A  +^J(^  (44) 

will  give  approximately  the  order  of  Q  (z)  for  all  large  values  of  z. 
It  may  then  be  readily  shown 

(a)  That 
^L^  zF(z)  =  [sinh^D  \   {l  —  e)'iuf{uOdt\ 

=  £i(l-^-M^/(^0+^/(-'»rO}d<, 
which  is  finite. 

(6)  That,  if  a;  >  0, 

Oizx) 

y.        tends  to  0  if  the  real  part  of  z  is  negative  and  approximates 

to  2v^2('7r-8ra;)~*e'^'~'^  if  the  real  part  of  z  be  positive,  that  is,  it  tends 

to  0  or  00  according  as  a?  J>  "t  or  x>  ir. 

Similarly,  if  a;  <  0, 

O(zx) 
-r^ — ^  tends  to  0  everywhere  if  a;<t— x,  but  tends  to  oo  when 

the  real  part  of  z  is  negative  and  x  <,—Tr. 

(c)  That  the  parts  of  the  contour  integral  in  the  neighbourhood 
of  the  imaginary  axis  are  evanescent  in  the  limit. 

It  follows  that  Schlomilch's  expansion  is  valid  if  — 'tt  ^  x  ^  t. 
No  exception  is  to  be  made  for  the  extremities  of  the  range. 


8.  Othei'  Expansions  in  Bessel  Functions  of  Zero  Order. 

The  method  can  also  be  applied  to  obtain  an  expansion  of  the  type 

f{x)  =  'L{A,jQ{n,x)+B,L^{n,x)],  (46) 

n,  being  any  root  of  the  transcendental  equation 

J^^na)  =  0.  (46) 

Such   expansions  occur  frequently  in  mathematical  physics  in  problems 
relating  to  vibrations  where  the  boundaries  are  circular. 

vVa  nAve  here 

ift{zx)  =  Q{zx),     \fr(z)  =  J^iiaz). 

Thus  V^oW  =  1 


and  Fiz)  =M  +  [M^[ a-ei-^ufiuml   . 

z         L  z—D   Jo  Jm.o 
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Proceeding  as  in  Art.  4,  this  leads  to 

iP(^)  =Z(2)_Jl.  r    def"   e'<^^'^'"'^du[\l-e)-^uf{u{)dt+ylA{z)a 
z         27rJ_,       Jo  Jo 

or,  writing  t  =  sin  ^, 

F{z)  =  Z^  -  J-  r    de^  "^  du\    d<l>uf{u  sin  </>)  6'<«»*'»*-*>+ V^(-^)  G, 
z         2xJ_^      Jo  Jo 

whence 

fix)  =  "i  4^ 

X  ["—  M2)  —  J-  r    d0  r      di^  I    d0  uf(u  sin  ^)  sin  n,(a  sin  0— ii)"j 

+  ' 2*  -^^S^^ f-  —  r    dO^'"''  du\    d<buf{u sin 0) cos n,{a sin 0-w)1. 
»«i  a€7o(n,a)L      tt  J_,      Jo  Jo  J 

(47) 

The  form  (47)  is  very  different  from  the  one  usually  employed,  which 
gives  ,^^        J        .      Hx 

when  /(«)  is  an  even  function. 

The  forms  (47)  and  (48)  are  not  easily  comparable  directly,  but,  if  we 
go  back  to  the  form  (15)  for  F{z),  it  is  found  that,  if  ik  =  w„  so  that  k  is 
any  zero  of  \fr{z)f 

whence 

Jo  «^o(«.a)       L     (2r)!  "'      Ja=o 


_  iir. f»  J-n(w.x)  r^,  x^-^'J'--^' /1.8...(2r-l)(2r+l)\ "  .,  H     ^^ 
2<      Jo/o(«.a)L     (2r+l)!V  2.4...(2r)  /  ''^  'J«=o 

_  _^^_i  f"  xJqKx)  /(x)+/(-a;)  ^ 
Jo  <7o(w.a)  2 

-^ia-xr^ldxTd^rd^ 

TT/c         Jo</o(w»a)       Jo      Jo 

Xi(l-^-*(l-vV*^  {/(a:^t;)-/(-x^t,)}, 

using  the  identity 

V    2.4...(2r)    /         71^ Jo     Jo  ^^^^ 
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This  leads  to  the  form 
Joint  x) 


«=ao 


^<*)  =  .5:  ^f7^^\/'>^"''^^^^'^+^^-'^^'^ 


+ 


'? ^frf    m:.  r '^oin.x) dx[dt? dv 

.=1  9rH,a^{</o(«»«)rJo  Jo     Jo 


X  (1  -  f)-i{l -««)-*  ^  {f{xtv)-f(-xtv)  \ .    (49) 


The  even  terms  have  the  coefficients  found  by  the  usual  methods.  The 
odd  terms  have  their  coefficients  in  a  new  form. 

The  comparison  of  the  coefficients  in  (47)  and  (49)  will  be  found  to 
yield  several  interesting  theorems  connecting  definite  integrals  involving 
the  function  Jg,  which  it  would  be  difficult  to  establish  otherwise. 

Returning  to  the  expansion  in  the  form  (47)  which  presents  itself  more 
naturally  in  this  connection,  we  find  that 

L  zF(,z)  =  f{fi)^\j9(iaD)\    uf'{usisi<l>)d<b\ 

=  /(0)+^|T   c'">''»*der«/'(«sin^)d^] 


tt=0 


=  /(0)+2^r   ^^i    a  sin  0 /'(a  sine  sin  0)d^. 

27rJ_,      Jo 

By  considering  this  integral  as  taken  over  the  surface  of  a  sphere  of 
radius  a,  Q  being  the  colatitude  and  ^  the  longitude,  and  y  being 
a  sin  0  sin  ^,  we  find 

Td^J  J    asin0/'(asin0sin0)d0  =  [f'{y)a-HS, 

taken  over  the  area  of  the  lune  bounded  by  ^  =  0,  0  =  J-tt, 

=  TT  j"y(y)d2/  =  7r[/(a)-/(0)]. 

In  like  manner 

ro         ri» 

de      asin  0/'(a8in  0  sin  0)  di>  =  Tr[f{—a)—f{Qi)]. 

Thus  L  zF{z)  =  i  [/(a)+/(-a)]. 

Also,  when  \z\i^  large, 


Joiiaz)  ■"  (27ra-8r)-*(6*"+6-'"+^) 
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if  the  imaginary  part  of  b  is  positive ;  and 


2  y 

Qjxz)  __         *^    KttzxI        ttzx 


( 


^  —V- 


Joiiaz)       (—27rflwr)-*  (€-«'+ ^"■'*^) 

if  the  imaginary  part  of  z  is  negative. 

Reasoning  strictly  analogous  to  that  used  in  previous  cases  shows  that, 
if  1 05 1  <  a,  \Q{zx)  I  Joiiaz)  \  tends  to  zero  when  z  tends  to  infinity  in  any 
direction  save  that  of  the  imaginary  axis. 

K  05  =  a,  Q{zx)  I  Joiiaz)  tends  to  2  if  the  real  part  of  ;?  be  positive,  and 
to  0  if  the  real  part  of  z  be  negative. 

If  x  =  —a,  Q{xz)  I  Joiiaz)  tends  to  0  if  the  real  part  of  z  be  positive, 
and  to  2  if  the  real  part  oi  z  be  negative. 

If  |a;|  >  a,  \Q(zx)l Joiiaz)  \  tends  to  oo  over  one  half  of  the  contour  (7, 
and  to  0  over  the  other  half. 

Finally,  it  may  be  proved  that  the  neighbourhood  of  the  imaginary 
axis  contributes  nothing  in  the  limit  to  the  contour  integral. 

Thus,  if  kl  < a,        L  ^.  [  F(z)^dz  =  0, 

and  the  series  converges  to  f{x). 

If  Ul  >  a,     L  27^  f  F(z)i^dz  need  not  be  finite- 

27riJc  y{z) 

If  .  =  ±«.     L  ^l^^d^  =  i[Aa)+A-a)l 

Therefore  value  of  series  when  a:  =      a  is  i[/(a)— /(— a)] 

- 

value  of  series  when  05  =  —a  is  i[/(— a)— /(a)] 

This  result  shows  that,  whereas  the  even  part  of  the  series  is,  in  general, 
discontinuous  for  the  ends  of  the  range  of  validity,  being  zero  f or  a;  =  ±a 
[which  is,  indeed,  immediately  obvious  from  the  equation  Jo(^»^)  =^  0]»  *^® 
odd  part  remains  continuous  up  to  the  ends  of  the  range  inclusive. 

9.  Possibility  of  Extension  of  the  above  Results  to  Functions  other  than 

Polynomials. 

It  is  well  known  that  every  function  f{x)  which  can  be  represented  by 
a  Fourier's  series  between  a  and  b  can  also  be  represented  throughout  the 
same  range  as  the  limit  of  polynomials. 

Thus,  let  f{x)  =   L   Pn{x),  where  P«(x)  is  a  polynomial. 
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Pn{x),  by  the  preceding  work,  can  be  expanded  in  a  series  of  suitable 
functions  r=oo 

Pnix)  =     2     Ar,n4>{KnX). 
r=l 


rsaoo 


Thus,  /(X)=     L       ^Ar,n<t>{>Cr,x). 

nssto  r=-l 

It  seems  difficult  to  prove  generally  that  in  the  cases  where  the  ex- 
pansion of  Pn{x)  is  possible  the  limiting  sign  can  be  taken  through  the 
sign  of  summation. 

If  we  assume  that  this  can  be  done,  then 


r=oo 


fix)  =   ^2    Ar^{Kr,X) 

where  Ar  =   L   4r,«. 


nsiQo 


In  one  fairly  simple  case,  where  f(x)  is  expansible  in  an  infinite  power 
series,  so  that  Pn{x)  =  sum  of  the  first  n  terms  of  the  Taylor  series  for 
fix),  we  can  prove  that,  under  certain  restrictions,  the  present  method 
allows  us  to  calculate  the  coefficients  Ar — in  other  words,  that  Ar,n  tends 
to  a  limit  when  n  increases. 

We  now  proceed  to  prove  this. 

Consider  the  expression  (16)  for  F(z)  and  write  it 

-tol      +03-2^      +08-8^      '^'"^^W) 


—ian+i+an+2Z+an+s^+.-.)'^r^'    (61) 

Consider  first  the  part  of  Fiz)  in  square  brackets.     <f>iz)  is  an  integral 
function  ;  hence  by  a  well  known  result 

l^"(0)|<^. 

^  being  any  positive  constant,  however  large. 

Also,  if  the  power  series  tor  fix)  have  a  finite  radius  of  convergence  p, 
then  it  is  clear  that  we  cannot  have  for  all  values  of  n,  however  large, 

I   /"(0)|<^, 
p'  being  any  quantity  greater  than  p. 
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Therefore  terms  must  exist  in  the  sum  in  square  brackets  which  are 
numerically  greater  than  &n 

If  |7p^+V"' 

and  this  must  occur  for  values  of  n  as  large  as  we  please. 

Thus,  if  we  make  n  infinite,  terms  exceeding  any  given  magnitude  will 
appear  in  the  series  in  square  brackets,  which  is  therefore  divergent. 
If  fix)  were  an  integral  function  whose  coefficients  decreased  at  a 
sufficiently  rapid  rate,  this  part  of  F{z)  might  be  convergent ;  but  this 
will  be  a  comparatively  rare  case. 

The  divergence  of  this  part  of  the  expression  for  F{z)  is,  however, 
immaterial,  since  in  calculating  the  coefficients  we  put  z  =  k  in  F{z), 
where  \fr  (k)  =  0.     The  part  in  question  therefore  disappears. 

To  deal  with  the  other  part  we  notice  that  in  all  the  examples  con- 
sidered yfr  (z)  has  been  an  integral  function. 

We  shall  suppose  that  \[r(z)  is  such  a  function,  and  further  that  from 
a  certain  value  of  r,  |  ^r  |  <  ffV^'*  9  being  some  positive  quantity,  a 
condition  that  will  always  be  satisfied  by  integral  functions  of  order  zero. 
(See  Poincar6,  "  M6moire  sur  les  fonctions  entieres,"  Bulletin  de  la  Societi 
Mathematique  de  France,  1888.) 

Then,  from  this  value  of  r, 

<_2:iL|i+2_[£j4..Ji.UJ)L_  +      I 


r+D!  V        r+2/      ^  (r- 


r  +  l 


(r+1)!  V        r+2/  (r+1)!  X-1 ' 

r  being  taken  so  large  that  r+2  >  Xg  |;8r|,  where  X  is  any  fixed  number 
greater  than  1.     Hence,  if  the  series 

2  .£1^  fm  (52) 

(r+D!  0^(0)  ^     ^ 

be  absolutely  convergent,  the  second  part  of  F(z)  is  also  absolutely  con- 
vergent. We  may  therefore  increase  n  without  limit,  and  use  this  series 
to  calculate  the  limiting  values  of  the  coefficients.  So  far  I  have  not  been 
able  to  complete  the  demonstration  and  to  show  that  these  are  the  actual 
coefficients  in  the  expansion  otf(x)  itself. 
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10.  Application  of  the  Theorem  to  Cases  where  ip  (-?,  z)  is  not  a  Function 

of  zx  only. 

Return  now  to  the  more  general  case,  where  0  (;?,  x)  is  not  a  function 
of  the  product  zx  only.  In  this  case  the  expansion  in  functions  ^(icr,  x)  is 
known  by  (10),  when  the  expansion  (11)  of  f{x)  in  terms  of  the  functions 
/o(^)  "'fn{x)f  •••»  which  are  the  coefficients  in  the  expansion  of  </>{z,  x)  in 
powers  of  z,  is  known. 

Now,  it  fix)  be  a  polynomial,  the  expansion  of  fix)  in  functions  fnix) 
is  easily  obtained  in  the  following  case,  namely,  when  foix),fiix),  ...,/» (-c) 
are  themselves  polynomials  of  increasing  degrees  0,  1,  2, ...,  n. 

In  this  case,  if  fix)  be  a  polynomial  of  degree  n,  all  the  quantities 
Pn+uPn+2,  ...  in  the  expansion  (11)  may  be  taken  zero.     Let 


Let 


foix)  =  goo 

fi(x)  =  gio+ffii-^ 

f^ix)  =  gao+9'2i^+9ffl^ 

•••        ■•■        •••        •••        ■•• 

fnix)   =   qnO+qnlX  +  qn2X^+..,+qnn3l^^ 

fix)  =  ao+aiX+...+a»-^*. 


(58) 


(54) 


Then,  to  determine  ^o>  i'l*  -'-yPnt  we  have  the  (n+l)  equations 

P090O+Pl9lQ+P29M+"'+PnqnO   =    Oq] 

Pi9n+P2i2i+  "'+Pnqni  =  ai 

P2q^+'"+Pnqn2   =    Ofl 


Pnqnn  =  Cln 


of  which  the  solution  is 


(55> 


Ctn 
Pn  = 1 


i?n-l 


__        Qn-i dn  qn,  n-l 


Pn-i 


?n-l,  n-l         Jnnjn-l,  n-l 


^_        gn-> Otn-ign-l.  n-2  i 


On 


?n-l,  n-2  ?*,  n-2 
Jn-l,  n-l  Jn,  n-l 


g'n-2,  n-2         ?n-l,  n-l  ?n-2,  n-2  ?n,  n  ?«-l.  n-l  ?n-2,  n-t 
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+ 


«m-r+2 


?n-r+l,  11-r      ?»-r+2,»-r 


0'n-r+*J,Ji-r+2  ?n-r+l, n-r+1  ?i»-r,  n-r 

?n-r+l,  n-r       ?n-r+2,  n-r       •••    ?M-r+i-l,  »-r 
?»-r+l,  n-r+1  ?n-r+2,  n-r+1  •  •  •    ?n-r+i-l,  n-r+1 
0  Jn-r+2,  n-r+2  •••    ?n-r+i-l,  n-r+2 


+ 


(— l)*an-r+« 


?n-r+«,  n-r+1 
?n-r+i,  n-r+2 


0 


0 


?n-r+»-l,  n— r+«-l  ?n-r+«,  n-r+«— 1 


+  .. 


Jn— r+1,  n-r      ?n-r+2,  n-r       •••?n-l,  n-r      5^n,  n-r 
Jn-r+1,  n-r+1  ?n-r+2,  n-r+1  •  •  •  ?n-l,  n-r+1  ?n,  n-r+1 
V  9i|.r+2,  n-r+2  •  •  •  ?n-l,  n-r+2  ?n,  n-r+2 


+ 


(-D'o, 


0 


9n-l,  %-l       J«,  •-! 


;  (66) 

?n.n  ...  ?n-r,n-r 

SO  that  the  coefficients  p  are  obtained  in  finite  form.     Fiji^  is  then  known 
by  (10)  and  the  expansion  (6)  follows. 

11.  Application  to  Functions  occurring  in  the  Theory  of  Elasticity^ 
The  equations  for  the  mean  stresses  P,  Q,  S  in  the  plane  of  an  elastic 


plate  are 


dx      dy         ' 


dx      dy         ' 


and  these  are  satisfied  by 


P  =  - 


W 


S  = 


dJ'E 


dxdy  ' 

where  V^E  =  0.  (See  a  paper  by  the  author  on  ''  An  Approximate 
Solution  for  the  Bending  of  a  Beam  of  Rectangular  Gross-Section,''  Phil. 
Trans.,  A,  Vol.  201,  pp.  63-155  ;  and  also  a  paper  by  John  Dougall,  M.A., 
"  An  Analytical  Theory  of  the  Equilibrium  of  an  Isotropic  Elastic  Plate," 
Trams.  Boy.  Soc.  Edvn.,  Vol.  xu.,  Ft.  1,  No.  8,  1904.  See  also  for  an 
analysis  of  the  above  Professor  Love's  Theory  of  Elasticity ,  second  edition, 
chapters  v.  and  ix.) 
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If  we  take  E  =  {C  sinh  kx-\-Dx  cosh  kx)  cos  /cy, 

then  P  =  /c*  [C  sinh  kx+Dx  cosh  kx]  cos  kt/, 

Q  =  —  If  f  ((7/C+2D)  sinh  #car+-D^^  cosh  kx']  cob  iry, 

iS  =  —  /c  [(C/c+D)  cosh  ica;+-D<ic  sinh  ica;]  sin  tcy. 

If  P  =  0,  S  =  0,  when  x  =  ±b,  then 

(7  sinh  /c6+-D6  cosh  Kb  =  0, 

(C/c+D)  cosh  Kb+DKb  sinh  /c6  =  0. 

Hence  sinh2/c6— 2ic6  =  0.  (57) 

We  have 

Q  =  const,  [jcx  cosh  kx  sinh  Kb— Kb  coshici  sinh  kx+2  sinhirft  sinh^o:]  cos  icy. 

It  is  easy  to  verify  that  when  ic  is  a  root  of  (57) 

Qxdx  =  0.  (58) 


I 


-ft 

Now  for  various  purposes  it  is  desirable  to  be  able  to  expand  a  given 
function  of  a;  in  terms  of  functions  ^(iCr,  x)  where 

0  (z,  x)  =  zx  cosh  zx  sinh  zb—zb  cosh  zb  sinh  zx+2  sinh  zb  sinh  zx,  (59) 

where  z  =^  Kt  is  any  root  of 

\lr(z)  =  sinh  2zb—2zb  =  0.  (60) 

For  example,  if  Q  be  given  over  y  =  0,  between  a:  =  —  6  and  a;  =  +  i» 
such  an  expansion  will  give  us  the  coefficients  of  the  typical  terms  which 
build  up  the  complete  solution. 

We  notice,  however,  that,  if  f(x)  be  the  function  to  be  expanded,  then, 

owing  to  (58),  p 

I     f(x)xdx  =  0;  (61) 

and  therefore /(a?)  is  not  entirely  arbitrary. 

The  expansion  of  </>  (z,  x)  in  powers  of  z  is  as  follows  : — 

<l>(z,x)  =  '^i^-^,i{b+xr-{b-^^^^ 

Thus  (62) 

/ir+i  {x)  =  0, 
/o(aj)  =  0, 

f2r{x)  =  ^[(6+a:)^''-(6-x)«'-r(6»-x«)|(6+a:)«'-*-(6-a?)^-»H 

"•^.-i(2«-l)!(2r-2s+l)!'  ^^^' 

It  follows  that  only  an  odd  function  will  be  suitable  lor  f(x). 
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then,  since  from  (76)  it  is  seen  that  the  highest  power  of  x  in  f%r{x)  is 
x^-\  we  have       ^^^^  ^  ^j^  ^^^  ^^j^  ^^^^     ^^^^^^^  ^^^^  ^^^^ 

where^2,2?4,  ...^Pir  can  be  found  in  the  manner  indicated  in  the  preceding 
section. 

The  equations  tor p^f  Pi,  ...» P2r  niay  be  here  quoted  :  they  are 

(2-l)paft^  I   i^-^) Pib'      (2S) Peb^  .  (2--r)7?2.6^^  _  l\a,b        ] 

1!         "^         8!        "^         5!         "^'••"^     (2r-l)!  2~ 

(4'-2)p,b'(4-8)p,b'  .  (4--r)i?2rfe^^_8!a86« 

1!         "^         8!         "^"""^     (2r-8)!     ""       2 

(6~8)jPeft'  .        .   i6-r)p2rb^'  _  6\  a^b^ 
1!         ■^"•"^     (2r-5)!     "       2 


(2r-r)i?8,6^^  ^  (2r-l)!  ggr-ift^-^ 
1!  2 

(66) 


12.  Zeroes  of  sinh  22^6—2^6  =  0. 

We  have  now  to  consider  the  distribution  of  the  zeroes  of  y/riz). 
In  the  first  place  the  expansion  of  sinh  2zb^2zb  begins  with  a  term  in 
z^f  80  that  the  origin  is  a  triple  zero. 
To  find  the  other  zeroes  write 

2zb  =  i+ifj. 

Then  sinh  (^+ii;)  =  i+ifi, 

and,  equating  real  and  imaginary  parts, 

sinh  ^  cos  17  =  i,  (66) 

sin  fj  cosh  ^  =  1;.  (67) 

If  we  put  1;  =  0,  we  have  sinh  i  =  i, 

which  is  impossible,  unless  ^  =  0  ;  and,  if  we  put  ^  =  0,  we  have 

sini;  =  fj, 

which  is  also  impossible,  unless  17  =  0. 

Thus  no  root  lies  on  the  axes,  except  the  triple  root  z  =  0. 
Consider  now  the  position  of  the  roots  of  very  large  modulus. 
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Squaring  (66)  and  (67)  and  adding,  we  find 

oosh*  (  =  cos*  fi+i^+f^. 
U^  therefore,  |  i+iti\  =  V(^+'»^  ia  large,  i  must  be  large. 

Hence,  by  (66),  eos  ^  =  S^T?' 

and  is  small ;  therefore  17  =  mr+^ir 

approximately.    Putting  this  value  into  (67),  then,  since  cosh  £  must 
positive,  n  must  be  even. 

Thus  91  =  ^nr+iir,         cosh  i  =  ^rtr+^Tr 

very  nearly,  or  f  =  log«(4rx+'7r) 

approximately.  The  roots  fall  into  groups  of  four,  symmetricaUy  place<7 
with  regard  to  the  axes,  the  four  members  of  each  group  being  given  bj 
±  log»(4r^+^)  ±  i  (2r'7r+ J-tt)  approximately. 


18.  Additional  Terms  due  to  the  Triple  Zero  at  jgr  =  0. 

Referring  to  the  expression  (21),  we  see  that  the  additional  terms  due 
to  the  triple  root  ;?  =  0  are 

/o(a?)  j;^(6o<3f«+«+&i»«+«+*a^«+i)P«+/i(a:)  ^2^  (fto^+2+*i^+i)l^ 

and,  since  ff^{x)  =  0,  /i(:r)  =  0,  and  /a  (a;)  =  2x6,  this  reduces  to 

2x6  2  (6oa.+i)i?.. 

Thus  ag  =  Oi  =  o^  =  0,        ojr  =  0, 

_j26)^  1    __8!_ 

"*+'  ~  (2r+ 1)!  •         *«  ~  «8  ~  (2&)*- 


Thas  the  additional  term  is 


8a;  •-''   (26)'^+^ 
2P.-1  (2s+l)!^' 


since,  if  «  >  2r,  ^(  =  0.     The  quantities  pt,  are  here  given  by  (S(0< 
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But  this  temi  may  be  evaluated  as  follows : — ^Bewriting  the  first  ex- 
pression (68)  torfir(x)f 

whence 


and 


-6(8r+l)  {(b+xr+(h-x)^\ 


£.»/.(.)*»  =i^gt|2W--^^.M-+  ^2,2J,-] 


22r+l  j2r+2 

(2r+l)!* 


Thus  V  ^i^'T!^  =  4:  r    x^  P^Mx)dx 

««i    (25+1)!  6  J-6    »=i  ^'^•'"' 

1   P 
=  -j-J     xf(x)dx  by  (64). 

The  additional  term  in  the  expansion  is  therefore 


8a; 
Therefore 


r   xf{ii)dx.  (68) 


/(-)=iL"-^<"^^""^w*^'^^'"^ 


F{k^  [iCrX  cosh  lfr»  sinh  Krh^Krb  COSh  #Cr  6  sinh  KrX 

8a:  P      ^/  tj       'o                                            +2sinhifr68inhifra:] 
=  WU'^^'^^~^ 2&|co8h2«,&-li 


where  icr  is  any  root  of  (60),  and 


,    1    /      (26)"         (26)*  ,        (26)*-' 

+7  v'-^^^'-&r^-^^w^^. 


1 

,     i 

+ 


,J_(      (26)" ) 


(69) 
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Consider  the  roots  in  groups  of  four.  Connecting  the  two  in  each  group 
which  have  opposite  signs,  then,  since  F{z)  contains  only  even  powers 
of  z,  we  may  write 

F  (iCr)  [iCr  X  cosh  Kr  X  siuh  Krb  —  Krb  COSh  Kr  b  SUlh  KrX 

f(^\  —  8«  P    ^fi^\j^     V +2sinh#rr6  8inhiCrg] 

f^^^''W]^^^f(^)dx^^ 6  {cosh 2^.6-1} ^ 

(70) 

where  the  Z  now  extends  only  to  those  roots  of  (60)  of  which  the  real  part 
is  positive. 

As  an  example,  if  we  wish  to  expand  x^  in  such  a  series,  we  have  from 
(65),  putting  Qi  =  0,  Qg  =  1,  and  all  the  other  a's  zero, 

3 

Hence  F{z)=i^^ 


and 


I     xf(x)dx  = 


5   • 
Therefore 

\^Kr  X  cosh  Kr  X  sinh  Krb  —  Krb  COSh  Kr  b  sinh  Kr  X 

^8_  3^L2_o7,y±     ..    .     _      +2sinhirr6sinhic,jc] 

x^%xb      26  2.^2  (cosh  2/c.  6-1) 

We  notice  that  the  terms  introduced  by  the  zeroes  at  the  origin  ensure 
that  the  function  which  is  represented  by  the  sum  of  the  series  in  (70) 
always  satisfies  the  condition  (61). 


14.  Limits  and  Validity  of  this  Expansion. 

Looking  at  the  expression  (69)  for  F(z),  we  see  that  the  most  important 
terms  when  |^|  is  large  involve  l/z^,  the  terms  in  l/z  being  absent  from 
the  expansion. 

T     2TPf.  (26)^,      (26)*,        ,        (26)^-^ 

Now 

/iW  =  72rrTTiC(»+l)  {(6+x)*-M-(6-a;)*-»f 

^  ''  -{2s-l)b  {(b+x)^-*+(b-xr-'}:\. 

Hence,  when  «  >  1,  /^  (6)  =  f  ^^s—l)^ ' 
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Thus      P4^+i'e^+-+P«r^^^  =^lpJUb)  +  ...+Puf;r{b)] 

But  /j  (a;)  =  26a;. 

Therefore  f'sib)  =  26. 

Hence  L  ^F  («)  =  §/' (6)- t6p,.  (71) 


X=iOO 


It  follows  that  the  remainder  after  n  terms  in  (70) — the  terms  involving 
conjugate  imaginaries  being  counted  as  one  term — ^is  given  by 


^    f   M  TP M I  l^cosh^rgsinh  zb — 6cosh^6sinh  zx + (ijz)  sinh  zh  sinh  zx \  dz 
;riJc^  M  "       lm\i2zb-^b  )  z' 

(72) 


2xi 


the  contour  C  being  a  circle  passing  through  the  points  ±  i(4r+8)  '7r/46. 
Bef erring  to  the  results  of  Art.  12,  we  see  that  when  r  is  large 

i  ^log>(4r+l)7r 
n         i(4r+l)7r    ' 

and  this  tends  to  zero  with  r.  The  roots,  after  a  certain  value  of  r,  are 
contained  within  an  angle  26  enclosing  the  imaginary  axis,  where  2e  may 
be  taken  as  small  as  we  please. 

Again,  if  r  be  large  enough,  all  the  roots  for  which  n  <  ('7r/46)(4r4-l) 
lie  inside  the  circle  C. 

For,  if  {$',  ri)  be  on  the  circle  and 

17  =  (W46)(4r+1),         f  2  =  {wmi^B-irl^b), 
B  being  the  radius  of  the  circle,  that  is  i2  =  (7r/46)(4r+3).     Thus 

f  =  t/26a/(4^+2) 

and  Hi'  =  log  { 4r  + 1)  ir  \  lW(^r+ 2)  =  0 

when  r  =  00 . 

Therefore,  if  r  be  large  enough,  (^,  17)  lies  inside  the  circle  (7,  and 
the  roots  for  which  i7<  ('7r/4&)(4r+l)  can  easily  be  shown  to  lie  in- 
side the  circle  C 

We  will  consider  first  those  parts  of  the  contour  integral  which  lie 
inside  the  angle  2e  on  the  arc  which  is  bisected  by  the  positive  half  of 
the  imaginary  axis ;  the  work  for  the  arc  which  is  bisected  by  the  negative 
half  of  the  imaginary  axis  is  precisely  similar. 


428 


Db.  L.  N.  a.  FiLON 


[Aug.  10, 


Let  z:=zp'\-iq^  as  before,  be  any  point  on  the  ctrole  C.    Then 


4>i«f  x) 


(x  cosh  zx  Binh;g6— 6  coshigfc  sinh  ;ga;+(2/jg) ainhjgfc  sinhjgg) 


sinhS^J— 2^6 


a; 


< 


cosh  ;?a;  |  |  sinh  ;?&  |  +i  I  cosh  zh  \  \  sinh  zx  \ 

+(2/ie)|sinhir6||Binh^g[ 


Now 


cosh  (|?aj +*?«)! 


sinh  22^6—22^6 
i|e'»+^|+i|e-'-*««| 


Similarly    | smh jsrft | <  «>*,    |co8h;?6|  <  e»*,    \mihax\<*^^K 


Thns 


Z\fA(z) 


{\x\+b+2lB)  €P<^^^'^ 
I  sinh  2zb^2zb 


Take  !>  so  large  that        sinh  2p6— 2jB6  >  JX  c^, 
X  being  some  positive  quantity  <  1.     Then 

I  sinh  2zh—2zb\  >  |sinh  22:61  —  |a8r6| , 
and        |sinha?6 1>  i|6^|  -i |e-»*  |  >  ie^-J^"^  >  sinh  2p6. 
Thus  I  sinh  izb—^zb  \  >  sinh  2^6—256  >  JX  e^, 

and  for  values  of  p  which  satisfy  the  inequality  (78) 


(78) 


<f>  (z,  x) 


xl'^^'+^+i}^"""*^' 


^(«) 

and  is  therefore  finite  if  —b^x^+b,  however  large  B  may  be. 
The  first  value  of  p  which  satisfies  the  inequality  (73)  is  given  by 

i  (1  -X)  6^  =  i6-«^+ 2i2ft. 

This  leads  to  a  large  value  of  p  when  12  is  large,  and  thns,  to  a  first 
approximation,  this  limiting  value  of  ^  is  given  by 

i(l-X)6^  =  2i26 

2p6  =  log  {46i2/(l-X)}. 


or 


Thus 


J2.  3^  log{46ie/(l-X)t  ^  '""^  '     1~X 


/ 


f 


^V(4r+2) 


^V'(4r+2) 


This  ratio  becomes  very  small  as  r  (and  therefore  B)  increases.  Hence 
the  parts  of  the  contour  for  which  p  does  not  satisfy  the  inequality  (78|^ 
are  on  a  small  arc  2e^  bisected  by  the  imaginary  axis  and  ultimately  very 
small  compared  with  the  arc  2e. 
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Consider  now  the  values  of 


i>{^,x) 


over  this  arc  ie'.    We  have 


Hence,  a  fortiori. 


Zxfriz) 

B-q<  p'lB,         q>B  -p^lB. 

'><^'+»'is-|PBh(T^x)T' 


by  increasing  B  the  second  term  can  be  made  numerically  less  than  any 
assigned  quantity  d/26,  and  we  have 

i  (4r+3)  TT  >  2?6  >  J  (4r+8)  ir—B 

all  over  the  arc  26'. 

Now 
I  sinh  2zb^2zb  \  =  |  sinh  2pb  cos  2qb^2pb+i  (cosh  2pb  sin  2g6— 2^6)  | 

^  I  cosh  2pb  sin  2qb^2qb  \ . 
Now  sin  256  lies  between  —1  and  —cos  6.     Therefore 

cosh  2pb  sin  2g6— 2g6 
lies  between     —cosh  2pb—2qb     and     —cosh  2pb  cos  0— 2g6. 

Thus    I  cosh  2pb  sin  2g6— 2g6  |  >  cosh  2pb  cos  e+2qb  >  ie^^  cos  6. 
Accordingly,  inside  the  arc  26' 


0  U,  a;) 
z\lr(z) 


1x1+6+1-!-  e^^'^'-'^sece, 


ii  ) 


and  this  is  finite  for  —  6  ^  x  ^  6,  since  in  this  case  e'*'^'*'"*^  ^  1. 

It  follows  that  the  parts  of  the  integral  due  to  the  whole  arc  26  are 
less  than 


26' 2 


]x|+6+-|}8ec0+(26-26')|-j|x|+6+A|, 


and.  since  we  can  take  cos  d  >*  X,  this  is  less  than 

which  tends  to  zero  with  6.     These  parts  then  contribute  nothing  in  the 
limit  to  the  integral. 

No^  consider  the  parts  outside  the  angle  26.     It  is  easy  to  show  that, 
if  I X I  <  6,  then  over  those  parts 

L     ^ 

il=«     Z\fr  (Z) 


-0, 
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and  they  ultimately  contribute  nothing  to  the  contour  integral ;  the  latter 
then  vanishes  when  ii  =  oo ,  and  the  expansion  holds. 

If  a;  =  ±  6, 


4>  U>  ^) 


21  z  sinh^  zb 
sinh  2zb—^b 


1^ 
B 


when  B  is  large.  In  this  case  also  the  contour  integral  vanishes  when 
ii  =  00 .  The  expansion  holds  therefore  for  the  ends  of  the  range  of 
validity. 

(I>{z,x) 


If  \x 


6, 


z\lr{z) 


=   00 


when  ii  =  00 ,  and  the  expansion  is  not  valid. 
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PARTIAL    DIFFERENTIAL    EQUATIONS:    SOME    CRITICISMS 

AND  SOME  SUGGESTIONS 

By  A.  R.  Forsyth. 
Presidential  Address. 

[Deliveped  at  the  Annual  General  Meeting,  November  8th,  1906.] 

The  rules  of  our  Society  are  discreetly  silent  concerning  Presidential 
Addresses:  but  there  are  two  unformulated  customs  which  maintain 
absolute  sway  over  these  performances.  One  of  the  customs  is  marked 
by  a  lack  of  logic  which  could  easily  be  remedied,  if  remedy  were  desired. 
Such  an  address  is  never  delivered  by  the  President :  yet  there  may  be 
wisdom  in  our  practice,  which  does  not  allow  the  authority  of  high  office 
to  confer,  upon  the  expression  of  individual  opinions,  an  importance  that 
is  beyond  their  merits.  By  the  other  custom,  an  indulgent  freedom  is 
conceded  to  the  immediate  ex-President :  he  is  unrestricted  in  the  selection 
of  a  subject ;  and  our  records  shew  that  the  freedom  has  been  amply 
used  in  the  past.  Following  the  examples  set  by  my  predecessors,  I  too 
have  made  a  choice  of  a  subject  that  is  of  some  interest  to  me.  It  is 
undoubtedly  technical  in  character ;  but  no  apology  is  offered  on  that 
score,  because  technical  studies  are  the  bond  of  the  Society.  I  invite 
your  attention  to  the  consideration  of  some  aspects  of  the  theory  of 
partial  differential  equations,  with  especial  reference  to  the  present  state 
of  the  practical  methods  adopted  for  the  integration  of  such  equations. 
My  remarks  are  an  estimate  of  work  that  is  old,  rather  than  a  summary 
of  recent  advances  or  an  enunciation  of  new  results :  they  belong  to  the 
domain  of  history  as  much  as  to  current  thought,  and  they  hardly  trench 
upon  the  domain  of  prophecy.  Amid  the  occasional  fevered  rushes 
after  new  developments,  there  is  sometimes  an  advantage  in  a  careful 
review  of  old  ground.  Such  a  review  can  indicate  gaps  to  be  filled ;  it 
can  recall  to  mind  the  forgotten  reasons  why  progress  in  various  directions 
has  not  gone  beyond  some  particular  stage ;  and,  if  nothing  else  is  done, 
there  is  a  reminder  of  old  problems  which,  not  proved  to  be  insoluble,  yet 
remain  unsolved.  But,  while  indicating  some  probable  advantages  to  be 
derived  from  a  careful  review  of  an  old  subject,  I  ought  to  warn  you  at 
the  very  threshold  that  this  review  will  be  distinctly  limited,  not    least 
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by  the  conditions  under  which  it  is  presented.  For  instance,  I  shall  say 
nothing  about  the  applications  of  partial  differential  equations  to  geometry 
or  to  physics,  nothing  of  modem  developments  in  the  region  of  boundary 
problems,  nothing  as  to  the  association  of  characteristics  with  the  theory 
of  the  equations,  nothing  of  the  formal  results  obtained  by  the  intro- 
duction of  groups  into  the  theory.  As  already  indicated,  my  chief  topie 
is  related  to  the  practical  integration  of  the  equations,  dealing  mainly 
with  the  significance  and  the  limitations  of  the  methods  adopted. 


I- 

As  integration  continues  to  be  an  inverse  process  in  the  present  state 
of  analysis,  it  is  interesting  to  select  and  isolate  all  the  actual  inverse 
operations  which  are  performed  during  the  construction  of  an  integral  of 
a  partial  differential  equation.  Restricting  attention  for  the  moment  to 
equations  of  the  first  order,  we  have  to  recognise  that,  in  every  method 
and  notwithstanding  every  disguise,  these  operations  consist  ultimately 
and  entirely  of  varieties  of  a  single  kind  of  operation — ^the  integration  of 
an  ordinary  equation  (or  of  ordinary  equations)  in  a  single  independent 
variable,  of  the  first  order,  and  homogeneous  and  linear  in  the  differential 
elements  of  all  the  variables.  When  once  an  integral  (or  the  set  of 
integrals)  of  the  subsidiary  ordinary  equations  has  been  obtained,  much 
still  remains  to  be  done  in  completing  the  construction  of  the  integral  of 
the  partial  equation ;  but,  with  the  exception  of  a  possible  quadrature  (and, 
when  this  is  required,  it  also  is  obtained  through  a  succession  of  ordinary 
quadratures),  all  the  remaining  operations  in  any  one  stage  are  direct  and 
not  inverse.  Thus  we  integrate  ordinary  equations  in  order  to  build  up 
an  integral  of  a  partial  equation :  but  we  never  actually  integrate  the 
partial  equation ;  we  always  integrate  something  else.  The  fact  is  that 
we  can  invert  a  differential  operation  of  the  first  order,  when  there  is  only 
a  single  independent  variable :  we  cannot  invert  a  full  differential  opera- 
tion of  the  first  order,  when  there  are  several  independent  variables ;  and 
so  we  have  to  proceed  by  stages  such  as  those  which  have  just  been 
indicated. 

But  what  is  the  consequence  of  this  indirect  mode  of  obtaining  an 
integral  of  a  partial  equation  ?  When  an  integral  of  an  ordinary  equation 
has  been  obtained,  the  simplest  inspection  of  its  form  will  give  much 
information  as  to  the  possibilities  of  its  comprehensiveness :  but,  when  the 
materials  for  the  integral  of  a  partial  equation  have  been  combined  so  as 
to  yield  its  expression,  one  of  the  earliest  enquiries  is  as  to  the  range  of 
the  integral.     Often,  it  is  true  that  an  integral  of  a  partial  equation  can 
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be  obtained,  sufficiently  good  for  the  solution  of  some  problem  in  physics : 
when  it  has  been  obtained,  there  is  no  concern  or  question  about  other 
integrals.  But  the  mental  repose  of  the  happy  physicist,  when  his 
mathematical  ambition  has  been  satisfied,  is  denied  to  the  inquisitive 
mathematician.  The  latter  wishes  to  know  how  far  an  integral,  already 
obtained,  is  comprehensive,  either  in  its  own  form,  or  in  respect  of  other 
integrals  for  the  construction  of  which  it  can  be  used.  Not  merely  has  he 
had  to  build  the  integral  by  inverse  operations — that  is  a  necessity  of  the 
case :  he  has  had  also  to  employ  indirect  processes  no  one  of  which  can 
give  any  hint  or  clue  about  the  comprehensiveness  of  the  integral  when  it 
has  been  built.  So  he  initiates  a  new  investigation  the  results  of  which 
are  to  be  the  answer  to  his  new  questions :  what  are  the  tests  and  what 
are  the  signs  by  which  it  is  possible  to  recognise  whether  an  integral  is 
sufficiently  comprehensive  to  include  every  integral  of  the  equation  ? 

Such  questions  may  spring  merely  from  a  subjective  desire  for  com- 
pleteness in  his  work :  they  can  be  stirred  by  a  generalisation  from  his 
knowledge  of  the  character  of  the  integrals  of  ordinary  equations,  and, 
even  if  the  generalisation  has  not  been  justified  by  an  adequate  tale  of 
reasons,  still,  the  questions  are  stirred  and  they  demand  an  answer :  the 
imperfections  of  the  indirect  analysis  must  somehow  be  covered.  In  our 
inquisitive  mathematician's  new  investigation,  he  notes  all  the  elements 
of  generality  (if  the  phrase  may  be  used)  that  have  occurred  in  integrals 
which  he  has  hitherto  constructed :  they  consist  of  arbitrary  constants 
and  of  arbitrary  functional  forms,  and  these  are  to  be  specified  or 
specialised,  so  that  his  integral  may  (if  possible)  comprehend  every  other 
integral  which  belongs  to  the  equation  or  equations.  By  calculations, 
some  of  which  have  little  intrinsic  connection  with  the  matter  in  hand, 
and  by  arguments,  some  of  which  are  not  always  valid,  he  succeeds  in 
obtaining  various  classes  of  integrals.  Thus,  in  the  simplest  case,  when 
there  are  only  two  independent  variables,  he  obtains  one  integral  which 
he  calls  general,  another  which  he  calls  complete,  and  sometimes  another 
which  he  calls  singular.  Having  assigned  tests  for  the  recognition  of  the 
classes,  he  usually  is  satisfied  that  at  last  he  possesses  all  the  integrals 
of  the  equation  :  to  endow  himself  with  a  contented  mind,  he  proceeds  to 
prove  the  completeness  of  his  mathematical  possessions. 


II. 

At  this  stage  (and  still  dealing  only  with  equations  of  the  first  order), 
two  remarks  have  to  be  made  from  the  practical  side :  one  of  them  notes 

flBH.  2.    TOL.  4.     iro.  939.  ^   ^ 
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a  difficulty,  the  other  suggests  a  doubt.  As  regards  the  first  remark,  let 
the  first  step  in  the  subsidiary  process  (or  the  initial  step  in  any  stage  of 
the  subsidiary  process  in  the  Jacobian  method)  be'  considered  :  in  theory, 
it  presents  a  clear  and  definite  issue,  free  from  difficulty  when  certain 
conditions  are  fulfilled :  in  practice,  when  those  conditions  are  fulfilled 
quite  absolutely,  there  remains  the  difficulty  of  the  actual  integration  of  a 
set  of  ordinisiry  equations.  But  it  is  not  a  difficulty,  which  appertaios 
specially  to  the  theory  under  considei*ation.  It  has  arisen  earlier,  in  the 
practical  integration  of  ordinary  equations,  even  when  their  theoretical 
solution  can  be  regarded  as  known :  it  would  be  removed  with  the 
removal  of  the  earlier  obstacle :  it  must  be  recognised  solely  as  a  limitatioD 
to  the  practical  working  of  a  system  of  operations,  which  have  arisen  in 
earlier  discussions :  and  it  is  not  specially  caused  by  any  quality  of  the 
present  problem.  It  is  solved  for  many  equations  of  quite  simple  form  : 
it  remains  unsolved  for  equations  of  general  fortn.  As  regards  the 
second  remark,  suggesting  a  doubt,  let  me  review  for  a  moment 
th6  general  argument  by  which  the  various  classes  of  integrals 
are  established.  In  the  course  of  that  discussion,  all  the  equations 
considered  occur  in  quite  general  forms;  absolutely  no  account  is 
taken  of  the  peculiarities  or  the  limitations  of  equations  of  special 
forms ;  it  is  implicitly  assumed  that  ah  equation  of  genen^al  form  has 
no  limitations :  and,  if  any  specialities  do  occur,  they  are  usually 
ignored  as  trivial.  But,  if  it  should  happen  that  the  peculiarities  of 
an  individual  equation  are  not  trivial,  either  in  relation  to  itself  or 
in  relation  to  the  integral  which  has  been  obtained,  the  quality  may  be 
fatal  to  the  validity  of  the  argument  which  sAms  at  establishing  the 
completeness  of  the  classified  set  of  integrals :  the  investigator  may  find 
that  integrals  exist  which  are  not  included  in  his  complete  set.  Thus, 
on  the  one  hand,  there  is  difficulty  in  practically  effecting  the  earliest 
necessary  processes  in  the  construction  of  an  integral,  unless  (speaking 
broadly)  the  equation  is  of  quite  simple  form ;  and,  on  the  other  hand, 
when  the  individual  equation  is  of  quite  simple  form,  its  intrinsic  qualities 
may  be  such  as  to  invalidate  the  argument  that  leads  to  the  usual  classi- 
fication of  integrals. 

The  difficulty,  as  regards  the  preliminary  process  of  integrating 
the  subsidiary  ordinary  equations  when  the  partial  equation  is  of 
general  form,  is  so  familiar  to  all  who  have  to  work  the  process  that 
no  illustration  of  the  remark  is  needed :  it  is  too  common  an  experience 
to  find  equations  which  cannot  be  integrated.  But  the  doubt  is  more 
of  a  novelty,  and  some  illustrations  may  shew  its  force:  two  will 
suffice. 


1906*]  Partial  differential  equations.  486 

It  is  a  customarily  accepted  result  that  the  five  equations 

/(x,  y,  z,p,  q)  =  0, 

1=".  i=».  i+^i=».  i+4=». 

when  they  co-exist,  determine  an  integral  of  the  equation 

/(x,  y,  z,  p,  q)  =  0, 

which  is  free  from  all  arbitrary  elements  and  is  usually  called  the  singular 
integral :  in  attaining  this  result,  it  is  assumed  (without  proof,  and  even 
without  tests)  that  the  five  consistent  equations  do  actually  determine  z  in 
terms  of  x  and  y  alone  ;  in  other  words,  it  is  implicitly  assumed  that  the 
five  consistent  equations  are  equivalent  to  three  independent  equations 
which  define  ^,  ^,  g,  in  terms  of  x  and  y.  If  the  assumption  is  justified 
in  fact  for  any  given  equation,  then  certainly  the  value  of  2:  is  an  integral 
of  the  equation,  and  the  values  of  p  and  q  are  the  derivatives  of  z.  But 
no  regard  is  paid  to  the  possibility  that,  while  the  equations  may  be  con- 
sistent, they  do  not  determine  ^,  p,  g,  in  terms  of  x  and  y ;  still  less  is 
■there  any  hint  of  their  significance  when  this  possibility  is  fact.  For 
example,  in  the  case  of  the  equation 

the  five  equations  in  question  are  consistent  with  one  another ;  they  are 
satisfied  completely  by  ^  =  0,  ^  =  0,  g  =  0,  and  z  =  0  is  to  be  regarded 
as  a  singular  integral.  But  the  five  equations  also  are  satisfied  com- 
pletely in  virtue  of  the  two  relations 

xz  yz 

a  contingency  not  contemplated  in  the  customary  argument.  These  two 
relations  lead  to  a  special  integral 

involving  an  arbitrary  constant  c ;  it  has  been  obtained  in  exercising 
the  rule  that  leads  to  singular  integrals,  yet  it  does  not  conform  to 
the  description  of  a  singular  integral.     A  complete  integral  is 

zia^+y^-l)-^  =  a+6  tan-^  -^  +6tan-M  (a:Hy^-l)}*, 
where  a  and  b  are  arbitrary  constants  ;  a  general  integral  is 

2  F  2 
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where  0  is  an  arbitrary  function.  The  preceding  special  integral  can 
summarily  be  placed  as  a  particular  instance  of  the  complete  integral,  and 
also  as  a  particular  instance  of  the  general  integral ;  but  the  argument, 
which  would  justify  either  classification,  requires  reconstruction  and 
completion. 

As  my  other  illustration,  let  me  take  a  theorem  which  is  affected  bj  a 
different  kind  of  exception.     In  connection  with  the  equation 

Pp+Qq  =  -B, 

it  is  customary  to  say  that,  if  t^  =  constant  and  v  =  constant  be  any  two 
integrals  (the  simpler  the  better)  of  the  ordinary  equations 

dx  __  dy  _  dz 
P  ''  Q  "  B' 

and  if  any  integral  of  the  partial  equation  be  given  by  >/r  =  0  (which,  for 
the  sake  of  simplicity,  can  be  regarded  as  irresoluble),  then  a  function 
/  can  always  be  found  such  that 

Clearly,  if  the  theorem  is  universally  tru'e,  the  general  integral  given  by 
an  equation  ^^^^  ^^  ^  ^^ 

where  -F  is  an  arbitrary  function,  is  completely  comprehensive  ;  for  then 
the  function  F  can  be  specialised  so  that  any  integral  can  be  given.  The 
theorem  is  an  old  one,  due  to  Lagrange ;  the  ancient  proof  was  allowed, 
during  many  years,  and  by  many  writers  and  readers  alike,  to  pass 
muster  ;  but  it  is  not  valid,  because  it  rests  upon  a  tacit  assumption  which 
cannot  be  justified.  A  more  careful  discussion,  on  the  lines  of  an  invest- 
igation which  (so  far  as  I  know)  was  first  indicated  by  Goursat,  shews 
that  the  theorem  is  not  universally  true.  Some  cases  can  be  constructed 
in  which  the  theorem  is  only  partially  true,  that  is  to  say,  an  integral 
given  by  ^  =  0  will  be  given  by  f{u,  v)  =  0,  with  an  appropriate  choice 
of  the  function  /;  but  this  is  not  part  of  Lagrange's  theorem.  Other 
cases  can  be  constructed  which  definitely  falsify  the  theorem,  and  some  of 
the  reasons  of  the  falsification  can  be  traced. 
In  particular,  for  the  equation 

^p+yq  =  ^» 


we  can  take 

z 

w  =   — , 
X 

z 

and 

^  =  z— 

^=0 

y 
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famishes  an  integral ;  but 

80  that  xjr  is  not  of  the  form/(t^,  v) :  the  theorem  is  what  I  have  described 
as  only  partially  true.     Again,  for  the  equation 

{z—xyfp+yq  =  z, 
we  can  take  u  =  — ,         v  =  J7y^+    -^  - , 

and  yfr  =  z—xy  =  0 

furnishes  an  integral ;  also,  for  the  equation 

\l  +  {z-x-y)^]  p+q  =  2, 
we  can  take  u  =  2y— ^,         v  =  y+2  {z—x^y)^y 

and  ^  =  ^— X— y  =  0 

furnishes  an  integral ;  in  neither  of  these  instances  can  yjr  be  expressed 
in  terms  of  u  and  v  alone,  and  in  neither  of  them  is  the  theorem  even 
partially  true.  More  generally,  there  are  indications  that,  whenever 
values  of  Xy  y,  z  which  satisfy  ^  =  0  constitute  a  non-regular  place  for 
either  of  the  quantities  u  and  v,  the  theorem  is  not  valid  ;  but  such  con- 
tingencies do  not  constitute  the  aggregate  of  the  exceptions.  Meanwhile, 
the  customary  classification  of  the  integrals  of  P^-f-Q?  =  H^  which  has 
no  singular  integral  in  the  usual  ^ense  of  the  term,  makes  no  provision 
for  the  placing  of  such  integrals  as  are  given  by  >/r  =  0  in  the  instances 
adduced. 

It  may  be  urged  (and,  if  urged,  this  old  extenuating  plea  would  be 
acknowledged)  that  the  instances  are  of  very  special  forms.  They  have 
been  artificially  made  in  order  to  furnish  the  simplest  illustrations  in  a 
challenge  of  usually  accepted  results :  and  they  can  be  created  in  any 
number.  In  mathematics,  as  in  other  sciences,  particular  (and  even 
isolated)  cases  can  be  the  first  to  reveal  new  regions  of  knowledge,  attain- 
able initially  only  by  proceeding  to  wide  issues  under  the  guidance  of 
quite  simple  results :  to  quote  the  words  of  a  great  living  Viennese  scholar, 
*'  All  beginnings  are  obscure,  whether  owing  to  their  minuteness  or  their 
apparent  insignificance :  where  they  do  not  escape  perception,  they  are 
liable  to  elude  observation.''  In  the  present  discussion,  the  particular 
equations  have  been  adduced  to  shew  that  exceptions  can  occur  in  even 
the  simplest  cases,  and  that  these  exceptions  pass  without  recognition  in 
the  orthodox  classification :  they  are  sufficient  to  raise  more  than  doubts 
in    my    mind   concerning  the    accuracy  and    the  completeness   of   that 
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clasBification  for  any  general  equation 

/(^,  y>  z,  p,  q)  =  0. 

It  appears  to  me  that  there  is  a  very  definite  need  for  a  re-examination 
and  a  revision  of  the  accepted  classification  of  integrals  of  equations  even 
of  the  first  order :  in  the  usual  establishment  of  the  familiar  results,  too 
much  attention  is  paid  to  unspecified  form,  and  too  little  attention  is  paid 
to  organic  character,  alike  of  the  equations  and  of  the  integrals.  Also,  it 
appears  to  me  possible  that,  at  least  for  some  classes  of  equations,  these 
special  integrals  may  emerge  as  degenerate  forms  of  some  semi-general 
kinds  of  integrals  ;  but  it  is  even  more  important  that  methods  should  be 
devised  for  the  discovery  of  these  elusive  special  integrals. 

III. 

If  this  criticism  of  the  present  state  of  the  classification  of  integrals  is 
valid  in  the  case  of  equations  of  the  first  order,  it  holds  with  much  greater 
force  for  equations  of  the  second  order  and  of  higher  orders.  For  such 
equations,  there  is  an  almost  fortuitous  aggregate  of  integrals ;  an  integral, 
when  it  is  found,  is  labelled  by  a  descriptive  name :  but  there  is  no 
systematic  discussion  of  the  relations  of  integrals  to  one  another  of  a  kind 
that  can  lead  to  organic  classification,  the  so-called  classes  usually  being 
mere  collections  of  specimens.  One  reason  for  this  deficiency  is  to  be 
found  in  the  fact  that  the  methods  of  integration  of  equations  of  the 
second  order  are  exceedingly  limited  in  the  range  of  their  application,  as 
will  be  seen  later  when  their  properties  are  briefly  indicated.  Even  of 
the  integral,  which  has  proved  most  extensively  useful  in  application  to 
physical  problems  when  they  lead  to  particular  equations — I  mean  the 
integral  called  general — there  are  two  distinct  definitions,  almost  rivals  to 
one  another,  and  both  of  them  subject  to  grave  limitations,  so  far  as 
regards  comprehensiveness.  According  to  Ampere,  who  propounded  one 
of  the  definitions,  an  integral  is  general  when  the  only  relations,  which 
are  free  from  the  arbitrary  elements  in  the  integral  and  to  which  the 
integral  leads  among  the  variables  and  the  derivatives  of  the  dependent 
variable,  are  those  expressed  by  the  differential  equation  itself  and  by 
equations  deduced  from  the  equation  by  differentiation.  At  first  sight, 
the  demand  made  seems  sufficiently  extensive  to  justify  the  appropriation 
of  the  title :  but  detailed  examination  of  the  demand  in  actual  working 
leads  to  hesitation  and  to  doubt.  All  the  requirements  are  satisfied,  for 
the  equation  s  =  yq,  by  the  integral 


=      e^</>(u)du, 
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where  0  is  an  arbitrary  f  unetion ;  on  Ampere's  definition,  the  integral 
would  be  entitled  to  claim  the  name  general.  But  simple  quadratures 
lead  to  an  integral 

Ja 

where  </>  and  y/r  are  arbitrary  functions  ;  it  is  clear  that  the  value  of  z  is 
not  sufficiently  general  to  include  the  value  of  /.  So  much  then  for 
Ampere's  definition  of  a  general  integral :  it  undoubtedly  represented  a 
large  view,  as  was  so  often  the  characteristic  of  Ampere's  genius  at  work  ; 
and  at  its  time  it  led  to  important  contributions  to  knowledge.  The 
particular  equation  just  mentioned  will  shew  that  it  can  be  subject  to 
grave  limitations. 

According  to  Darboux,  who  propounded  the  other  definition,  an  integral 
is  general  when  the  arbitrary  elements  which  it  contains  can  be  determ- 
ined so  as  to  give  the  integral,  set  out  in  Cauchy's  existence-theorem 
involving  functional  values  assigned  to  z  and  to  one  of  its  derivatives  in 
specified  circumstances.  So  far  as  a  comparison  of  integrals  graduating 
under  the  rival  definitions  is  concerned,  it  is  easy  to  see  that  an  integral, 
which  is  general  under  the  Darboux  definition,  is  general  also  under  the 
Ampere  definition  ;  and  equations  can  be  constructed — an  example  has 
already  been  given — which  possess  integrals  that  are  general  in  the 
Ampere  sense  and  are  not  general  in  the  Darboux  sense.  The  significance 
of  the  later  class  is  therefore  more  extensive  than  that  of  the  earlier  class : 
yet  its  comprehensiveness  is  limited.  The  utmost  that  is  achieved  by  the 
proper  assignment  of  the  arbitrary  elements  in  the  expression  is  the 
possession  of  the  integral  which  is  the  concern  of  Cauchy's  theorem  ;  and 
the  latter  is  not  merely  a  regular  function  of  the  variables,  but  it  has  its 
very  source  in  an  ostentatious  ignoration  of  deviations  from  regularity, 
alike  in  the  assigned  initial  conditions  and  in  the  form  of  the  differential 
equation.  Any  deviation  from  regularity  of  any  of  the  functions  involved 
reduces  the  Gauchy  existence-theorem  to  silence  ;  and  therefore  there  is 
some  exaggeration  in  calling  the  Darboux-Cauchy  integral  general,  when 
it  is  made  to  depend  entirely  upon  another  integral  which,  however 
important  in  itself,  is  throughout  characterised  by  special  limitations. 
A  return  to  this  matter,  in  quite  a  different  relation,  will  be  made  almost 
immediately ;  meanwhile,  we  note  that  an  integral  may  be  called  general 
under  either  definition,  and  yet  not  be  comprehensive. 

As  there  is  a  vague  incompleteness  about  the  only  integral  which  is  by 
wray  of  being  based  upon  a  broad  definition,  there  is  an  incompleteness 
more  than  vague  about  other  kinds  of  integrals  which  are  found  to  be 
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possessed,  some  by  one  equation,  some  by  another.  Thus  one  kind  of 
integral,  which  is  possessed  by  equations  of  the  second  order  in  two  inde- 
pendent variables,  involves  five  arbitrary  independent  constants :  this  is 
the  greatest  number  of  constants  that  could  be  eliminated  from  an  on- 
specialised  integral  equation  so  as  to  lead  to  a  single  partial  equation  of 
the  second  order  :  and  so  the  integral  is  endowed  with  the  name  complete, 
surviving  from  the  days  of  Lagrange,  when  differential  equations  were 
deduced  from  integral  relations  in  finite  forms.  But  Ampere  gave 
reasons  for  his  opinion  that  these  complete  integrals  are  particular 
examples  of  the  class  which  he  himself  called  general.  Again,  some 
equations  of  the  second  order  possess  integrals,  which  can  be  called 
singular  integrals,  and  which  are  at  least  as  special  to  the  order  as  are 
the  singular  integrals  for  equations  of  the  first  order.  Moreover,  these 
integrals  appear  almost  casually,  in  response  to  one  or  other  of  the 
groping  ordeals  of  procedure :  there  has  been  little  success  in  any  attempt, 
either  to  connect  them,  or  to  derive  them  from  one  another.  The  method 
of  variation  of  parameters,  applied  by  Lagrange  to  equations  of  the  first 
order,  and  there  effective  in  obtaining  a  provisional  classification  of  in- 
tegrals (though  the  classification  cannot  be  regarded  as  complete),  proves 
not  applicable  to  equations  of  the  second  order :  when  applied  to  a  com- 
plete integral,  it  demands  the  solution  of  a  problem  more  difficult  than 
the  integration  of  the  original  equation.  It  has  been  applied  by 
Imschenetsky  to  a  more  limited  integral,  and  there,  by  the  integration 
of  an  equation  of  the  second  order  which  is  not  necessarily  of  a  form 
amenable  to  known  methods,  it  leads  from  the  limited  integral  to  an 
integral  of  the  type  called  general ;  but  it  furnishes  no  information  as 
to  other  classes  of  integrals. 

Such  integrals  as  have  been  mentioned  often  are  called  primitives : 
they  are  relations,  either  explicit  or  implicit,  between  the  dependent 
variable  and  the  independent  variables.  But  there  are  other  relations,  in 
virtue  of  which  an  equation  of  the  second  order  can  be  satisfied  :  they 
involve  the  derivatives  of  the  dependent  variable,  and  their  expression 
contains  an  arbitrary  function  or  a  couple  of  arbitrary  constants  :  they  are 
called  intermediate  integrals.  Most  equations,  which  possess  such  in- 
tegrals, are  very  special  in  form,  and  all  of  them  can  be  recognised  by 
definite  tests :  they  happen,  however,  to  be  amenable  to  processes  which 
lead  to  the  construction  of  an  integral :  and  they  occur  very  freely  in 
geometrical  investigations.  Yet,  even  for  them,  while  the  titles  general 
intermediate  integral  and  complete  intermediate  integral  are  used,  there 
is  little  discussion  of  possible  organic  relation  between  the  two  kinds  of 
inte;2;ral :  and  there  is  no  attempt  to  make  a  systematic  classification  or  to 
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estimate  their  comprehensiveness.  That  the  general  intermediate  integral 
is  not  completely  comprehensive,  can  be  seen  easily  from  a  couple  of 
eiuunples.     The  equation 

x(r+s)—y(s+t)  =  p+q—xy 

has  a  general  intermediate  integral 

f(u,v)  =  0, 

where  u  =  x  (p+q—xy),        v  =  y  (p+q-^xy), 

and  it  has  a  special  intermediate  integral 

w  =  p+q—xy  =  0; 

no  form  can  be  assigned  to  /  which  will  make 

w  =  f(u,  v), 

though  the  integral  w  =  0  can  be  given  by  special  forms  u  =  0,  v  =  0. 
Again,  the  equation 

x\—y^t  =  (px^rqy—zf 

has  a  general  intermediate  integral 

and  it  has  a  special  intermediate  integral 

no  form  can  be  assigned  to/,  which  will  make  0  =/,  or  which  will  change 
/  =  0  into  0  =  0.  Thus  there  is  a  limit  to  the  generality  of  the  general 
intermediate  integral :  and  manifestly  there  is  good  reason,  as  well  as 
ample  range,  for  a  critical  investigation  of  the  classification,  and  of  the 
organic  relations  with  one  another,  of  integrals  and  primitives  of  equations 
of  the  second  order. 


IV. 

But  more  can  be  said  as  regards  the  classification  of  integrals  of  equa- 
tions, even  only  of  the  second  order.  The  earliest  investigations,  as  the 
subject  was  being  developed,  shewed  that  integrals  could  be  obtained  in 
the  form  of  explicit  equations,  which  might  be  single  and  then  would  con- 
stitute the  integral  by  itself,  or  which  might  consist  of  several  equations 
and  then  superfluous  quantities  would  have  to  be  eliminated.  But  the 
applications  in  mathematical  physics  soon  led  to  solutions  of  a  new  type, 
in  the  form  of  definite  integrals :  that  these  solutions  were  particular, 
being  made  so  by  the  conditions  laid  down  in  the  problem,  is  irrelevant  to 
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the  present  issue :  they  were  sufficient  to  shew  that  integrals  of  the  equa- 
tions exist,  the  expressions  of  which  involve  quadratures.  It  is  larae  that 
the  quadratures  can  sometimes  be  effected  in  finite  terms,  and  then  their 
form  is  unessential ;  we  know,  from  the  theory  of  ordinary  linear  equa- 
tions and  asymptotic  expansions,  that  quadratures  can  sometimes  be 
effected  in  terms  of  infinite  series,  and  the  same  holds  of  the  integrals  of 
partial  equations :  examples  will  be  given  immediately.  Thus  there 
certainly  are  two  kinds  of  equations,  discriminated  by  the  expressions  of 
their  integrals :  one  kind  has  integrals  expressible  by  means  of  explicit 
equations  in  finite  form  and  free  from  quadratures,  and  they  were  called 
the  first  class  by  Ampere  who  did  not,  however,  further  develop  the  classi- 
fication :  the  other  kind  possesses  integrals  in  the  expression  of  which 
quadratures  (often  called  partial  quadratures)  occur.  The  difference 
between  the  two  claoaoa  of  equations  is  more  substantial  than  the  formal 
difference  between  the  absence  and  the  presence  of  partial  quadratures :  it 
affects  the  relation  between  the  dependent  variable  and  its  derivatives.  In 
the  case  of  equations  which  belong  to  Ampere's  first  class,  the  successive 
derivatives  of  the  dependent  variable  introduce  new  derivatives  of  the 
arbitrary  functions  which  occur  in  the  integral,  so  that  the  number  of 
arbitrary  elements  in  the  aggregate  of  derived  equations  increases  with 
increase  of  the  number  of  derivations  effected.  On  the  other  hand,  when 
a  dependent  variable  is  expressed  by  means  of  quadratures  which  cannot 
be  evaluated  in  finite  terms,  derivation  with  respect  to  the  independent 
variable  can  make  substantial  changes  in  the  subject  or  subjects  of 
quadrature :  the  arbitrary  elements  in  derivatives  can  be  different  from 
the  arbitrary  elements  in  the  dependent  variables. 

While  the  two  types  of  integral  mentioned  are  the  types  of  most 
frequent  occurrence  in  investigations  that  have  been  actually  carried  out, 
they  are  not  completely  comprehensive  of  all  possible  types.  For  example, 
the  arbitrary  elements  in  an  integral  can  conceivably  be  defined  in  connec- 
tion with  another  differential  equation  which  is  simpler  than  the  original 
equation,  through  the  occurrence  of  fewer  independent  variables  or  from 
the  fact  of  lower  order ;  and  it  is  equally  conceivable  that  precise  assign- 
ment of  such  modes  of  occurrence  of  the  arbitrary  elements  in  an  integral 
might  lead  to  the  determination  of  new  classes  of  integrable  equations. 

Of  the  two  classes  of  equations  discriminated  by  Ampere — and  here 
let  me  say  that  his  memoirs,  ancient  as  their  date  1815  now  seems,  amply 
repay  the  fullest  perusal  in  spite  of  a  superficial  difficulty  of  notation — 
the  first  class  has  received  much  more  attention  from  mathematicians 
than  the  other.  One  obvious  reason  for  this  preference  i^  that  the  state- 
ment of  the  problem  is  more  definite  :  another  is  that  the  problem  itself 
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is  easier;  and'a  third  is  that  there  are  few  hints  or  suggestions,  which 
can  prove  an  initial  guide  to  progress  in  the  development,  of  the  theory  of 
those  equations  having  integrals  thieit  involve  partial  quadratures.  But  I 
aeetn  to  see  signs  of  an  awakening,  though  they  do  not  yet  point  to  any 
reduction  in  the  difficulty  of  the  theory.  In  1895  Borel  published  a  paper 
in  which  he  shewed,  in  the  case  of  a  large  class  of  linear  equations  of  any 
order,  how  to  construct  (by  means  of  partial  quadratures)  a  regular  integral 
of  the  equation  which  is  not  otherwise  finite  in  form.  When  his  method 
is  applied,  for  example,  to  the  equation  r  =  g  (which  is  a  well  known 
equation  under  a  thin  disguise),  the  Cauchy  integral,  which  is  to  be  such 
that  z  -=.  f{y)  and  p  =  g(y)  when  a;  =:  0,  can  be  expressed  in  a  form 


= J-  r 

TT    Jo 


^cosa+ysina  ^^^  (^^^  gj^j  ^^y  gj^  ga)  Gia)da, 


where  G{a)  is  an  arbitrary  function  constructed  in  a. quite  definite  manner 
from  the  coefficients  mf(y)  and  in  g{y) ;  also. 


TT    Jo 

-f 

TT    Jo 


gy  C08  2a  ^Qg  (^ ^ y  gjj^  2a)  G (a)  da  =  / (y). 


gyco82a^5^g  (2a+y  sin  2a)  G{a)da  =  g(y)y 

0 

results  to  which  I-  shall  return   almost   immediately.      Again,  we  have 
Dr.  Whittaker's  solution  of  Laplace's  equation  v*^  =  0  in  a  form 


=r/' 


z+ix  cos  u+iy  sin  u,  u)  du, 

where,  so  far  as  the  discussion  in  his  memoir  is  concerned,  /  is  an 
arbitrary  function  of  its  two  arguments  subject  to  the  restrictions  that 
it  is  a  regular  function  of  its  first  argument  and  that  it  is  capable  of 
expansion  in  a  Fourier  series  of  multiples  of  u;  and,  as  in  the  last 
instance,  this  is  the  regular  Cauchy  integral  defined  by  the  initial 
conditions  n^y 

V  =  h{x,  y),         y-  =  *  (^»  y)' 

when  z  =^  0,  where  h  and  k  are  regular  functions,  the  actual  evaluation 
of  the  coefficients  in  the  expansion  of  /  in  terms  of  the  coefficients  in  the 
expansions  of  h  and  k  being  comparatively  simple. 

Results  such  as  these,  when  restated  in  a  different  manner,  lead  me 
to  a  suggestion  which  has  been  a  dream  of  mine  for  a  little  time.  Thus 
the  specified  integral  of  the  equation  r  =  q  can  be  regarded  as  known, 
when  once  the  function  G{a)  can  be  regarded  as  determinate;    and  G{a) 
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can  be  regarded  as  determined  by  the  two  equations  involving  fiy)  and 
g{y)  respectively.  Now,  when  6(a)  is  the  unknown  quantity,  these  two 
equations  belong  to  the  class  called  integral  equations.  This  subject, 
though  taking  its  rise  in  a  paper  of  Abel's  dated  1828,  has  only  under- 
gone any  real  development  in  recent  years,  as  may  be  seen  from  the 
bibliography  in  Mr.  Bateman's  recently  published  paper  on  the  subject 
in  our  own  Proceedings ;  and  an  application  to  ordinary  linear  equatioos 
has  already  been  made  by  Dini.  Perhaps  my  dream  is  fanciful ;  but 
I  am  not  without  hope  that  the  developments  of  the  subject  of  integral 
equations  may  throw  some  light  upon  the  comparatively  neglected  class 
of  equations  (even  if  only  of  linear  equations)  whose  integrals  involve 
partial  quadratures. 

V. 

Now  let  me  return  to  the  practical  integration  of  equations,  so  as 
to  consider  the  processes  from  another  point  of  view :  as  before,  it  is 
convenient  to  begin  with  equations  of  the  first  order.  There  are  various 
methods  for  the  purpose,  and  each  of  the  methods  has  undergone  some 
modification  or  amplification  subsequent  to  its  original  creation :  so  that, 
in  a  history  of  the  subject,  many  names  would  need  to  be  mentioned. 
Broadly  speaking,  there  are  six  methods  which  stand  out  as  more 
important  than  the  rest  :  the  six  are  Lagrange's  method  (limited  to 
equations  linear  in  the  derivatives),  Charpit's  method  (limited  to  equations 
in  two  independent  variables),  Cauchy's  method  of  characteristics, 
the  Jacobi-Hamiltonian  method  (based  upon  Hamilton's  researches  in 
theoretical  dynamics,  and  sometimes  called  Jacobi's  first  method), 
Jacobi's  general  method  (sometimes  called  Jacobi's  second  method),  and 
Lie's  methods  (by  contact  transformations,  and  by  groups  of  functions). 
I  do  not  stop  to  discuss  the  comparative  theoretical  meHts  of  these 
methods :  to  become  effective  in  practice,  all  of  them,  at  some  stage  or 
other  in  the  construction  of  an  integral  of  a  partial  equation,  demand 
integration  (complete  or  incomplete)  of  a  subsidiary  system  of  ordinary 
equations.  When  this  subsidiary  system  has  been  formed,  intrinsic 
difficulties  in  obtaining  an  integral  or  integrals  of  the  system  are  ignored  ; 
in  theory,  the  problem  of  the  partial  equation  is  regarded  as  solved  when 
the  fitting  use  of  the  integral  or  integrals  of  the  system  has  been  devised. 
As  regards  the  comparative  practical  merits  of  the  methods,  when  there 
is  a  question  of  constructing  an  integral  of  a  propounded  equation,  my 
own  preference  is  for  Charpit's  method  and  for  Jacobi's  second  method. 
It  is  one  of  the  little  ironies  of  mathematical  history  that,  though  Charpit's 
method  is  so  well  known  and  is  extensively  used,  no  book  or  memoir 
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was  ever  published  under  Charpit's  name :  he  did  present  a  memoir  to 
the  Academy  of  Sciences  at  Paris  in  1784,  but  he  died  soon  afterwards 
and  his  memoir  was  never  printed ;  and  the  results  which  it  contained 
were  rescued  apparently  from  oblivion  by  Lacroix,  who  may  have  been 
at  the  meeting  in  1784  and  who  later  expounded  Charpit's  method  in 
a  great  treatise  on  the  differential  and  integral  calculus.  As  already 
mentioned,  the  method  applies  only  to  equations  in  two  independent 
variables :  Lacroix  indicates  that  Gharpit  tried  to  extend  it  to  equations 
in  more  than  two  independent  variables.  This  extension  was  reserved 
for  Jacobi,  and  is  contained  in  his  second  method :  it  was  not  published 
until  1862,  eleven  years  after  his  death.  This  second  method  of  Jacobi 
allows  the  number  of  independent  variables  to  be  n,  any  whatever:  it 
contains  Gharpit's  method  when  n  =  2,  and,  unlike  so  many  unilluminat- 
ing  generalisations,  which  contain  for  a  general  value  nothing  that  is 
not  contained  for  a  special  value,  Jacobi's  extension  solves  one  of  the 
difficulties  which  may  have  faced  Gharpit  in  his  unsuccessful  attempts — 
the  use  to  be  made  of  second  integrals  and  of  further  integrals  of  the 
subsidiary  system. 

Still,  as  practical  methods,  both  require  one  or  more  of  the  integrals 
of  the  subsidiary  system  :  consequently,  if  such  integrals  cannot  be 
obtained,  even  with  all  the  aids  furnished  by  modifications  that  have 
been  made  in  detail,  the  methods  do  not  lead  to  an  integral  of  the 
partial  equation.  They  fail;  and  then,  it  may  be  added,  the  other 
methods  also  fail  in  practice.  In  such  a  case,  what  is  the  state  of  our 
knowledge  as  regards  an  integral  of  the  partial  equation  ?  It  is  very 
limited ;  but  I  think  that  a  demand  for  increase  of  that  knowledge  presents 
a  practicable  problem.  For  the  moment,  we  have  to  fall  back  on  Gauchy's 
existence-theorem,  which  asserts  the  existence  of  an  integral  in  the  form 
of  a  regular  function  of  the  variables  under  functional  conditions  com- 
pletely limited  by  regularity;  moreover,  it  gives  an  expression  for  this 
integral  in  the  form  of  a  converging  series.  But  Gauchy's  theorem  makes 
no  provision  for  the  occurrence  of  irrationalities,  or  singularities,  or  any 
other  deviations  from  regularity,  either  in  the  equation  itself  or  in  the 
postulated  conditions :  and  here  there  is  an  ample  field  for  investigations 
which  shall  determine  the  functional  effect  upon  an  integral,  and  the 
conditions  under  which  it  can  exist,  if  the  regularity  everywhere  demanded 
in  Gauchy's  conditions  is  not  possessed  in  some  quarter  or  another.  We 
all  know  the  substantial  extension  of  knowledge  of  the  integrals  of 
ordinary  equations  in  the  vicinity  of  singularities  initiated  by  the  work 
of  Briot  and  Bouquet,  and  the  later  (and  even  more  considerable)  extension 
of    knowledge    of    the    integrals    of    ordinary    linear    equations   in   the 
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nciDitj  of  singnlftrities  initiated  by  the  work  of  Fnehs.  The  luaiieB  of 
Klein,  Painlev^,  Picard,  and  Poineai^  at  onee  recall  new  traets  of  groviid 
that  have  been  opened  up  by  departure  from  the  high  road  of  regolir 
int^^rak.  In  the  r^on  of  partial  differential  eqnatiooa,  erven  of  the 
first  order  only,  I  feel  as  confident  as  one  can  be  before  the  event  tittft 
there  are  at  least  as  great  possibilities  which  are  yet  undeveloped.  Yoa 
cannot  expect  me  to  be  able  to  indicate  the  main  lines  of  development; 
for  I  do  not  possess  the  vision  of  a  seer.  But  a  beginning  eonld  be 
made  as  regards  equations  that  are  uniform  in  expression  by  a  consider- 
ation of  the  effect  of  singularities  upon  the  intends :  it  would  be  rather 
analogous  to  the  work  of  Briot  and  Bouquet,  and  Gharpit's  method  mi^t 
supply  the  principal  terms  at  least,  and  might  indicate  some  properties. 
Something  has  been  done  by  Darboux  in  this  direction,  in  reference  to 
characteristics.  I  should  expect  that  a  more  general  discussion  would 
lead  to  results  that  are  not  within  the  present  range  of  knowledge. 

VL 

When  we  come  to  review  the  methods  that  are  applied  to  the  practical 
integration  of  equations  of  the  second  order,  we  find  that  they  are  ex- 
traordinarily less  effective  than  for  equations  of  the  first  order;  but 
this  need  not  cause  surprise,  because  analysis  has  not  found  a  means  of 
performing  an  irresoluble  inverse  operation  of  the  second  order.  When 
the  operation  is  resoluble  into  two  inverse  operations  of  the  first  order, 
the  complete  integration  can  sometimes  be  achieved :  simple  and  familiar 
instances  are  ^  =  0  and  r+t^O;  but,  of  course,  resoluble  operations 
are  special,  not  general,  in  character.  In  consequence,  there  is  no 
method  which  can  be  effectively  applied  to  all  equations  ;  there  are 
particular  methods  which  are  useful  for  particular  classes  of  equations, 
and  these  constitute  the  utmost  range  of  present  attainment.  Among 
the  methods  that  have  long  been  known,  there  are  three  which  are  of 
prominent  mark  :  they  are  associated  with  the  names  of  Laplace,  Monge, 
and  Ampere  respectively. 

Laplace's  method  deals  solely  with  equations  that  are  linear  in  the 
dependent  variable  and  its  derivatives  up  to  the  second  order  inclusive. 
After  securing  a  canonical  form*  s+ap+bq+cz  =^  0,  it  modifies  the 
equation  by  one  or  other  of  two  transformations  :  if  either  of  the  trans- 
formations, effected  a  finite  number  of  times,  should  produce  an  equation 
characterised  by  the  vanishing  of  a  certain  invariantive  combination  of 
the  coefficients,  the  original  equation  can  be  integrated,  and  the  integral 
is  finite  in  form.  But,  if  neither  of  the  transformations  should  ever  lead 
to  such  an  equation,  the  method  fails.     The  class  of  linear  equations,  for 
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which  the  method  is  useful,  is  thus  limited  :  their  general  expression  has 
been  obtained. 

Monge's  method  depends  essentially  upon  the  existence  of  a  general 
intermediate  integral  of  the  form  0(t^,  v)  =  0,  where  <f>  is  arbitrary,  and 
where  u  and  v  are  specific  functions  of  x,  y,  z,  p,  q;  and  so  it  can  only  be 
applied  to  equations  of  the  form  U{rt—^+Rr+2S8+Tt  =  F,  where 
the  coefficients  U,  JS,  S,  T,  V  do  not  involve  the  second  derivatives. 
But  it  does  not  apply  even  to  all  of  these  equations :  certain  relations, 
undiscovered  and  undiscoverable  by  the  method,  have  to  be  satisfied  by 
the  coefficients  in  order  that  the  supposed  intermediate  integral  may 
exist.  The  actual  process  of  the  method  requires  the  integration  of 
a  subsidiary'system  of  simultaneous  equations,  homogeneous  and  lineilr 
in  the  differential  elements :  in  their  formation,  the  existence  of  the 
intermediate  integral  is  used.  The  quantities  u  and  v  arise  through 
equations  u  =  a,  t;  =  6,  which  are  integrals  of  the  subsidiary  system ; 
when  they  have  been  obtained,  the  intermediate  integral  can  at  once  be 
formed,  being  a  partial  equation  of  the  first  order:  its  primitive  is  a 
primitive  of  the  original  equation.  The  construction  of  the  integrals 
u  ==  a  and  t?  =  6  of  the  subsidiary  system  is  unassisted  by  any  hint  of 
rule  in  the  method:  everything  depends  upon  the  skill  of  the  worker 
in  framing  integrable  combinations.  Thus  the  method  is  gravely  limited, 
both  in  its  range  and  its  practicability. 

Ampere's  method  does  not  postulate  the  existence  of  any  general 
intermediate  integral,  though  it  works  more  easily  when  such  an  integral 
exists.  ^It  applies  to  equations  having  integrals  in  finite  terms  free  from 
partial  quadratures  ;  and,  beginning  with  this  assumption  as  to  the 
character  of  the  integral,  it  proceeds  to  the  construction  of  a  subsidiary 
system  of  ordinary  equations,  effected  by  a  change  of  independent 
variables^  It  is  not  limited  to  equations  of  the  form  suited  to  Monge's 
method ;  but,  when  it  is  applied  to  such  equations,  the  subsidiary  system 
obtained  is  formally  the  same  as  Monge's  system,  though  its  significance 
is  now  quite  altered.  Again,  integrable  combinations  of  the  equations 
in  the  subsidiary  system  are  required,  though  the  method  is  no  more 
helpful  in  hints  as  to  their  construction  than  in  Monge's  ;  but  the 
combinations  need  not  be  so  many  as  in  Monge's  method,  and  the  use 
made  of  them  is  entirely  different,  for  they  become  functions  of  the 
new  variable  quantity  deliberately  omitted  in  the  construction  of  the 
subsidiary  system.  Further  integrable  combinations  of  selected  equations 
in  the  subsidiary  system  are  required ;  but,  again,  there  are  no  com- 
pelling rules  lor  their  construction,  and  the  actual  success  of  the  method 
as  applied  to  any  given  equation  depends  largely  on  the  manipulative 
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skill  of  the  investigator.  Subject,  however,  to  the  limitation  imposed 
on  the  character  of  the  integrals  to  be  obtained,  Ampere's  method 
is  general  :  it  can  be  applied  to  equations  of  order  higher  than  the 
second ;  and  it  can  be  applied,  in  theory  at  least,  when  the  number  of 
independent  variables  is  greater  than  two,  though  the  manipnlatiYe 
difficulties  are  vastly  greater  for  a  greater  number  of  independant 
variables. 

Laplace's  method  was  first  given  in  a  memoir  dated  1778 ;  Mongers 
method  (applied  only  to  the  equation  Br+Ss+Tt  =  V)  was  first  given 
in  a  memoir  dated  1784 ;  and  Ampere's  two  memoirs  were  published 
in  1816  and  1819.  For  many  years  after  the  last  of  these  dates,  real 
advances  in  the  practical  integration  of  partial  equations  of  the  second 
order  were  slight,  though  there  were  occasional  changes  of  form.  Thus 
Boole's  method,  as  expounded  in  a  memoir  dated  1862,  is  essentially 
a  rearrangement  of  Monge's  method :  it  makes  the  same  assumption  as 
to  the  existence  of  a  general  intermediate  integral,  and  so  is  limited  to 
the  same  equations  of  the  second  order  ;  but  by  constructing  the  subsidiary 
equations  in  the  form  of  partial  equations  of  the  first  order,  instead  of  the 
form  of  ordinary  equations  in  differential  elements,  he  was  able  to  obtain 
the  relations  among  the  coefficients  which  must  be  satisfied  if  the  assumed 
intermediate  integral  exists.  Further,  after  the  publication  of  Jacobi's 
researches,  the  manipulation  of  partial  equations,  which  are  homogeneous 
and  linear  of  the  first  degree,  has  become  comparatively  easy :  and  this  is 
the  form  of  the  equations  in  Boole's  subsidiary  system. 

The  next  (and,  to  my  mind,  the  latest)  considerable  advance  in  the 
practical  integration  of  partial  equations  was  effected  by  Darboux,  in  a 
memoir  published  in  1870 :  the  memoir  relates  to  the  integration  of 
equations  of  the  second  order,  but  the  extension  to  equations  of  higher 
order  requires  nothing  but  an  easy  extension  of  simple  analysis.  More- 
over, the  memoir  is  important,  not  solely  in  itself,  but  also  because  it  has 
given  rise  to  many  additional  investigations  and  to  not  a  few  independent 
establishments  of  results,  attained  from  a  different  point  of  view,  yet 
mainly  covered  by  his  work  and  by  consequences  that  are  its  immediate 
mathematical  sequel.  The  methods  of  Monge  and  of  Boole  had  been 
dependent  upon  the  existence  of  an  intermediate  integral  of  a  partial 
equation  of  the  second  order  ;  and  Ampere's  method,  based  in  its  practice 
upon  the  same  subsidiary  equations  as  were  obtained  by  Monge  for  the 
equations  of  a  limited  type,  was  rendered  more  easy  in  practice  by  the 
existence  of  any  intermediate  integral,  even  if  more  limited  in  significance 
and  expression  than  the  general  intermediate  integral  postulated  by 
Monge.     The  real  advance  made  by  Darboux  lies  in  an  idea  which,  in  the 
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light  of  the  past,  seems  obvious  when  once  it  is  fonnnlated^'  ][rat»  like 
every  other  idea  that  is  at  once  obvious  and  useful,  seems  to  require  in- 
dividual discovery :  it  can  be  described  merely^  as.  the  extension  (^nd,  in 
practice,  a  repeated  extension)  of  the  notion  that  is  the' basis  of  the 
Charpit  method .  and  the  . Jacobi  i^ethod  lor  the.  integration  of  partial 
equations  of  the  first  order.  In  both  of  these  methods,  the  practical  aim 
is  the  construction  of  an  equation  (or  of  equations)  of  the  sarnie  order  as, 
and  compatible  with,  the  original  equation  of  thct  first  order.  In  methods 
devised  before  Darboux's  memoir,  the  dominant  practice  was  either  the 
construction  of  a  compatible  equatibn  of  order  lower  than  that  of  the 
original  equation,  or  the  ignoration  of  any  compatible  equation.  -  What 
Darboux  did  was  to  develop  the  notion  that  an  equation  of  the  second 
order,  though  it  could  not  have  an  intermediate  integral,  might  still  admit 
a  compatible  equation  of  its  own  order  :  thus,  to  choose  an  example  solely 
for  purposes  of  illustration,  which  shall  not  imply  that  it  is  best  treated 
by  Darboux's  method,  the  equation 


■X   :  .  ' 


has  no  intermediate  integral :  it  admita  the  two  compatible  equations 

r+2s+t=:xf{x+y),         r--2s+t  =  xg{x—y), 

where  /  and   g   are   arbitrary   functions,    and  the  three  equations   are 
analytically  and  algebraically  independent  of  one  another. 

-  Yet  such  an  illustration  does  not  explain  or  suggest  the  whole  exteiit 
of  the  new  process.  Darboux's  method  is  progressive:  that  is  to  say,  if 
the  analysis,  which  (after  Jacobi's  results  about  partial  equatiions  of  the 
first  order)  can  be  made  exhaustive,  should'  shew  that  an  equation  of  the 
second  order  does  not  admit  two  equations  compatible  with  itself,  a  similar 
{>roces8  will  lead  to  the  construction  of  an  equation  (or  of  equations)  of 
the  third  order  which  may  be  compatible  with  the  original  equation.  If 
that  shouM  fail,  then  similarly  for  a  possible  equation  or  equations  of  the 
fourth  order;  and  so  on,  for  successive  Orders,  though  DSinifestly  there  is 
a  finite  limit  of  such  operations  in  practice.  Not  merely- so  ;  but,  if  at  any 
fitage  (say  the  first  stage)  it  should  appear  that  the  method  will  give  oiilj 
a  single  equation  compatible  with  the  bri^nal  equation,  instead  of  two 
equations,  still  there  are  processes  for  the  construction  of  a'  primitive. 
But,  if  the  method  proves  effective  by  the  discovery  of  equations  of  any 
order  compatible  with  the  original  equation,  the  subsequent  actuar  con- 
struction of  the  primitive  is  merely  a  matter  of  simple  quadtatures.     For 
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instance,  the  equation 

r-^— 4-£-  =  0 

X 

leads  to  immediate  derivatives 

it  admits  of  compatible  equations 

which  are  independent  of  one  another  and  of  the  derived  equations :  the 
four  equations  determine  simultaneous  and  possible  values  of  a,  jS^  y^  S: 
the  rest  of  the  analysis  is  merely  quadrature. 

At  this  stage,  and  having  regard  to  the  spirit  and  the  content  of 
Darboux's  method,  a  few  questions  arise.  The  first  (not  in  order  of  im- 
portance, but  merely  the  first  as  they  occur  to  me)  is  :  what  is  the  most 
general  form  of  equation  of  the  second  order  in  two  independent  variables 
that  is  amenable  to  Darboux's  method  in  a  finite  number  of  operations  ? 
I  dare  not  even  play  with  a  question  as  to  a  form  of  the  method,  if  it 
possesses  a  form,  when  the  number  of  operations  is  conceived  as  being 
capable  of  unlimited  increase.  Let  me  only  say  that  the  first  question, 
as  asked,  has  been  discussed  for  equations 

/(r,  8,t)  =  0 

by  De  Boer,  and  for  equations 

s=f{x,  y,  z,p,  q) 

by  Goursat.  Much  remains  to  be  done  for  equations  of  the  second  order, 
as  regards  the  discovery  of  classes  that  are  integrable  by  Darboux's 
method  :  meanwhile,  Darboux  declares  that  the  method  is  effective  for  all 
equations  of  the  second  order  which  belong  to  Ampere's  first  class,  that  is, 
which  possess  integrals  in  finite  form  free  from  partial  quadratures :  and, 
in  this  aspect,  I  shall  suggest  (in  a  few  moments)  the  same  enquiry  in 
somewhat  different  terms. 

The  range  of  the  method  is  not  peculiarly  limited  to  equations  of  the 
second  order  in  two  independent  variables :  it  applies  to  equations  of  order 
higher  than  the  second  :  it  applies  equally  to  equations  which  involve  more 
than  two  independent  variables.  In  face  of  the  reluctance  of  analysis,  at 
the  present  time,  to  venture  far  into  such  regions,  it  may  seem  premature 
to  suggest  an  enquiry  into  the  classes  of  such  equations  for  which  the 
method  is  effective :  but,  unless  some  entirely  new  and  more  comprehensive 
process  applicable  to  equations  of  all  orders  in  any  number  of  variables  is 
devised  and  illuminates  the  whole  field  of  analysis  connected  with  partial 
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equations,  my  qaestion  (now  premature  perhaps)  may  come  to  be  more 
insistent  upon  an  answer  than  it  is  to-day. 

Another  question  arises  when  the  general  idea  in  Darboux*s  method  is 
regarded  retrospectively,  rather  than  prospectively,  from  the  point  of  view 
of  the  order  of  equations  that  are  compatible  with  an  original  equation  of 
the  second  order.  Monge  (and,  following  him,  Boole)  considered  only  the 
possibility  of  a  general  intermediate  integral,  that  is,  a  compatible  equa- 
tion of  the  first  order,  which  involves  an  arbitrary  function  and  (on  elimina- 
tion of  the  arbitrary  function)  leads  to  the  original  equation.  But  a 
so-called  complete  intermediate  integral,  that  is,  a  compatible  equation  of 
the  first  order  which  involves  two  arbitrary  constants,  can  also  lead  to  an 
equation  of  the  second  order  on  the  elimination  of  the  two  arbitrary  con- 
stants (it  being  understood  that  we  still  are  limited  to  a  couple  of  inde- 
pendent variables).  The  general  idea  of  Darboux's  method,  translated 
into  the  appropriate  analysis,  leads  to  the  discovery  of  such  complete 
intermediate  integrals  when  they  exist :  and,  indeed,  this  translation  pro- 
vides the  most  general  method  known  to  me  for  the  construction  of  inter- 
mediate integrals  of  any  type.     Thus  the  equation 

{sq—tpf  =  {rt—s^  {8p~rq\ 

treated  by  Darboux's  method,  is  found  to  possess  a  complete  intermediate 

where  a  and  b  are  arbitrary  constants  ;  similarly,  for  the  equation 
^(r^-sV-(^y-2spg+rg^(r^-.s^  +  (^i>— 5g)(5p-rg)  =  0, 

there  is  a  complete  intermediate  integral 

z  =  ap-^-bq+ab  ; 

and  these  integrals  can  be  definitely  formed  by  synthetic  construction. 
It  might  be  possible  to  construct  all  the  classes  of  equations  which  have 
complete  intermediate  integrals  of  the  form 

0  (iC,  y,  z,  p,  q,  a,  b)  =  0  : 

and,  in  connection  with  equations  which  possess  intermediate  integrals  of 
any  type,  it  is  right  to  mention  the  investigations  of  Goursat. 

VII. 

Such,  then,  in  outline,  are  the  principal  methods  used  for  thei 
integration  of  equations  of  the  second  order.  As  will  be  seen,  they 
have  not  the  same  power  of  compelling  a  result  as  have  the  most  effective 

2  o  2 
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methods  applied  to  equations  of  the  first  order :  some  of  the  limitations 
of  the  methods,  applied  to  equations  of  the  second  order,  are  intrinsic 
to  the  order  of  the  equation  and;  in  addition,  they  are  subject  to  all  the 
limitations  that  affect  the  methods  applied  to  equations  of  the  first  order. 
Accordingly,  an  equation-  of  the  second  order  may  be  propounded  for 
integration  and  yet  not  be  amenable  *  to  any  of  the  customary  methods: 
it  would  be  a  vain  demand  (though  not  a  novel  one)  to  ask  for  the 
invention  of  a  new  method,  because  the  whole  theory  of  equations  of  higher' 
order  has  long  waited  for  further  methods.  As  was  the  alternative  to 
the  practical  failure  of  the  methods  used  for  equations  of  the  first  order, 
so  here  also  the  only  available  plan  is  to  have  recourse  to  Cauchy*s 
existence-theorem,  and  to  use  the  integral  supplied  by  that  theorem. 
The  integral  is  not  very  convenient,  because  it  is  in  the  form  of  a  con- 
verging series  which  usually  cannot  be  expressed  in  a  more  commodious 
fotm :  it  is  a  regular  function  and  it  is  subject  to  limiting  conditions, 
which  make  z  and  one  of  its  derivatives  regular  functions  of  one  variable 
for  some  assigned  value  of  the  other  variable, .  but  no  deviation  from 
regularity  is  admitted  or  even  contemplated :  still,  there  is  an  integral, 
and  it  is  all  that  can  be  obtained  with  the  analytical  means  at  our 
disposal. 

Having  thus  come  to  the  end  of  our  practical  resources,  we  can  at 
least  indicate  one  or  two  obvious  demands,  even  though  they  cannot  be 
met  or  though  ultimately  some  less  direct  demands  should  be  met  more 
easily  and  more  usefully.  We  can  hope  for  a  new  method :  but,  during 
the  interval  of  waiting  for  the  realisation  of  that  deferred  hope,  there 
are  other  tasks  which  can  be  undertaken  and  which,  if  accomplished^ 
will  lead  to  extensions  of  knowledge.  One  of  these  is  the  determination 
of  classes  of  equations  of  the  second  order  which  are  amenable  to 
Ampere's  method  :  later  on,  I  shall  propound  the  same  question  in 
another  connection  and  in  a  different  form.  Similarly,  as  already  stat^d^ 
it  would  be  important  to  possess  the  complete  determination  of  such 
equations  as  are  amenable  to  Darboux's  method.  Again,  as  for  partial 
equations  of  the  first  order,  so  for  equations  of  the  second  order,  it  is 
permissible  to  conceive  a  wide  extension  of  existence-theorems  that 
shall  take  some  account  of  the  more  commonly  recognised  deviations  from 
regularity.  It  is  true  that  occasional  grumbling  is  heard,  and  more 
than  occasional  grudge  is  felt,  about  these  existence- theorems  which, 
like  the  abstract  resolutions  adopted  by  visionary  legislators,  go  far 
beyond  the  needs  or  the  possibilities  of  practice.  But  they  have  their 
use :  they  indicate  whether  an  integral  of  a  particular  kind  does  or  does 
not  exist,  as  well  as  the  conditions  of  its  existence ;  and,  if  the  practical 
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investigator  is  inclined  to  reproach  them  for  the  unpractical  clumsiness 
of  the  integrals  they  produce,  he  might  at  least  remember  that,  clumsy 
as  the  results  are,  they  often  are  the  only  results  which  can  be  obtained. 
So,  while  the  practical  man  is  left  pondering  in  his  ungrateful  and 
dissatisfied  mood,  let  me  suggest  an  extension  of  the  existence-theorem 
which  shall  take  account  of  some  of  the  commoner  irregularities.  The 
object  is  difficult :  nor  is  the  sense  of  difficulty  diminished  hj  a  remem- 
brance of  the  corresponding  stage  in  the  theory  of  ordinary  equations, 
when  we  pass  beyond  the  first  order.  In  that  theory,  a  parametric  value 
of  the  independent  variable  cannot  be  an  essential  singularity  of  the 
integral  of  any  equation  of  the  first  order  y'  =  f(y,  x),  where  /  is 
rational  in  y  and  is  uniform  in  x :  a  parametric  value  of  the  independent 
variable  is  an  essential  singularity  of  the  integral  of  an  equation  of  the 
second  order  so  simple  as  y"  =  y'^.  It  may  be  expected,  or  even  feared, 
that  the  complete  investigation  will  be  complicated  by  the  existence  of 
latent  irregularities  which  do  not  appear  by  inspection.  If  so,  the 
complication  is  only  another  penalty  for  having  entered  into  the  possession 
of  much  knowledge  already  obtained  :  the  easy  problems,  which  are  worth 
solving,  have  been  solved  before  our  time  ;  and  we  are  apt  to  stigmatise - 
as  difficult  all  those  which  yet  remain  unsolved.  As  regards  the  particular 
question  suggested,  even  an  incomplete  investigation  might  make  a  sub- 
stantial addition  to  our  knowledge  of  the  properties  of  integrals  of  partial 
equations. 

VIII. 

In  the  brief  description  that  was  given  of  the  methods  effective  in 
practice  for  the  integration  of  equations  of  the  first  order,. a  deliberate 
choice  was  expressed  for  the  method  of  Charpit  and  (specially  as  including 
that  method  when  the  number  of  independent  variables  is  greater  than 
two)  for  the  second  method  of  JacobL  If,  in  unprovoked  wilfulness, 
a  similar  choice  is  to  be  made  among  the  practical  methods  for  integrating 
equations  of  the  second. order  or  of  higher  orders,  my  vote  will  be  cast 
for  Darboux's  method,  provided  its  retrospective  added  application  to  the 
construction  of  intermediate  integrals  (when  they  exist)  be  included  as 
part  Qt  the  method.  I  cannot  discuss  the  comparative  extent  of  the  two 
classes  of  equations  which  are  amenable  respectively  to  Ampere's  method 
and  to  Darboux's  method ;  but  the  latter  is  more  systematic  than  the 
former,  less  dependent  upon  the  happy  intuitions  of  purely  analytical 
skill :  and,  in  the  absence  of  some  new  and  more  comprehensive  process, 
the  later  method  is  to  be  preferred  to  the  earlier  in  that  it  offers  work 
.on.  recognised  lines  to  the  mason  when  there  is  no  sculptor,  and  work 


454  Prof.  A.  R.  Forsyth  [Nov.  B, 

on  recognised  lines  to  the  builder  when  there  is  neither  architect  nor 
engineer. 

Any  account  of  the  theory  of  partial  equations  of  the  first  order  must 
t'ecognise  the  importance  of  Lie's  contributions  to  the  subject  and  would 
indicate  how,  alike  by  the  theory  of  contact  transformations  and  of  groups 
of  functions,  new  light  has  been  thrown  upon  the  equations  and  a  definite 
method  has  .been  provided  for  the  integration  of  a  single  equation  and 
of  a  system  of  equations  in  involution.  It  is  natural  to  consider  whether 
the  idea  of  transformation  in  general  can  be  usefully  extended  to  equations 
of  order  higher  than  the  first.  Particular  instances  are  known  :  thus 
Laplace's  method  of  integrating  a  homogeneous  linear  equation  of  the 
second  order  is  a  special  example.  Accordingly,  some  general  questions 
almost  propound  themselves.  What  are  the  transformations  among  the 
variables,  whether  dependent  or  independent,  which  keep  the  order  of 
an  equation  unchanged  ?  What  are  the  limitations  upon  the  form  of  an 
equation  which  must  be  satisfied  in  order  that  it  may  be  changed  into 
another  equation  of  similar  form  and  the  same  order  ?  When  two 
equations  can  be  transformed  into  one  another,  what  are  the  relations 
between  their  integrals  ?  Some  answers  to  these,  and  to  similar  questions, 
are  to  be  found  in  the  investigations  of  Backlund,  who  approached  the 
matter  as  one  concerned,  first  with  the  transformation  of  surfaces  in 
ordinary  space,  and  next  with  simultaneous  equations  of  the  fijrst  order. 
Thus  far,  the  results  obtained  relate  to  equations  of  the  second  order  in 
two  independent  variables,  which  are  of  the  Monge- Ampere  type  and  are 
not  of  even  the  most  general  form  belonging  to  that  type.  Additions  to 
Backlund's  results  have  been  made  by  Goursat  and  by  Glairin ;  but  the 
subject,  important  as  it  is,  has  not  received  extensive  consideration 
and  the  literature  is  distinctly  limited.  Much  remains  to  be  done  before 
we  can  declare  that  we  have  obtained  the  most  general  theory  of  trans- 
formation of  equations  of  order  higher  than  the  first ;  and,  as  I  am 
convinced,  it  offers  a  field  for  fruitful,  if  difficult,  research. 

Partly  as  an  independent  subject  of  enquiry,  and  partly  because  they 
arise  in  one  mode  of  application  of  Ampere's  method  to  equations  of  the 
second  order,  I  would  suggest  that  simultaneous  equations  of  the  first 
order,  in  number  equal  to  the  number  of  dependent  variables,  offer 
problems,  perhaps  not  less  difficult  than  those  which  I  have  just 
mentioned,  yet  distinct  from  them  alike  in  range  and  probable  modes 
of  attack.  The  operation  of  integrating  such  equations  is  an  operation 
of  class  greater  than  unity  in  general,  that  is  to  say,  it  cannot  generally 
be  performed  solely  with  the  help  of  quadratures :  but  classes  of  such 
equations  as  can  thus  be  integrated  have   been   already   discussed   and 
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obtained  by  Hamburger,  Konig,  Eonigsberger,  and  others.  I  do  not 
feel  confident  that  the  last  word  worth  speaking  has  yet  been  spoken 
about  such  equations  integrable  by  operations  of  the  first  class.  Again^ 
an  attempt  to  extend  Jacobi's  second  method  to  a  pair  of  equations 

/(^l,  ^2»  PV  9v  P2y  ?2»  ^»  y)  =  0»  ?(^l»  ^2»  Pv  9V  P2>  ?2»  ^>  V)  =  0» 

in  two  dependent  variables  and  two  independent  variables  (to  take  only 
the  simplest  case),  leads  to  a  couple  of  subsidiary  lineo-linear  equations 
in  two  new  dependent  variables,  and  an  increased  number  of  independent 
variables ;  it  would  be  of  interest  to  know  for  what  classes  of  equations 
/  =  0,  9  =  0,  these  lineo-linear  equations  can  be  integrated,  because  their 
integral  leads  to  the  primitive  of  the  original  equations. 

There  is  a  temptation  to  wander  into  other  regions  of  investigation, 
80  far  as  this  account  is  inspired  by  temptations  and  repressed  by  limit- 
ations. One  other  method,  synthetic  in  idea  and  companionable  (if 
such  a  word  is  permitted)  in  form,  was  initiated  by  Biemann  :  it  is  based 
upon  the  use  of  adjoint  equations  which,  useful  and  important  in  the 
theory  of  ordinary  differential  equations,  were  used  by  him  to  obtain 
the  integral  of  a  partial  linear  equation  of  the  second  order,  when  the 
integral  is  subject  to  general  conditions,  by  means  of  an  integral  of  an 
equation  of  the  same  character  subject  to  more  (sometimes,  to  very) 
special  conditions.  The  process  can  hardly  be  called  one  of  general 
application.  The  idea,  and  developments  of  the  idea,  have  been  applied 
by  many  investigators,  among  whom  Picard  and  Volterra  deserve  particular 
mention,  to  equations  of  special  form,  as  arising  in  discussions  of  problems 
in  mathematical  physics,  and  also  to  equations  of  somewhat  specialised 
type,  so  as  to  obtain  existence-theorems.  But  I  am  coming  perilously 
near  the  topic  of  boundary  problems,  such  as  occur  in  connection 
with  partial  equations :  and  that  topic,  by  a  self-imposed  self-denial,  is 
forbidden  to  me.  The  subject  has  had  its  fluctuations  of  vitality  :  strong 
in  the  past,  promising  now,  it  may  form  the  subject  of  an  enterprising 
address  to  this  Society  on  a  day  that  is  to  come. 

IX. 

Any  general  review  of  the  position  of  the  theory  of  partial  equations 
could  be  deemed  guilty  of  a  grave  omission  if  it  did  not  refer  to  what  is 
often  described  briefly  as  '*  integration  in  finite  terms."  Such  a  result 
was  the  aim  of  an  inverting  practice  among  classical  analysts,  like  Euler 
and  Lagrange,  who  started  from  integral  equations  possessing  generality 
in  some  form,  or  other,  and  constructed  the  differential  equations  where  the 
general  elem^nta  no  longer  appeared ;    they  sought  to  invert  the  process 
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by  passing  from  the  differential  equations  back  to  corresponding  integral 
equations  with  an  attenuated  success  explained  only  in  later  discussions, 
ranging  over  ideas  quite  foreign  to  the  original  creators  of  the  theory. 
Such  a  result  is  often  the  aim  of  questions,  submitted  to  skilful  youth 
in  elaborate  examinations  :  they  tend  to  give  a  wholly  false  per- 
spective, at  once  to  the  theory  and  to  the  practice  of  the  integration  of 
partial  equations.  But  the  general  notion  has,  nevertheless,  its  value 
in  the  development  of  the  subject :  not  for  the  historical  aspect,  which  in 
earlier  days  was  the  .main  course  of  growth  :  not  for  the  modem 
investigator  who  is  as  eager  as  any  classical  analyst  to  obtain  an  integral 
in  finite  terms,  if  such  an  integral  can  be  obtained:  but  because,  in 
the  absence  of  methods  generally  effective  for  equations  of  order  higher 
than  the  first,  the  prescribed  character  for  the  integral  leads  to  definitely 
prescribed  classes  of  equations.  For  the  purposes  of  this  range  of 
investigation,  it  is  unnecessary  to  take  any  account  of  equations  of  the 
first  order  :  such  deficiencies  as  exist  in  the  process  of  their  integration 
are  not  intrinsic,  being  specially  connected  with  the  subsidiary  processes 
which,  when  effective,  can  lead  to  an  integral.  Nor  is  it  necessary  to 
do  more  than  mention  those  equations  of  the  second  order,  which 
possess  a  general  intermediate  integral  and  are  therefore  of  the  con- 
ditioned Monge-Ampere  type ;  in  particular,  equations  of  the  Monge- 
Ampere  type  which  possess  two  general  intermediate  integrals  are  known 
(by  a  result  due  to  Lie  and  Darboux)  to  be  capable  of  change  into  5  =  0 
by  means  of  contact  transformations  only.  It  is  not  necessary  to  mention 
those  equations  which  possess  a  complete  intermediate  integral,  but 
have  not  hitherto  been  included  in  any  prescribed  form :  in  all  these 
cases,  the  integral  can  be  definitely  obtained  by  regular  processes, 
the  difficulties  in  which  are  not  intrinsic.  But  mention  must  be  made 
of  Liouville's  equation  ^  =  e*,  having  a  primitive 


er  = 


where  X  is  an  arbitrary  function  of  x  and  Y  is  an  arbitrary  function  of  y : 
it  is  very  special  in  form  ;  yet  the  slightly  different  equation  «+c  =  c*, 
where  c  is  a  constant  distinct  from  zero,  does  not  possess  an  integral 
similarly  expressible.     Mention  must  also  be  made  of  the  equation 

tH-ap+6g+c;8r  =  0, 

where  a,  6,  c  are  functions  of  x  and  y  only ;  the  integral,  save  in  a  trivial 
case,  is  not  expressible  in  similar  explicit    finite  terms.     Also,  there  is 
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Laplace's  linear  equation 

s+ap+bq+cz  =^0^ 

the  primitive  of  which  can  be  expressed,  wholly  or  partly,  in  finite  terms 
according  as  two  conditions,  or  only  one  condition,  in  a  regulated 
succession  of  forms  can  be  verified  by  the  coefficients  a,  b,  c,  again  func- 
tions of  the  independent  variables  only.  These  diverse  results  naturally 
raise  a  question  as  to  the  most  general  class  of  equations  of  the  second 
order  in  two  independent  variables,  primitives  of  which  can  be  expressed 
explicitly,  in  finite  terms,  without  partial  quadratures,  and  by  a  single 
equation.  The  first  professed  answer  to  the  question  was  given  in  a 
memoir  by  Moutard,  presented  to  the  Academy  of  Sciences  at  Paris  in 
1870  ;  but  the  memoir,  in  its  entirety,  was  never  published,  for  it  perished 
during  the  fires  of  the  Commune,  and  only  a  portion  of  it  was  rewritten 
some  years  later.  (May  I  add  a  fact,  which  here  is  irrelevant,  but  which 
all  mathematicians  must  regret  ?  Those  same  fires  consumed  the  manu- 
script of  what  would  havQ  been  the  third  and  the  concluding  volume  of 
Bertrand's  treatise  on  the  calculus,  and  it  would  have  been  devoted  to 
differential  equations :  the  gravity  of  the  loss  is  beyond  words.)  The  first 
complete  proof  of  Moutard's  enunciated  theorem  is  contained  in  a  note  by 
Cosserat,  near  the  end  of  the  fourth  volume  of  Darboux's  Theorie  generale 
des  Surfaces f  published  in  1896 :  but  it  will  be  interesting  to  the  members 
of  our  Society  to  know  that  many,  if  not  all,  of  the  results  were  previously 
obtained  in  a  memoir  by  Prof.  Lloyd  Tanner,  which  appears  in  the 
volume  of  our  Proceedings  for  the  year  1876.  The  general  result  of  the 
investigation  is  as  follows :  the  equations,  which  cannot  be  transformed 
to  Liouville's  equation  or  to  Laplace's  linear  equation,  are  reducible  to  the 
form  ps  ^ 

where  a  and  b  are  functions  of  x  and  y  satisfying  certain  conditions, 
the  expression  of  which  is  unnecessary  for  our  present  purpose :  and 
the  integrals  are  expressible  in  a  form 

z  =/(jJ,  y,  X,  Xi,  ...,  Ain,  y,  Yit  ...,  Yn)t 

where  X  and  Y  are  arbitrary  functions  of  x  and  of  y  respectively ; 
Xj, ...,  Yi, ...,  are  their  respective  derivatives  ;  m  andn  are  finite  integers  ; 
and /is  a  definite  function,  affecting  (and  affected  by)  the  form  of  a  and  b. 
Now  this  result  is  general :  it  completes,  in  one  direction,  the  work  of 
the  early  classical  analysts :  when  the  transformations  are  known — and 
tiiey  are  indicated  in   the  course  of  the  proof — we  are  able  to   settle 
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whether  a  given  equation  of  the  second  order,  whioh  arises  for  general 
integration  and  is  not  associated  with  some  hint-giving  conditions,  shall 
have  a  general  integral  endowed  with  the  prized  quality  of  concise  ex- 
pression. And  the  result  is  useful,  as  marking  off  one  class  of  equations 
with  defined  properties.  Nor  is  it  useful  only  as  an  achievement :  for  it 
suggests  three  definite  questions,  the  answers  to  which  will  mean  progress 
of  a  peaceful  kind  though,  even  if  completely  answered,  they  will  effect  no 
revolution  in  the  subject.  One  of  these  questions  relates  to  equations  of 
the  second  order :   the  other  two  relate  to  equations  of  the  third  order. 

The  first  of  the  questions  requires  the  extension  of  Moutard's  theorem. 
In  that  theorem,  the  integral  of  the  equation  is  to  be  given  by  a  single 
relation  between  the  varitkbles :  but  we  know  that  integral  relations  are 
often  found  as  expressions  for  x^  y,  z^  in  terms  of  two  independent  para- 
meters :  for  example,  this  is  the  mode  in  which  the  most  general  integral 
of  the  equation  of  minimal  surfaces  has  been  expressed  by  Monge,  Ampere, 
Legendre,  and  Weierstrass.  But  the  problem,  which  corresponds  to 
Moutard's  for  equations  of  the  second  order  having  integrals  expressible 
by  a  single  relation,  has  not  been  solved  for  those  equations  having 
intagrals  expressible,  by  three  relations  of  the  form 

X  =f{u,  V,  Uy  Ui,  ...,  (7w,  F,  Fi,  ...,  F»), 

y  =g(u,v,  U,  U^y  ...,  Un,  F,  Fi,  ...,  F«), 

z  ==h{u,v,  Uy  Ui,  ...,  Unif  F,  Fi,  ...,  FJ, 

where  U  and  F  are  arbitrary  functions  of  u  and  of  v  respectively; 
Ui,  ...,  Um,  Fj,  ...,  Vn  are  their  derivatives  ;  m,  n  are  finite  integers  ;  and 
/,  g,  h  are  definite  functions.  When  this  problem  has  been  solved,  it  will 
incidentally  give  all  those  equations  of  the  second  order  which,  integrable 
in  finite  terms  by  Ampere's  method,  have  integrals  that  are  free  from 
partial  quadratures. 

The  first  of  the  two  suggested  questions  about  equations  of  the  third 
order  is  the  application  of  Laplace's  method  to  linear  equations  of  that 
order.  It  would  require  the  discussion  of  those  transformations  which 
leave  the  equation 

Bl3+Cy+Br+Ss+Tt+Pp+Qq+Zz  =  0 

(where  the  coefficients  are  functions  of  x  and  y  alone)  unaltered  in 
character,  the  determination  of  those  combinations  of  the  coefficients 
which  are  invariant  under  the  transformations,  the  significance  of  these 
invariants,  and  generally  the  construction  of  such  equations  of  this  type 
as  have  their  integrals,  some  or  all,  of  finite  rank.     The  other  suggestion 
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ftbont  equations  of  the  third  order  is  the  immediate  analogue  of  Moutard's 
theorem  for  equations  of  the  second  order :  what  are  the  various  types  of 
equations  of  the  third  order  in  two  independent  variables  which  have  their 
integrals  given  by  a  single  equation  between  x,  y,  z,  three  arbitrary  func- 
tions of  the  variables  and  the  derivatives  of  these  functions  up  to  -any 
finite  order  ?  Pending  the  discovery  of  new  processes  of  integration,  the 
solution  of  these  two  problems  will  give  definite  and  useful  information 
about  equations  of  the  third  order ;  it  is  the  kind  of  information  which, 
some  time  or  other,  must  be  obtained  before  we  shall  be  justified  in 
regarding  our  knowledge  of  equations  of  the  third  order  as  compar^kble 
with  the  knowledge  of  equations  of  the  second  order.  And  there  need  be 
no  hesitation  in  grappling  with  equations  of  the  third  order :  we  can  no 
longer  be  warned  oflf  the  field  by  an  Astronomer  Royal  for  the  reason  that 
was  adduced  years  ago :  mathematical  physicists  themselves  are  not  now 
always  able  to  pursue  their  investigations  by  the  use  of  equations  of  order 
not  higher  than  the  second. 

Yet,  having  made  a  suggestion  as  to  the  consideration  of  equations  of 
the  third  order,  and  being  ready  to  extend  it  even  to  equations  of  the 
fourth  order,  I  am  not  prepared  to  recommend  the  expenditure  of  in^- 
tellectual  energy  (at  least,  in  the  present  state  of  mathematical  knowledge) 
upon  discussions  of  equations,  of  unspecified  finite  order  and  involving 
any  unspecified  finite  number  of  variables.  Crucial  difficulties  can  arise 
in  the  passage  from  an  equation  of  the  first  order  to  an  equation  of  the 
second  order :  the  process,  which  solves  them  or  surmounts  them,  is 
sometimes  equally  effective  for  the  removal  of  the  corresponding  difficulty 
in  passing  to  an  equation  of  any  order :  unless  something  specially  charac- 
teristic of  the  order  is  obtained  in  the  process,  the  generalisation  of  the 
method  cannot  be  regarded  as  standing  in  the  first  line  of  contribution  to 
knowledge.  Similarly,  crucial  difficulties  can  arise  in  the  passage  (say) 
from  two  independent  variables  to  three,  even  from  three  to  a  greater 
number — such  an  instance  is  provided  by  Jacobi's  second  method  as  com- 
pared with  Charpit's  method,  the  new  results  being  a  real  extension  of 
knowledge  and  providing  a  real  increase  of  practical  power :  and  crucial 
difficulties  can  arise  in  the  progressive  passage  between  an  even  number, 
and  an  odd  number,  of  independent  variables — such  an  instance  occurs  in 
the  reduction  of  a  Pfaffian  equation  to  a  canonical  form.  Unless  some 
essential  difficulty  is  solved,  or  some  essential  novelty  is  obtained,  mere 
formal  increase  in  the  order  of  the  equation  solved,  or  in  the  number  of 
independent  variables  involved,  or  even  in  both  of  these  respects,  is  an 
insufficient  ground  for  the  concession  of  the  homage  that  is  paid  to  pro- 
gress in  knowledge,  as  distinguished  from  mere  accumulation  of  formulae. 


460  Pabual  diffbbbntial  BQUinoivs.  [Nov.  8, 

As  this  address  does  tiot  pretend  to  be  a  comprebensiye  account  of  the 
present  state  of  knowledge  of  the  theory  of  partial  equations,*  I  make  no 
claim  of  having  included  all  the  important  aspects  of  that  theory,  and  I 
offer  no  apology  for  having  omitted  many  of  them.  Those,  who  wish  for 
such  an  account,  must  consult  the  skeletons  to  be  found  in  a  work  like  the 
German  Encyclopadia  and  must  study  the  fuller  treatment  given,  in 
cosmopolitan  fashion,  by  writers  belonging  to  not  a  few  nations  and  races. 
If  a  critic  should  remark  that  my  selection  of  topics  has  been  strangely 
guided  by  an  individual  caprice,  I  shall  not  challenge  the  accuracy  of  his 
ren^ark :  my  only  retort  would  be  that  a  similar  remark  could  be  made 
concerning  most  addresses  of  the  kind,  delivered  in  similar  cireumstanoes  : 
uid  there  might  be  an  added  declaration,  which  he  would  believe,  that  the 
individual  caprice  has  been  the  result  of  many  years  of  more  or  less  steady 
labour  at  the  subject.  The  aim  of  my  address  has  been  to  shew  that  the 
theory  of  partial  differential  equations,  so  far  from  being  exhausted  or 
effete,  is  full  of  possible  developments  almost  from  its  very  foondationa 
These  developments  admit  of  the  exercise  alike  of  constructive  power  and 
of  critical  faculty;  and  I  commend  their  consideration  to  my  fellow- 
workers  in  this  Society. 


*  Beferenoes  to  the  writiDgs  of  the  maUiematioiaDS  mentioned  will  be  found  in  Part  IV.  of 
mj  Theory  of  Differential  Equationa. 

The  matter,  indicated  on  pp.  436,  437  (ante)^  is  partlj  diflcafl«ed  in  a  Note  whioli  will  br 
included  in  the  BritiBh  Auoeimtion  Report  (York  Meeting^,  1906). 
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Introduction. 

The  present  memoir  is  devoted  to  the  discussion  of  a  problem  whioh 
was  considered  at  some  length  in  a  paper  which  appeared  in  these 
Proceedings  some  months  ago. 

The  problem  in  question  is  to  determine  a  function  <l>(t)  so  that,  for 
a  given  range  of  values  of  s,  we  may  have 


/(.) = I 


■1* 


K{$,t)<f>(t)dt 


where  it  is  supposed  that  the  path  of  integration  and  the  functions  f{s) 
and  k{8^  t)  are  known. 

Equations  of  this  type  occur  in  potential  problems  in  which  the  value 
of  the  potential  function  is  given  at  points  on  a  curve  or  surface.  On 
this  account  alone  they  are  worthy  of  close  attention  ;  but  there  is 
another  object  which  a  systematic  theory  of  these  equations  would 
accomplish — it  would  group  together  the  innumerable  isolated  results  in 
the  subject  of  definite  integrals,  thus  giving  us  a  means  of  classifying 
them,  besides  indicating  the  fundiamental  principles  upon  which  the 
formulae  depend. 


*  This  paper  is  an  elaboration  of  one  which  was  presented  to  the  Society  on  May  9th,  and 
afterwards  withdrawn,  as  the  subsequent  researches  of  the  author  required  that  it  should  be 
remodelled. 
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With  this  object  in  view,  I  have  attempted  in  §  2  to  classify  the 
integral  equations  themselves  according  to  what  may  be  called  the 
fundamental  formulae  on  which  the  solution  depends.  A  practical  method 
of  finding  the  inversion  formula  depending  on  the  use  of  a  differential 
equation  is  then  suggested,  and  is  employed  to  obtain  the  solutions  of 
^  a  number  of  particular  equations.  *I  am  unable,  however,  to  give 
a  rigorous  investigation  of  the  theory  of  this  method. 

A  second  method,  which  also  depends  upon  the  use  of  linear  differ- 
ential equations,  is  indicated  in  §  8 ;  it  seems  to  be  full  of  possibilities, 
and  throws  some  light  upon  the  theory  of  a  certain  type  of  partial 
differential  equation. 

§  10  consists  of  an  exteixsion  of  the  general  method  which  wae  given 
by  the  author,*  and  an  attempt  is  made  to  obtain  an  existence  theorem. 

1.  The  Integral  Equation  considered  as   the  Limit  of  a  System  oj 

Linear  Equations. 

The  integral  equation 

J\s)  =  r  k{s,  t)  0  (t)  dt  (1) 

is  in  many  respects  analogous  to  the  system  of  linear  equations 

/.  =    2^  ic., t<t>i     («  =  1»  2,  ...,  m),  (2) 

and  can,  in  f aet,  be  obtained  from  it  by  a  limiting  process  in  which  m  and 
n  are  finally  made  infinite.  The  important  point  is  that  in  this  process 
of  passing  to  the  limit  many  of  the  properties  of  the  system  of  linear 
equations  are  preserved. 

Now  the  properties  of  a  system  of  linear  equations  depend  upon  the 
relation  between  the  number  of  equations  and  the  number  of  unknown 
quantities. 

(1)  If  m  >  /I,  we  shall  be  able  to  construct  a  number  of  relations  of 

the  form  ^ 

2  a^Kft  =  0, 

which  are  satisfied  for  all  values  of  t,  and  then  the  equations  (2)  will  be 
inconsistent  uriless  the  quantities  /  satisfy  linear  relations  of  the  same  type 

J^  a  J,  =  0. 


•  Proe,  lAmdon  Math.  Soe,,  Ser.  2,  VoU  4,  Part  2  (1906). 
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In  passing  to  the  limit,  a  relation  of  tbis  type  may  take  several  forms, 
each  as  ^^ 

I   a{$)f(8)ds  =  0, 

L         *^  dSrJ»=»o 

or  it  may  be  expressible  as  a  linear  combination  of  such  forms. 

In  any  case  the  corresponding  property  possessed  by  the  integral 
equation  is  that  in  general  a  necessary  condition  that  a  function  f(s)  may 
be  expressed  in  the  form  (1)  is  that  it  should  satisfy  all  the  linear  relations 
that  are  satisfied  by  k{s,  t)  for  all  values  of  t.  This  condition  is  only 
necessary  so  long  as  the  function  <f>(t)  is  restricted  to  be  such  that  the 
operation  of  forming  the  linear  relation  may  be  interchanged  with  that  of 
integration  in  equation  (1).  We  cannot  say  at  present  whether  it  is 
sufficient  or  not,  because  the  conditions  which  are  to  be  laid  on  0(Q  have 
not  been  determined,  and  it  has  been  found  that  in  certain  cases  a 
function  represented  by  equation  (1)  satisfies  linear  conditions  (such  as 
continuity*)  which  the  function  /c(s,  t)  does  not. 

(2)  It  m  ^Hf  there  is  in  general  a  unique  set  of  quantities  ^  and 
these  are  determined  by  a  set  of  linear  equations  of  the  form 

<f>t  =  2^  Kufi    {t  =  1,  ...,  m),  (3) 

provided  no  relation  of  the  form 

^agKtt  =  0 
is  satisfied  for  all  values  of  t. 

(8)  If  m  <  n,  there  are  an  infinite  number  of  sets  of  solutions,  but  we 
may  single  out  one  set  by  imposing  n^m  linear  conditions  on  the 
quantities  0(. 

We  conclude  from  this,  that,  in  general,  the  solution  of  equation  (1) 
will  not  be  imique,  but  that  it  may  be  rendered  unique  by  imposing 
a  number  of  linear  conditions  upon  the  function  ^(Q.  The  whole  question 
depends,  of  course,  upon  the  range  of  values  for  which  f{s)  is  given:! 


*  The  oondition  of  oontixmitj  must  be  regarded  as  being  equivalent  to  a  number  of  linear 
eonditions. 

t  In  some  cases  /(«)  may  only  be  g^ven  for  an  enumerable  set  of  values  of  t ;  but,  hj 
properly  choosing  the  conditions  to  be  satisfied  by  ^,  we  can  make  the  solution  unique,  as,  for 
instance,  in  Stieltjes*  problem  of  the  moments.  {Annalet  de  la  Faculti  det  Seieneet  de  IhtUoute, 
t.  fia,,  1894.) 
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for  one  range  of  values  tfaQofnnctibn  <f>(t)  may  be  uniquely  determinate, 
while  for  a  smaller  range  this  will,  in  general,  not  be  the  case,  and  it 
may  be  necessary  to  restrict  <l>(t)  to  be  zero  for  a  certain  portion  of  the 
range  of  integration  in  order  to  render  the  solution  unique  under  the 
new  conditions. 

Supposing,  then,  that  conditions  have  been  chosen  which  will  make 
the  solution  of  (1)  unique,  we  shall  expect,  in  analogy  to  (8),  to  obtain  an 
expression  for  <l>{t)  of  the  form 

.    ,  .  .  0(0  =  Ltfit)  (4) 

where  Lt  denotes  a  linear  operator  which  may  be  built  up  of  terms'  of 
the  types  *./.  m 

,..  :      :.  P^^y%'     fit+a),     ^^F{t,8)  fis)d8.  • 

•      •■-•.  » 

It  frequently  happens  that  the  inversion  formula  takes  the  simple  form 


.<f>(t}=\ 


K{t,s)f{s)d8;  (5) 

.    I-  ".   '  " 

t  '  '        '  .      .-. 

■«  •     *  .  .       • .  ..... 

but  it  is  to  be  remarked  that  this  integral  is  in  genercJ  of  a  differ^t 
character  from  that  which  occurain  equation  (1)^  _  r, 

This  may  be  seen  by  considering  a  particular  example  in  which  the 
litillts  a  and  b  are  finite  s^nd  the  function  K(s,f)  remains  finite  and  con- 
tinuous within  the  range. '  By  choosing  a  particular  function  <f>{f)  which 
experiences  a  sudden  change  of  value  at  a  point  x  within  the  range  of 
integration,  we  obtain  a  continuous  function  f(s).  The  integral  in  equation 
(5),  on  the  other  hand,  must  represent  a  discontinuous  fonction*  and  this 
can  only  be  the  case  if  the  integral  is  an  improper  one. 

The  exceptional  character  of  the  integral  in  equation  (5)  may  either  be 
due  to  the  limits  being  infinite  or  to  a  discontinuity  in  the  function  K{t,8). 
'   When  the  solution  of  the  equation  .1- 

/(s)  =  r  k(s,  t)  ,l>(t)dt 

;.  »*».. 

is  given  by  a  formula  of  the  type 

in  which  the  path  L  does  not  depend  upon  the  value  of  i,  we  can,  in 
general,  assert  that  the  solution  of  the  associated  equation 


x(«  =  [ 


=   \    k{s,  t)\lr(s)d8 
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is,  under  suitable  conditions,  given  by  the  formula 

For  we  have 

and  /($)  is  arbitrary ;  hence  we  most  have 

^lA{8)  =  ?K{t,s)x(Odt. 

Ja 

2.  The  Classificatiofi  of  Integral  Eqtuitions  of  the  First  Kind. 

Integral  equations  of  the  first  kind  may  be  classified  according  to  the 
principles  on  which  their  inversion  formulae  depend.* 

The  method  which  we  adopt  to  ascertain  the  nature  of  an  equation  is 
as  follows : — 

Let  K{s,r)  be  substituted  for /(s)  in  the  inversion  formula  with 
the  view  of  obtaining,  if  possible,  a  function  <l>(t)  =  A(^,  r)  which  will  give 
a  representation  of  /c(5,  r)  in  the  form 

K(8,r)  =  [  K{s,t)h{t,r)dt  (6) 

for  values  of  r  lying  between  a  and  b. 

Now,  although  the  function  k{s,  r)  satisfies  all  the  linear  relations  that 
are  satisfied  by  k(s,  t),  it  can,  in  general,  only  be  expressed  in  this  form 
if  the  integral  is  an  improper  one.  For  we  know  that,  in  the  case  of 
a  proper  integral,  the  equation  f 

ylr(r)=:  I  \lr{t)h{t,r)dt 

Ja 

is  only  satisfied  for  a  finite  number  of  functions  ^  if  at  all ;  whereas, 
by  giving  different  values  to  s  in  equation  (6),  we  shall  obtain  an  infinite 
number  of  linearly  independent  functions  ^,  unless  it  happens  that  the 
function  /c(«,  t)  can  be  expressed  as  a  finite  sum  of  the  form 

K{s,t)  =    lAM^|r^{t). 

When  k(8,  r)  is  substituted  for  f(s)  in  the  inversion  formula  it  fre- 
quently happens  that  the  result  takes  the  form  of  a  divergent  definite 

*  An  integral  equation  is  regarded  here  as  consisting  of  the  eqaiition  itself /^/tM  a  number- of 
conditions  which  will  render  the  solution  unique. 
+  Fredhobn,  Acta  Math.,  Vol.  xxvn.  (1903). 

SBB.  2.    YOL.  4.     vo.  941.  2    H 
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integral  or  series,  in  this  case  we  associate  a  value  with  it  by  applying 
one  of  the  known  methods  of  summation  such  as  Borel's  exponential 
method.* 

If  this  method  is  applied  to  all  the  equations  for  which  the  formulse 
for  inversion  are  known,  it  will  be  found  that  the  function  h(t^r)  takes 
one  of  a  limited  number  of  distinct  forms ;  and  so  the  equations  may 
be  classified  accordingly. 

In   equations  of   type  1  the   function  Ht,  r)  is  zero,  except  in  the 

vicinity  of  <  =  r.     As  an  example  of  an  equation  of  this  type,  we  may 

take  Hilbert's  equation  ^ 

f{8)  =J    K(s,t)<f>(t)dt 

where  /c(s,  Q  =  s(l  — 0,  s^t;    =  t(l—$),  s^U 

the  solution  of  which  is  given  by 

Now  -r-  {K{t,r)\  =  1— r     for  <<r 

=    — r    for   ^  >  r, 

and  so  is  discontinuous  at  the  point  ^  =  r ;  but  for  any  other  point  we 
may  differentiate  again,  obtaining 

The  equations  of  the  first  type  form  a  very  large  class ;  other  types 
depend  on  the  following  forms  of  formula  (6) : — 

(2)  ^(5,r)  =  -L[  'S^dt, 


(3a) 


-^  J—  ^— ^ 

(«,  r)  =       k(s, 

Jo 


(4a)  k{8,  r)  =       k(s,  t)  hit,  r)dt 

Jo 

where  h{t,r)  =  t\  Jo(tx)jQ(rx)xdx, 

the  numbers  being  chosen  as  above  because  the  types  (1),  (2),  (8),  and  (4) 

*  This  method  is  applied  to  definite  int/egrals  in  a  paper  hj  G.  H.  Hardy,  QuarUrUf  Jourmmlf 
Vol.  XXXV.,  p.  22. 

t  iJ^ote  added  December  IIM, — When,  however,  the  solution  of  the  integral  equation  is  not 
unique  the  function  A  (^,  r)  may  differ  from  one  of  the  forms  g^ven  below  hj  a  multiple  of  a 
function  ^{t)  which  makes  the  definite  integral  zero.] 
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ate  connected  in  some  way  with  the  differential  equations 

respectively.  ; 

It  is  exceedingly  probable  that  the  equations  of  other  types  may  be 
made  to  depend  eventually  upon  what  may  be  called  the  fundamental 
formula  of  type  1,  and  so  we  proceed  to  consider  this  formula  in  detail. 

8.  The  Fundamental  Formula  far  Integral  Equations  of  the^  First  Type. 

The  equation  which  I  have  referred  to  as  the  fundamental  formula 
for  integral  equations  of  the  first  type  is  strictly  not  a  mathematical 
equation  at  all,  and  cannot  be  used  in  a  rigorous  demonstration  until  it 
has  been  rendered  more  precise  by  a  determination  of  the  class ,  of 
functions  to  which  it  is  applicable  and  of  the  necessary  and  sufficient 
conditions  to  be  satisfied  in  order  that  operations  such  as  diflferentiation 
and  integration  under  the  integral  sign  may  be  performed  upon  it. 

These  the  present  writer  does  not  feel  competent  to  give,  but  some 
justification  of  our  employing  it  to  attain  the  ends  we  have  in  view  may 
be  derived  from  the  following  considerations : — 

Let  f(t)  be  a  function  which  possesses  a  continuous; derivative  for  all 
values  of  t  within  the  range  (a,  6),  and  let  F{x,  t)  be  a  function  which  is 

defined  as  follows : — 

F(x,  t)=  —  l(t<x)) 

=  + 1     {t>x)\' 
then  r Fix,  t)  f  {t)dt  =  f(b)+f{a)-2/(x). 

Ja 

Now  let  U8  suppose,  for  the  moment,  that  we  can  integrate  this 
equation  by  parts ;  then  we  shall  have,  by  the  ordinary  rule, 


(7) 


£f(x,  t)fmt  =  f{b)+f(a)-  £  I"  Fix,  OfiDdt. 


(8) 


Accordingly,  if  the  improper  integral 

'  j^Fix,f)fit)dt 


i 


be  defined  by  this  equation,  we  have 

fix)  =  ^^^^Fix,i)fit)dt, 


(9) 


2  H  2 
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and  this  is  the  fundamental  formula  to  which   I   have   referred.     It  is 

clear  that  the  limits  a  and  b  can  be  made  infinite  and  the  function  F{x^  Q 

replaced  by  F{x^  ft+V^(^)  without  altering  the  argument ;  but  it  is  not 

clear  whether  this  formula  can  be  considered  to  bold  when  f(x)  does  not 

possess  a  continuous  derivative. 

A  geometrical  interpretation   of   the  formula  may   be   obtained  bj 

20 
writing  F{x,  f)  =  —  where  0  is  the  angle  which  the  radius  vector,  from 

X 

the  point  x  to  the  point  t,  makes  with  the  line  through  x  perpendicular 
to  the  axis.  If  the  point  x  is  excluded  from  the  range  of  integratioa 
by  a  small  semi-circle  of  radius  e,  the  formula  may  be  written 

fix)  =  -^  j*    ^^  f(t)dt  =  ^  j"'*'  flx+ee'^'-^^]de, 

and  this  is  easily  seen  to  be  true  if  f{x+h)  can  be  expanded  in  a  Taylor's 
series. 

!(Tow  let  us  consider  an  integral  equation  of  the  first  type 

for  which  the  inversion  formula  is 
Then,  by  hypothesis,  the  function 

is  obtained  when  k{8,  r)  is  substituted  for  f(s),  i.e., 

^j^F{nt)={   K(t,8)K(s,r)d8?,  (10) 

the  sign  =  ?  being  used  to  denote  that  the  integral  may  be  divergent, 

in   which   case    ^  -^  jF(r,  t)   is  the  value  associated  with  the  divergent 

integral. 

Accordingly,  if  we  wish  to  find  the  inversion  formula,  we  must  look 
for  a  relation  of  the  form  (10) :  i.e.,  if  th^  path  L  is  known,  we  must 
solve  the  integral  equation 

J  g^  Fix,  t)  =  I    x(«)  *^(s»  '*)^«» 
for  x(s). 

I  shall  indicate  later  a  method  depending    on    the    theory  of  linear 
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differential  equations  by  which  relations  of  the  form,  (10)  may  be  con- 
structed.    For    the  present    I    shall    content  myself  by   showing  that 
the  relation  (9)  may  be  considered  to  be  connected  with  many  of  the 
well  known  representations  of  a  function. 
In  the  case  of  Fourier's  double  integral 

/(«)  =  —  11      coQ8{x--t)f{t)dsdt 

"T    Jo    J -00  ) 

the  equation  (10)  has  the  form 


f)  if* 

i-^Fix,  <)  =  —  J   coQsix—Ods  ?, 


the  representation  for  F{x,  t)  being  the  exact  equation 


and  the  limits  a  and  b  being  ±  ^  respectively. 

The  representation  of  a  function  as  a  series  of  Legendre  polynomials 
may  be  considered  to  be  based  on  the  exact  equation  * 

Fix,  t)   =   Pi(OPo(a:)+   2  [Pn+,(0-Pn-i(Q]Pn(«)  ', 

the  relation  corresponding  to  (10)  is 

i^P(a:,Q  =  i^^PJx)Pn(^)?; 
and  the  limits  are  a  =  +  1,  6  =  —  1. 

4.  Study  of  a  particular  Equation, 
We  shall  now  consider  the  integral  equation 

If  I  5 1  <  1  and  f(s)  satisfies  certain  conditions,  it  will  be  shown  that 
the  inversion  formula  is 

^ (s)  =  ^luiLl  r  [„/(x)+x/ (x)]  sin*'-'  ada  (12) 

Tf  JO 

where  x  =  s-^-iVl—^cosa, 


*  The  neoessaiy  and  sufficient  oonditionB  that  a  funotioii  satisfying  the  conditions  laid  down 
in  Dirichlet's  proof  of  Fourier's  theorem  may  be  expanded  in  a  series  of  Legendre  polynomials 
are  g^ven  by  Darboux,  "  Approximation  des  Fonctions  de  grands  Nombres,*'  Lum9iUe*i 
Journal  (3e  s^e),  t.  ly.,  p.  393  (1878).  The  function  F(Xy  t)  satisfies  these  conditions,  and  so 
m»y  be  expanded  in  the  above  form. 
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1 

Substituting  /(a?)  <=      __  — ,    n.^  according  to  the  rule,  we  obtain 


^({)  =  h{t,r)  = 


IT        Jo  (l-2a:r+a^''+^ 


sin 


«r-l 


ae2a 


where 


a;  =  t+iVT--? cos  a 


or  hit,  r)  =  T-  I  ^^ — no*    ■    axUi —  ^ 

2i'7r  jt^iva-^  ^""^  ^  V  \1— 2ra;+a:^/  i 
—  0,     unless  r  =^  ^. 

The  integral  equation  is  thus  seen  to  be  of  the  first  type. 

We  can  also  show  that  h(t,r)  is  the  derivative  of  a  discontinnoQB 
function  of  the  type  required,  for 


J  a^TT  j<-iv(i_(i)    X      (i— 


-a^  (l-ate+a^"-^ 


dXf 


2rx+a^' 

and  this  integral  is  discontinuous  at  t  =  r.     To  determine  the  change  of 
value,  we  Write  it  in  the  form 

I  =  — (I  — 

2«jll- 


jr-x)      .    1    .        A(t-r) 
2rx+x^  "^  X  '^  (l-2rx+x^^ 

+  higher  powers  of  it—r)\dx 


1     r  -n«+iv(i-p) 

=  — — -:    log(x— r— tvl— n(a;— r+tvl  — r^ 

27rt  L  J<_iV(i-t«) 

Let  the  path  of  integration  be  the  straight  line  joining  the  two  points 
t  +  W\  —  ^,  then  we  have  the  two  figures 


(r>0 


<  +  i^/l-^ 


(r<0 


<+iVi-> 


r  +  ix/T^ 


r+i 


yr^ 


-iVl-r* 


-•v/l-r« 


<-i\/l-^2 


The  only  part  of  I  which  is  discontinuous  at   t  =  r  is  the  firet  term, 
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and  this  is  equal  to  +fl/x  if  r>  ^  and  —  ^/x  if  r<L  Hence,  since 
d4~^=  ^>  I  ^U  suddenly  increase  by  +1  as  ^  increases  through  the 
value  t ;  accordingly,  if  we  write 

F{t,r)  =  2\h(t,r)dr, 
the  formula  (9)  will  give 

^(Q  =  I     h(t,r)<l>(r)dr 

and,  if  we  assume  that  the  order  of  integration  can  be  changed,  we  may 
write  this  : 

^(/)  =  Jl  (l-2tx+z^^''x(^)dx,  (12)' 


where  Z''' =  L  (T^W- • 

The  formula  (12)'  is  easily  seen  to  be  equivalent  to  (12)  when  the 

substitution  .  .  , , 

X  =  ^+*vl  — rcosa 

is  made;  accordingly  the  inversion  formula  can  actually  be  constructed 
by  means  of  equation  (9),  and  so  the  integral  equation  is  proved  to  be 
of  the  first  type. 

We  may  find  a  sufficient  set  of  conditions  to  be  satisfied  by  f{s)  in 
order  that  it  may  be  represented  in  the  form  (11)  by  using  Dini's  method 
of  expansion,  that  is,  by  representing  the  function  /c($,  t)  in  the  form 

K{S,t)  =  2anV^n(s)5»(<)- 

In  the  present  case  we  use  the  expansion 

\\-2st+^'^  =  J„5*C;(0     (\s\  <  1).  (IS) 


»=o 


The  properties  of  the  polynomials  dit)  are  fairly  well  known,  but 
it  will  be  convenient  to  furnish  proofs  of  the  different  relations  that 
will  be  required,  as  I  do  not  know  exactly  where  some  of  them  are  to 
be  found. 
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Lbhma  I. — 'The  functions  C»(^)  eatisfy  the  integral  relations 

To  prove  these,  we  observe  first  of  all  that  the  function 

F=  (l-2te-«*)-' 
satisfies  the  partial  differential  equation 

Replacing  V  by  the  series  and  equating  coefficients  of  5*,  we  find  that 
CM  satisfies  the  differential  equation 

(^-1)  ^ +(2,^+1)^  ^ -n(n+2,.)y  =  0. 
Writing  the  equations  satisfied  by  the  two  functions  CI(Q,  CTmiti  in  the  form 

j-^  [(^-ir*  -|  c;w]  =  m(m+2v)(^«iric;(o, 

multiplying  the  first  by  Ci{t\  the  second  by  CJ(0,  and  subtracting,  we 
obtain 

=  (n-m)(n+w+2i')(^-l)'-»C;(<).C;(f). 

Now  Cm{t)  is  a  polynomial  in  t,  and  so  remains  finite  when  t^=■^\', 
accordingly  the  quantity  inside  the  square  bracket  vanishes  for  these 
values  of  t,  and  so,  if  n  ^  m,  we  have 


t 


To  find  the  value  of  the  integral  when  m  =  n,  we  require  the  recurrence 
formula  satisfied  by  Cnif),  viz., 

(n+l)C»+i-2(n+i/)<Cn+(n+2i/-l)Cn-i  =  0.  (16) 

To  prove  this,  we  differentiate  equation  (13)  with  regard  to  s,  obtaining 

2i/(<-5)(l-2fa+5^-''-i  =  2/w~-»C;(0, 
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f 

and  compare  with  the  former  expansion,  whence  we  get  the  relaiiOD    - 

from  which  the  recurrence  formula  is  obtained  by  equating  coefficients 
of  8\  Multiplying  (15)  by  (1  — ^''-*C;+i(Od^  and  integrating,  we  obtain 
the  relation 

(n+D^  (l-f)'"HCUi{t)}^dt  =  2(n+i/)£  t(l-e)''^Crn{f)Crn+i(t)dt 

Similarly,    multiplying    by    (1— ^""^C^-iCQd^    and    integrating,   we 
obtain 

=  2(n+i/)£'  t(i-e)^'^crn{e)  c:Mt)dt. 

CSianging  n  into  n+1  and  comparing  with  the  last  equation,  we  find  that 


In^^=\Jl-e)'-^C:^M\^dt=^ 


i')(n+2i') 


+  l)(n+l)-^*- 


Now  CJ(<)  =  1,  and,  if  we  put  x  =  —^  in  the  integral 

h  =  ^*' il-f)'-^dt, 

it  becomes         Ij  =  2*'  [  xT-Hl-xy-idx  =  2-''  1^1""^^.. 

Jo  iiajz+l) 

Hence  the  relation         /..,  =  J:;.+:^^^+y^)  h 

wmgive  u-z  „^^  ^,   r(2v+i)r(2.')  • 

This  expression  may  be  simplified  by  using  the  relation* 
and  we  finally  obtain     I„  =  ^,,_T  .   .  ^^^  • 


The  solution  of  the  integral  equation  for  /(«)  =  s*  may  now  be 
obtained,  for,  if  we  multiply  the  expansion  (18)  by  (l  —  ^''^^Cn(t)dt  and 
integrate  between  —1  and  +1,  we  obtain 

-1     a-2st+s'r  2'^^-nw+i/)    T^{p)n\  ' 


l: 


*  Whittaker'B  Analy»i9,  p.  180. 
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BO  that  the  correBponding  function  0»(O  iB  given  by 

By  giving  n  different  values,  we  see  that  the  solution  for 

f(s)  =  SflnS* 

should  be  <f,{t)  =  Jlan^^M. 

Now,  in  order  to  establish  the  inversion  formula,  we  most  prove  first 
of  all  that 


C;(0  =  2£^^j']^+*Vl-^coBa}'*Bin«"'-^ada. 


(16) 


If  we  call  the  right-hand  side  F^  and  substitute  in  the  recurrence  formula 
(15),  we  find  that 

a^-^P'n     <      L     ('+*^l"~^cosa)"(2i/sm'^  ^  a  cos  a  da) 

-  \  n{t+iVU^  cos  ar-HVT^^  Qin^^'^adcX 

But,  on  integrating  the  first  integral  by  parts,  we  find  that  the 
quantity  under  the  square  brackets  is  zero ;  hence  Fn  satisfies  the  same 
recurrence  formula  as  Cn{t).     Also,  when  n  =  0,  we  have 

F,  =  ^^^  j'u+iVr-^cosa)sin*''-^ada  =  2,t, 

and  so  the  first  two  values  of  Fn  coincide  with  those  of  C^(0 ;  therefore 
Fn  is  equal  to  C^it)  for  all  positive  integral  values  of  n. 

We  are  now  in  a  position  to  prove  the  following  theorem  : — 

Theorem. — If  f{s)  is  a  function  which  can  be  expanded  in  a  power 
series  ^ , ,       ., 

f{8)  =  ^anS% 

which  converges  within  the  U7iit  circle  in  such  a  way  that  the  series 

I,\(n+v)an\ 
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is  convergent,  then  /(s)  can  be  expressed  by  means  of  the  definite  integral 

and  the  functi&n^is  given  by  the  formula 

0(^  =  ^^~^'"*  r  [uf{x)+xf(x)]8ixi^''^^ada, 
tr         Jo  , 

where  ,  x  =^  t+iVi'—?Go&a. 

Since  (l-2<s+fi^-''  =  (l-s€<*)-'(l-/J6-**)-^ 

we  find,  on  expanding  both  factors  and  calculating  the  coefl&cient  of  «*, 
that 

(T^(f)  =  ^nCO8n0  +  ^n-2COB(w  — 2)0+... 

where   the  coefiScients   Ar  are  all  positive  ;   for  all  the  coefficients  in 
(1— «)"""  are  all  positive. 

The  modulus  of  CM  will  therefore  certainly  be  less  than  its  value 
when  0  =  0,  i.e.,  when  ^  =  1,  and  thai  we  have 

^v/.x  _  r(n+2y) 
^''^^^  "  r(2i/)n!" 

00 

Now  we  saw  that  for  /(s)  =  ^anS""  we  had  the  formal  solution 

and,  if  we  take  out  the  factor  (1  — i^*"*,  we  shall  have  a  series  which 

is  absolutely  and  uniformly  convergent  for   |C^(^)|  <  ■p7o"\ — T'  ^^^.  ^^ 

hypothesis  the  series  2I(w+i/)a»|  is  convergent. 

To  show  that  when  this  series  is  substituted  for  0(0  in  the  integral 
it  can  be  integrated  term  by  term,  we  employ  the  rule  given  by 
G.  H.  Hardy,*  viz.:  If  0  =  20(Q  is  uniformly  convergent  throughout 
(a, -4— e),  however  small  be  the  positive  quantity  e,  /(O  is  continuous 

throughout  (a.  A),  and  l    0(0  is  convergent  where 

0(a;)  =  2|0,(O|, 

then  I    ^/«)  =  2  I   ^„fdt. 


•  Met*,  of  Math.,  Vol.  xxxv.,  No.  8,  p.  126. 
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Taking  f  =  /a,o^i^>  ^*  ^®  easily  seen  that,  if  l^j  <  1,  the  con- 

dition is  satisfied ;  hence,  on  integration,  we  shall  obtain  the  series  for 
/,  and  the  first  part  of  the  theorem  is  proved. 

Next,  to  prove  that  the  function  ^  is  actaally  given  by  the  inTerBion 
formula,  we  again  apply  Hardy's  rule  ;   observing  that 

vf(x)+xf{x)  =  2(n+i/)an«*, 

I  ic  I  =  Vcos'a+^sin^a, 
we  see  that,  if  0  =  2 1  (n+v)anX*  sin'^^^a  |, 

then  I  ^da  is  convergent,  and  so  the  integration  term  by  term  may  be 

effected. 

The  formula  (12)  is  thus  proved  for  any  function  which  satisfies  the 
conditions  laid  down  ;  these  conditions  are  sufficient,  but  not  necessary. 
It  is  important  to  notice  that  they  are  satisfied  in  the  case  of  a  function 
f{8)  which  can  be  expanded  in  a  power  series  whose  radius  of  convergence 
is  greater  than  unity. 

The  solution  of  the  integral  equation  for  the  case  in  which  U|>1 

may  be  deduced  from  the  inversion  formula  by  writing  s  =  -7. 

s 

'   5.  Applications  of  the  preceding  Formula, 

If  in  equations  (11)  and  (12)  we  write  i/=l,  the  results  may  be 
expressed  in  a  simpler  form  ;  for  we  have 


^(0  =  -  \xf{x)X 

TT     L  Jo 


(17) 


/« = r:  i^r^- 


Writing  .s  =  /x+i\/l— /x^, 

we  have  sf{8)  =  ylr{/x)  =  J  I     ^      .  . 

J-i  M— ^ 


(19) 


The  function  V^Ou)  is,  in  general,  a  many-valued  function  of /a,  and  there 
are  two  values  of  s  corresponding  to  each  value  of  /x*     The  inversion 
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formula  may  be  written* 

4>(t)  =  J^  Lt  [V^(M-ie)-V^Ou+ie)],  (20) 

iTT  f=sa. 

thus  allowing  for  the  multiformity  of  the  function  ^. 

In  particular,  if  0(0  =  Pn{t),  we  have  yjr\jA)  =  (2»0u),  and  the  formula 

QniM)  =  hPn(n)  log  ( j±^)  +i?*Ou)  (21> 

where  i2n(M)  is  single  valued  shows  at  once  once  how  formula  (20)  will 
give  the  correct  value  of  0. 

Again,  if  /(s)  = ,  we  find  that  0(Q  =  —  cos  nt  sinh  n  Vl--?; 

.8  IT 

and  so  we  have  the  formula 

^ians  __  _2_  f"*"^  sinh  n  Vl  —  f  cos  nt  ,.  ^^v 


which  gives  for  s  =  0 


1 


sinh  (n  Vl — f)  cos  n<  d<  =  -^. 


Next  let  us  consider  the  equation  associated  with  equation  (18),  viz., 

To  obtain  a  solution  of  this,  we  determine  a  function   h  (r,  s)   such 

l_2<r+7^-J_,l_2.f+<*      (I'-Kl)' 
tbeb  we  shall  have 

r'     ^«)<f<      _  f+*  f+'  h{r,  s)  >t>{t)dsdt 
J_i  l-2<r+r*      J_iJ_,     l-2s<+<« 

f+i 
=        h{r,s)f(s)ds  =  y{^(r)    (say), 

and  so  the  function  <f>{()  will  be  determined  by  solving  the  equation  f 

•  The  Bign  t<)  be  chown  i^  obtained  by  considering  a  particular  function.     This  formula  is. 

similar  to  the  one  given  by  Stieltjes  for  the  integral  Fiz)  =  |     -^^         .     See  BoreFs  Le^ofit  »ur 

Jo     «  +  w 
ha  Siriea  divergtntes^  p.  69. 

t  The  method  adopted  here-  is  capable  of  more  general  application. 


478  Mr.  H.  Bateman  [Nov.  8, 

Applying  the  inversion  formula  (17),  we  find 


A(^  ,)  ^   If         .^+^^1-^ s-Wl-i^         -| 

_   2  VU^(l+i^ 

IT  (l-irs+r^'+Ar'il- ^' 

Hence  the  inversion  formula  for  the  equation 


iir 


If  we  substitute  /(s)  =  yHo — X^  ^^^ 

in  this,  we  find  0  (^)  =  0     (^  ^  2r) ; 

accordingly,  this  integral  equation  is  also  of  the  first  type. 

When  v  =  J,  we  may  write  equations  (11)  and  (12)  in  the  form 

^(t)  =  1-  r  ^{t+iVl-^GOSaida,  (26) 

Ztt  Jo 


which  shows  at  once  that  they  arise  from  a  potential  problem. 
For  we  know  that 

V  =  —  I   x('2^+*  v^^^+y^  cos  a)  da 

TT    Jo 


(27) 


represents  a  potential  function  symmetrical  about  the  axis^  and,  since 

(26)    gives   us   the   values   of    this    function   at   points  on    the    sphere 

a^+y^+^s^  =  1,  the  values  at  all  other  points,  and  in  particular  those 
on  the  axis,  may  be  determined  by  Green's  formula 


-'M-i-. 


which  is  equivalent  to  (25),  but  formula  (27)  gives  F  =  x(^)  on  the  axis. 
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6.  The  Determination  of  the  Inversion  Formula  by  means  of  a  Linear 

Differential  Equation, 

We  shall  now  consider  the  case  in  which  the  function  K{s,t)  in  an 
integral  equation  of  the  first  type  satisfies  a  linear  differential  equation 
of  the  form 

Pi{u)+ylr(s)Qt(u)  =  0,  (28) 

where  Pt{u)  and  Qt(u)  are  used  to  denote  the  expressions 

d^u  d^'~^'U 

respectively. 

The  adjoint  linear  differential  equation  will  clearly  be  of  the  same 
form,  and  may  be  written 

Ptiu)+ir(s)Qt{u)  =  0.  (29) 

The  quantity  k  (s,  t),  being  a  solution  of  the  original  equation,  will  be  an 
integrating  factor  of  the  above  expression. 

Now  let  u  (r,  t)  be  a  solution  of  the  equation 

Ptiu)+y{r{r)QM  =  0; 
then  we  have 

blr(s)-yJr{r)'\K{s,t)  Qtluir,  0]  =  k{s,  t)  lPt{u)+yJr(s)  QM]  =  ^  ; 

therefore*      J'  k (s,  t)  gl  [u  (r,  0]  V^'  {r)dt=  .J^'^^'l^^^  [  ^^  (30) 

Now,  let  the  limits  be  chosen  so  that  W  takes  the  same  value  (usually 
zero)  at  both ;  then  we  shall  have 

yfr' (r)  r  k{s,  t)  Qt  [u{r,  0]  dt  =  0     {r=f^s).  (81) 

If  the  limits  cannot  be  thus  chosen,  we  try  to  determine  them  so  that  the 
quantity  W  oscillates  very  rapidly  in  their  vicinity  ;  we  can  then  write 


and  ylr'{r)\Kis,t)Q,[u(T,t)'\dt=09     (r:#«). 

J(r> 


(81)' 


*  The  factor  ^'  (r)  is  inflerted  purpoeelj,  as  it  appears  later  in  the  inversion  formnla. 
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In  either  case  we  have  a  function  of  the  type  required  for  formula  (9), 
provided  that  we  can  show  that  the  function  obtained  by  integrating  with 
regard  to  r  has  a  discontinuity  at  the  point  r  =  s.  The  above  equation 
will  then  give  us  the  inversion  formula  for  one  or  both  of  the  integral 
equations  \%v 

f(8)=    \K{s,t)</>{t)dt 
Jto 

0(Q  =  4  r  g,[u(r,«]  V^'(r)/(r)dr 

To  illustrate  the  method  we  shall  take  the  following  examples  : — 
(1)  If  k{8,  Q  =  Jm  {st),  the  differential  equation  is 

d  (.dv\      rr?     ,    Q.         ^ 
^^hieh  ifl  flelf-adjoint.    Hence,  if  «  =  Jmirt),  we  have 


(82) 


L 
dt 


[K"S-«I)]  =  ^*-'^'""- 


Now  the  quantity  within  the  square  brackets  is  zero  when  ^  =  0  and 
oscillates  very  rapidly  near  ^  =  oo  ;  for  we  have  approximately 

Jm{z)  =  \j—  cos  I  -?— (m+i)  -|-     ; 
hence  we  may  write 


,r)  =  r[ 


h(s, r)  =  r  I*  J^{st)J^ (rt) tdt=0?     (r=^  s). 


and  we  are  led  to  consider  the  possibility  of  an  equation  of  tiie  form 

f(s)  =^  r  [  J^{8t)J^(rt)trf{r)drdt  (88) 

/  Jo  Jo 

The  actual  formula  is  well  known  and  was  given  by  Hankel*  in  1875.  We 
shall  not  stop  to  verify  that  h{8y  r)  is  the  derivative  of  a  discontinuous 
function. 

(2)  If  7  =  (1— 2.s^+^r-^  =  ic(«,  «,  we  have  the  differential  equation 

(1-25^+^  ^^^-2(i/-i)(^-s)  y  =  0, 

at 
which  is  adjoint  to 

(1+^  ^ -|-2v<u-2«  [^  ^  + 14^1  =  0, 

*  Math,  AfM,t  Bd.  vm.,  p.  482. 
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Here  u(r,{)  =  (1—2H+^-', 

2(r-»)  Q,[u(r,  0]k(s,  <>  =  ^  [_{l-2st+f)'u(r,  0], 
and  the  quantity  under  the  square  brackets  vanishes  if 


Hence  we  have 


i 


which  leads  us  to  the  equation  considered  in  §  4. 
(8)  Consider  the  equation 

f(s)  =  r  Jo{8i)K^{80t</>(t)dt,  (36) 

Jo 

where  Jq(z)  and  K^iz),  the  two  solutions  of  Bessel's  equation  of  order  zero, 
are  so  defined  that  their  approximate  values  for  large  positive  values  of  z 

respectively.  j 

The  function  ic(s,  t)  =  tJ^istj  Kf^{s^  ()  satisfies  the  self -adjoint  differential 
equation  jo        ,  ^  ^    , 

of  which  another  solution  is  tj\{st). 

If,  then,  w(r,  t)  =  tJ^irt),  we  have  , 

t?  being  written  for  k  {Si  t). 

The   quantity    inside  the  square    brackets  is  zero  when  ^  =  0,  and 
oscillates  very  rapidly  when  J  =:  oo ;  hence,  since  in  this  case 

we  have  r  I  J^istiK^ (sQ  j  | <J5(rO}  tdt  =  0^    {r=f=  s), 

8EB.    2.      TOL.   4.      KO.   942.  2    I 
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and  we  are  led  to  consider  an  inversion  formula  of  the  form 

i/>{t)  =  ^  j*  J^  {tJl(rf)\  rfir)dr. 
We  may  verify  by  means  of  the  equations 

Jq(2x)  =  P*^  {xJl (X Bind)}  Bind dd, 

-^  Joizt)  Kf^(zt)  =  I    jQ(2zt  cosh  u)  du, 
2  Jo 

and  Hankel's  inversion  formula  given  in  (1)  that  this  inversion  formula  is 
correct  if  i4  =  27r :  but  the  formula  was  discovered  originally  from  the 
differential  equation. 

The  formula  that  we  have  just  obtained,  viz., 


J^{st)K^{st)t<l>{t)dt 


^W  =  2^  j"^  [tJl{rt)\  r/{r)dr 


(86) 


ie  analogons  to  Hankel's  formula 


ti») = r 

Jo 

i>{t)  =  [ 

J{ 


Jm{8{iti/>(t)dt 


(87) 


Jm  (rt)  ry}r  (r)  dr 

0 


in  one  respect :  either  of  the  functions /(s)  or  ^(0  may  be  taken  to  be  zero 
for  values  of  5  or  t  greater  than  a  given  quantity  a.  The  solution  of  the 
integral  equation  with  finite  limits  is  then  given  by  a  definite  integral  with 
an  infinite  limit. 

The  method  which  we  have  just  explained  does  not  apply  to  all  func- 
tions, because,  in  general,  it  is  not  possible  to  construct  a  linear  differential 
equation  of  the  required  form  which  is  satisfied  by  k(8^  t)  for  all  values 
of  t.  It  can,  however,  be  extended  a  little  by  the  introduction  of  mixed 
linear  equations  in  which  definite  integrals  and  finite  differences  can  also 
occur. 

For  this  purpose  we  require  the  equation  adjoint  to  a  mixed  linear 
equation,  and  this  may  be  obtained  by  writing  down  the  adjoint  ex- 
pressions of  its  various  constituents,  the  expression  adjoint  to 


/(x/r)  =  Tic (5,  t)yfr{t)dt-KMs)\lr{s) 
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being  anderstood  to  be 

J(X)  =  [K{s,{)xis)d8-K\ (*) X «) ; 

for,  if  x(s)  is  a  function  satisfying  the  equation  J(x)  =  0,  we  bave 

rx(s)I{t^)<2s  =  \\{s)ds  [k{s,  t)yfr{{)dt-  fxW  Vr(s)x(s)<fo  =  0. 

Ja  Ja  Ja  Ja 

The  theory  of  mixed  linear  equations  is  rather  difficult ;  so  we  shall  not 
pursue  these  enquiries  any  further  in  the  present  paper ;  we  may  mention, 
however,  that  one  of  the  chief  difficulties  we  are  faced  with  is  that  of 
determining  whether  our  equations  can  be  satisfied  for  a  continuum  of 
values  of  the  arbitrary  parameter  or  only  for  an  enumerable  set  of  values. 


7.  Equations  of  Type  8a. 

The  fundamental  formula  upon  which  the  inversion  formula  of  integral 
equations  of  this  type  depend  is  the  following  : — 


(38) 


It  is  at  once  evident  that  this  formula  is  not   satisfied  by  a  perfectly 

arbitrary  function :  we  must  therefore  find  a  convenient  description  of  a 

class  of  functions  to  which  the  formula  is  applicable. 

sin  Tt*"  if) 
Now  the  function  — ^ — --^  can  be  written  in  the  form 


r—t 


dfx. 


Accordingly,  if  the  order  of  integration  can  be  changed,  we  shall  have 


/"» = J-! 


e'^^yfrip^dfi  (A) 


wbere  ,^(^)  =  J_[     e-^f(t)dt.  (B) 

We  shall  therefore  assume  that  /(r)  is  a  function  defined  by  means  of  a 
definite  integral  of  the  form  (A),  and  is  such  that  the  integral  (B)  is 
uniformly  convergent  for  the  range  /x  =  (— 1,  1) ;  so  that  the  order  of 
integration  in  our  double  integral  can  be  changed. 

2  I  2 
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Now,  in  order  to  use  this  formula  to  solve  integral  equations,  we  must 

sin  {?""  t) 
express  the  function —  as  a  definite  integral  of  the  required  type. 

The  method  to  be  adopted  is  similar  to  that  used  in  §  6,  and  is  best 
illustrated  by  means  of  an  example. 

The  function  JqC^;— 0  satisfies  the  differential  equation 

also  t;  =  JoCo^—s)  is  an  integrating  factor  of  the  equation  with  s  written 
instead  of  t ;  therefore  we  have 

s 

Now  for  large  real  values  of  x  we  have  approximately 

2  cos  (x""^'^0 

Joi^—0  = ,  

V^Tr(x—t) 

-                       2sin(^-a;+^) 
and  ^Joix-0  = ^11—- ; 

hence  f or  a;  =  oo  the  quantity  under  the  square  brackets  becomes  equal  to 


—  siri(<— s), 


and  for  X  =  s  it  is  zero. 
Further,  we  have 


(39) 


therefore  the  equation  gives 

r  T  /        x  Jiix—t)  ,  2  sin(s— ^) 

J,       **  X  —  t  TT         8  —  t 

Combining  this  with  the  fundamental  formula,  we  obtain 

r     r  J^ix-s)^^^^  f{t)dxdt  =  %f{8).  (40) 

an  equation  which  can,  in  general,  be  written  in  the  form 


f{s)  =  J      Jq(s—x)  <f>{x)dx 


(41) 
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This  relation  can  be  verified  directly  if  we  assume  for  if>{x)  an  expression 
of  the  form  P^i 

in  which  yfr{juL)  is  finite  and  continuous  along  the  path  of  integration. 

The  method  which  we  have  just  explained  is  only  applicable  to 
functions  k{s,  Q  which  oscillate  near  s  =  oo  and  which  admit  an  asym- 
ptotic representation  involving  a  circular  function,  so  that  the  term 
sin(^— r)  can  appear.  A  similar  method  can  be  used  for  equations  of 
type  2 ;  for  it  is  easy  to  see  that,  if  [W]  is  a  constant  instead  of  zero, 

we  shall  obtain  a  definite  integral  of  the  required  form  equal  to  j— . 

8.  The  Problem  of  solving  a  Linear  Differential  Eqtuition  by 
means  of  a  Definite  Integral  of  a  given  Type. 

We  shall  now  consider  the  case  in  which  the  function  f(s)  is  not 
explicitly  given,  but  is  to  be  derived  from  a  given  linear  differential  or 
integral  equation  ^^^^  ^  ^  ^^2) 

We  shall  suppose  that  f{s)  satisfies  a  set  of  linear  conditions  which 
are  sufficient  to  distinguish  it  from  other  solutions  of  equation  (42),  and 
that  these  conditions  are  included  in  or  are  the  same  as  those  to  be 
satisfied  by  f(s)  in  order  that  it  may  be  represented  in  the  form 

f(s)  =  \\{s,t)<p{t)dt.  (43) 

Ja 

The  success  of  the  method  to  be  adopted  depends  upon  the  possibility 
of  finding  a  relation  of  the  form 

LMsJ)}  =  Mt{h{s,t)}  (44) 

where  Mt  is  an  operator  of  the  form 

For,  if  <f>{.t)  is  an  integrating  factor  of  the  expression  Mt(v),  we  shall  have 
L.if)  =  \L,\k(s,  t)\  <l>(t)dt  =  ?Mt{h{s,  t)\  i>{t)dt  =  f*  dB,      (45) 

Ja  Ja  Ja 

provided  the  interchange  of  operations  in  the  first  line  is  permissible. 

There  will,  in  general,  be  more  than  one  integrating  factor  of  Mt  {v) ; 
we  choose  one  so  that  B  takes  the  same  value  (usually  zero)  at  a  and  b 
or  at  two  points  a  and  j8  within  the  range  (a,  6).     The  function  ^  is  thus 
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a  solution  of  the  linear  differential  equation  adjoint  to  Mt{v)  =  0,  and 
the  above  requirement  may  suffice  to  distinguish  it  from  other  solutions 
of  this  equation.  If  the  points  a  and  13  (which  must  be  independent 
of  8)  are  different  from  a  and  b,  we  reduce  the  range  of  integration  to 
(a,  p)  by  defining  the  function  ^  (A  to  be  zero  outside  this  range  and 
equal  to  the  given  integrating  factor  inside. 

We  have  seen  that  the  solution  of  the  integral  equation  is  often  given 
by  a  formula  of  the  same  type 


#(0  =  I 


K(8,£if(8)ds, 


Now,  according  to  the  previous  work,  0(0  should  satisfy  the  equation 
adjoint  to  Mtiv)  =  0,  which  we  may  write 

MM  =  0. 

Consequently,  if  the  same  kind  of  analysis  applies  for  this  int^ral 
equation  as  for  the  previous  one,  we  shall  expect  to  have  an  identical 
relation  of  the  form 

Mt{'i{t,8)\  =  L,{ms)\.  (46) 

We  shall  now  simplify  matters  by  assuming  that  the  functions  k(8,  0 
and  h{8,  (i  are  the  same  and  that  the  corresponding  functions  k  and  h  are 
also  the  same ;  in  this  way  we  may  lose  a  certain  amount  of  generality, 
but  the  analysis  becomes  more  manageable. 

The  functions  k{8,  t)  and  k{8,  ()  then  satisfy  the  partial  differential 

equations  lur  r  w 

L,(w)  =  Mtiu)  I 

^       \  (47) 

and  L,{v)  =  Mtiv)  J 

respectively. 

Now  this  18  an  important  facU  becaiise,  if  we  know  the  solutions  of 

tlie  integral  equation 

f(8)  =  £ic(s,O0(Od^ 

corresponding  to  a  few  particular  forms  of  f{s)^  we  may  be  aile  to 
determine  a  number  of  partial  differential  equations  of  the  form 

LM  =  MM 

which  are  satisfied  by  xis,  t).  If  then,  the  integral  equation  is  amenable 
to  this  treatment,  the  corresponding  partial  differential  equations 

LM  =  MM 
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will  all  be  satisfied  by  the  function  ic(s,  () ;  and  so  the  problem  is  reduced 
to  that  of  finding  tlie  common  solution  of  a  nuviber  of  pa/rtial  differential 
equations. 

Thus,  for  example,"^  if  the  quantities  anm  are  quite  arbitrary  and 


Jlf,(«)  =  22a»«r  ,,,, 


m  n  di 

the  partial  differential  equation 

L.(u)  =  MM 
is  always  satisfied  by  u=^  k(s,  Q  =  e^. 

The  adjoint  expressions  are 

L.(v)  =  22(-ira.„^(s»»). 


M,(v)  =  22(-iran«  ^  «""), 


^ 
df 


and.  since  (~  ^)"  ^  ^*"*"'^  -  (" ^)"  S  ^^""^' 

the  corresponding  partial  differential  equation 

is  always  satisfied  by  v  =  k(s,  f)  =  e'". 

This  example  corresponds  to  Pincherle's  well  known  formula 

Another  fact   which  is  worth  noticing  is   the  reciprocal  nature  of 
the  pair  of  equations  ^^^^^  ^  ^^^^^^ 

L.(r)  =  :E,(t)). 

If  -^(t)  is  a  solution   of   the   equation   Mt{w)  =  0,   we   shall  expect 
a  function  x(^)  ^or  which 

ir{{)^yK{s,t)x{8)ds, 

*  ThiB  example  is  deduced  from  some  work  of  Petzval's    {ItUagration  der  linearm  Diffwwtial' 
ffUichmgm^  pp.  472-478). 
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to  be  given  by   £r«(x)  =  0,   and  the   second  equation   sdggestB  that  it 
should  be  given  by  a  definite  integral  of  the  type 

This  corresponds  exactly  to  the  result  which  is  predicted  in  §  1. 

9.  The  Partial  Differential  Equation  Ls{u)  =  Mt{u). 

We  have  seen  that  a  system  of  partial  differential  equations  of  the 
*^™  L,{u)  =  Mtiu)  (48) 

may  be  connected  with  the  two  integral  equations 

f{s)  =  \\{s,t)<i>(t)dt 

Ja 


V'W  =  f 


d 

K  (s,  t)  X  is)  ds 


(49) 


Now  we  assumed  in  §  1  that  the  function  Kis,  t)  satisfied  a  number  of 
linear  conditions  in  s  independently  of  t :  this  assumption  was  made  to 
make  the  work  perfectly  general.  Accordingly,  when  we  consider  both 
equations,  we  must  admit  functions  K{Sf  t)  which  satisfy  a  number  of 
linear  conditions  in  t  independently  of  s.  The  system  of  partial  differential 
equations  will  then  possess  a  solution  which  satisfies  a  number  of  linear 
conditions  in  both  s  and  t. 

^^*  L.  [k  (5,  0]  =  F{s,  t)  =  Mc  Ks,  t)-] ; 

then  k(s,  t)  is  the  solution  of  the  ordinary  linear  differential  equations 

■      Ls(u)  =  F{s,  t\ 

Mtiu)  =  F(5,  t) 

m 

which  satisfies  certain  linear  conditions  in  both  s  and  t. 

Now,  if  these  differential  equations  possess  Green's  functions^  Gis,  x) 


*  The  characteristic  property  of  the  Green's  function  for  a  linear  differential  equation 
L,  {w)  —  0  and  a  set  of  linear  conditions  is  that  the  solution  of 

Mu)+f{»)^o 

which  satisfies  the  given  linear  conditions  can  be  expressed  in  the  form  of  a  definite  int^^ 


u=  f   G{*,x)f{z)dx. 


If  the  differential  equation  is  of  the  M-th  degree,  the  function  G  («,  x)y  which  is  called  the  Greenes 
function,  will  be  a  continuous  function  of  «,  z  satisfying  the  given  linear  conditions  for  all  values 
of  X,  but  its  (n~  l)-th  derivative  will  experience  a  sudden  change  of  value  at  the  point  x  *=  s. 
The  linear  conditions  usually  take  the  form  of  relations  between  the  itdue  of  the  funotion  and 
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and  H{x^  t)^  corresponding  to  the  given  linear  conditions,  we  shall  have 

u  =  /c(s,  ^)  =  —      G(s,x)F{x,  t)dx   • 

and  u  =  k{s,  0  =  —  I  H(x,{)F{SyX)dx; 


whence  I  G(s,x)F(x,t)dx  =  \  H{x,t)F(s,x)dx. 


(50) 


We  have  shown  elsewhere*  that  an  integral  relation  of   this  type 
implies  that  the  numbers  X  for  which  the  equations 


^(5)-x| 


d 

G(SyX)<pix)dx  =  0 


6 

and  X (^) — ^      m^*  ^)  X(^)  cLr  =  0 


(51) 


can  possess  solutions  different  from  zero  are,  in  general,  the  same. 

In  the  demonstration  it  is  necessary  to  assume  that  the  function  F{$,  x) 
is  such  that  no  functions  a{s)  and  b{x)  exist  for  which 


I 


d 

a{s)F(s,x)ds  =  0, 


for  all  values  of  x, 

and  F{s,  x)  b(x)dx  =  0, 

Ja 

for  all  values  of  s. 

Suppose,   then,   that   X   is   a  quantity   such   that   the  homogeneous 

equation  ra 

<f>{s)—\\  G{s,x)il>(x)dx  =  0 

possesses  a  solution  ^(s)  which  is  not  identically  zero. 


The  equation! 


-X  r  G(s, 


e(x)'-\\   G(s,x)e{s)ds  =  0 


lie  first  (n  —  1)  derivativeB  at  the  points  a  and  b,  but  Hilbert  has  shown  that,  when  these  points  are 
singularities  of  the  differential  equation,  conditions  of  remaining  finite  or  beooming  infinite  in 
a  specified  way  may  be  introduced.  It  is  probable  that  linear  conditions  expressed  by  definite 
integrals  can  be  added  to  these  to  complete  the  generality  of  the  theory. 

The  one-dimensional  Green's  f onction  is,  in  mai^  respects,  analogons  to  the  function  used 
by  Green  in  electrostatics.  It  was  discovered  by  Burkhardt,  and  its  properties  have  been 
developed  by  the  following  writers  : — Burkhardt,  Bull.  Soc.  Math.,  Bd.  xxn.  (1894)  ;  Bocher, 
Amer.  Bull.  (1901),  p.  297:  Dunkel,  Amer.  Bull.  (1902),  p.  288;  Mason,  Diss.  Gott.  (!903), 
Tram.  Amer.  Math.  Soc.,  Vol.  v.,  No.  2,  pp.  220-226  ;   Hilbert,  Gott.  Nachr.  (1904),  Heft  3. 

•  Tram.  Comb.  Fhil.  Soe.,  Vol.  xx..  No.  10,  p.  234. 

t  Fredhohn,  Acta  Math.,  p.  27  (1903). 
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will  also  possess  a  solution  d{x)  different  from  zero  for  the  same  valvt 
of  X ;  accordingly,  if  rj 

x(0  is  not  identically  zero,  and  we  shall  have 

x{i)  =  \[^\l'G(s,x)F{x,{)e(s)dsdx 

=  \{^ds  ?H{x,  t)  F{s,x)  e{s)dx 

=  \^Hix,t)x(Jr)dx, 

Conversely,  if  X  is  a  quantity  for  which  this  equation  holds,  a  function  ^ 
will  also  exist  for  which 

xl,(x)  =  \{'H{x,f)y{f(f)dt 
and,  if  ^(s)  =  I  Fi8,x)\!r(x)dx, 

we  have  ^  (5)  =  X  j    |  F(8,  x)  H(x,  t)  \{f{t)  dt 

=  X  r  r  G{s,  x)  Fix,  t)  \!f{t)dt 

=  X  j   G($,x)<p(x)dx. 

Now,  in  the  present  case,  a  function  ^{$)  which  satisfies  the  homo- 
geneous integral  equation 

</>{s)  =  X  j   G(s,x)<p(x)dx 

will  satisfy  the  differential  equation 

L,^+X0  =  0, 

and  will  also  satisfy  the  linear  conditions  associated  with  the  function  G. 
Hence  the  values  of  X  for  which  a  solution  of  the  homogeneous  integral 
equation  exists  are  the  values  of  X  for  which  the  above  differential  equation 
can  possess  a  solution  satisfying  the  given  linear  conditions. 
Similarly,  the  values  of  X  for  which  a  solution  of 

X(t)  =  \[H(x,t)x{x)dx 
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exists  are  the  values  of  X  for  which  a  solution  of  t 

can  satisfy  the  linear  conditions  associated  with  the  function  H. 

Hence,  since  the  values  of  X  for  the  two  integral  equations  are  the 
same,  the  values  of  X  for  the  two  differential  equations  are  also  the  same. 

We  conclude  from  this  tJiat  the  partial  differential  equation  tvill,  in 
general,  only  possess  a  solution  satisfying  the  linear  conditions  identically 
both  in  s  and  t,  when  the  eqications 

Ls(u)+\u  =  0, 

Mt{v)+\v  =  0 

ccm  possess  solutions  of  the  required  type  for  the  same  values  of  X. 

We  can  also  show  that,  in  general,  any  function  which  satisfies  the 
relation  ^^  p, 

1  G(s,x)f(x,t)dx  =  1  f(s,x)H{x,t)dx 

must  be  a  solution  of  the  partial  differential  equation 

Lsiw)  =  Mtiw). 

Let         giSff)  =  I  G(s,x)f(x,t)dx=  I  f{s,x)Hix,t)dx; 

then  g{Sf  t)  will,  in  general,  satisfy  the  linear  conditions  associated  with 
both  G  and  H ;  and  so  we  shall  have 

/(s,0=~L,((7), 

f{s,{)=-M,{g\ 

whence  L,{f)  =-LsMt(g)  =  Mtif). 

The  partial  integral  equation 

[^  G{s,x)f{x,t)dx  =  ?  f(s,x)H(x,t)dx  (52) 

is  thus  satisfied  by  a  certain  group  of  solutions  of  the  partial  differential 
equation,  but  we  cannot  say  that  it  is  satisfied  by  every  solution  of  the 
partial  differential  equation.     If  the  equation  be  written  in  the  symbolical 

'°™  G.{/(s,f)}  =  H,{f(8,ti} 

where  G  and  H  are  linear  distributive  operators,  it  is  possible  to  regard 
the  operation  Gg—Ht  as  a  factor  of  the  operation  Lt—Mt. 

A  particular  function  which  satisfies  the  partial  integral  equation  is 
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f(s,  t)  =  k{8^  Q,   for  k{s,  0  satisfies  the  given  conditions  in  t ;    and  so  the 

function  rd 

g{s,t)  =  I  G(SyX)  K{x,t)dx 

satisfies  them  also.    g{$,  t)  is  therefore  a  solution  of  the  equation 

LM+K{s,t)  =  0 

which  satisfies  the  given  linear  conditions  in  both  s  and  L 
Operating  on  this  equation  with  M^  we  have 

MtLsiu)  =  —Mt  k(s,  t)  =  —  Lsk(8,  t) ; 

therefore  L,  [Mt  (u) + k  (s,  t)]  =  0. 

Now  Aft(tt)+/c(s,  t)  satisfies  the  given  linear  conditions  in  s,  since  both 
u  and  /c(.9,  f)  do  so,  and  we  see  from  the  above  that  it  also  satisfies  the 
equation  La(v)  =  0  ;  accordingly,  it  must  be  identically  zero ;  for  we  know 
from  the  Green's  formula  that  the  solution  of  the  equation 

Ls(v)+f{s)  =  0 

is  given  by  ^  ~  I  G{s,x)  f(x)dx, 

and,  if  f{x)  is  zero,  v  is  also  zero. 

Putting,  then,  MM+k{s,  0  =  0, 

we  have,  since  ti  is  a  function  which  satisfies  the  given  linear  conditions 

in  ^,  p 

g  {s,  0  =  i^  =  I  H(x,  t)K{s,  x)dx, 

which  gives  the  required  relation 

G(s,x)K(x,t)dx  =  \  H{x,t)K{s,x)dx. 

Now  this  relation  is  of  some  interest  in  connection  with  the  original 
integral  equations  n 

f{s)=^^K(S,t)i>(t)dt, 


yjfit)  =j%{5,«x(«)^; 


for  we  can  show  that,  if  /  and  ^  are  two  functions  connected  by  the  first 

relation,  ca 

fM=]G{s,x)f{x)dx 

and  01  (s)  =  r  H{s,  t)  <l>(t)dt 

is  another  pair. 
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.   Substituting  the  given  value  of  /(x),  we  have 

=  \    \  k{k,z)  H{x,  0  i>(t) dx dt 

Ja  Ja 
=  I    K{S9X)(f>i(x)dx. 

Similarly,  if  ^  and  x  ^^  one   pair  of  funotions  connected  by  the^ 
second  relation,  the  functions 

'b 

H(Xy  0  \ff(x)dx 


ir,(t)  =  j' 


and  XiW  =  r<?(«»Ox(^)*«^ 

are  another  pair ;  for,  on  substitution,  we  get 

H(x,  t)  k{s,  x)x{s)d8dx 


irM = £  i; 


=  G(8,x)K{x,t)xis)d8dx 

Je  Je 

=  1  K(x,t)xiii>^)dx. 

We  shall  complete  this  series  of  propositions  concerning  the  partial 
integral  equation  (52)  by  remarking  that  the  equation  corresponding  to 
the  adjoint  partial  differential  equation 

LM  =  Mt(u) 
is  no  other  than 

[^  f{s,x)G{x,t)dx  =  ['  H(s,x)f{x,t)dx. 

This  result  follows  at  once  from  the  fact  that,  when  we  interchange  the 
arguments  in  a  Green's  function  of  a  linear  differential  equation,  we 
obtain  the  corresponding  Green's  function  for  the  adjoint  equation. 

10.  Investigations  oil  tlie  Existence  Theorem. 

In  a  former  paper*  we  attempted  to  define  a  class  of  functions /(s) 
which  could  be  represented  by  definite  integrals  of  the  form 


£ 


K{s,t)4>{t)dt 


Supra,  pp.  103-106. 
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to  any  required  degree  of  approximation.  The  eonditions  laid  down, 
however,  were  not  Bnfficient  to  ensure  that  the  function  ^(/)  would  always 
tend  to  a  finite  limit  when  the  approximation  was  used  to  obtain  an  exact 
representation.  It  is  clear  that,  if  the  function  ^(0  is  restiieted  to 
remain  finite  within  the  range  of  integration,  the  definite  ini^;ral  is 
only  capable  of  representing  a  much  narrower  class  of  fnnctions.  The 
investigation  can,  however,  be  made  more  satisfactory  when  this  as- 
sumption is  made  and  an  existence  theorem  stated  more  precisely. 

The  method  which  we  adopted  is  analogous  to  that  used  in  sieving 
a  linear  differential  equation  by  means  of  a  definite  integral  and  depends 
upon  the  possibility  of  constructing  a  relation  of  the  form 


f. 


k(s,  t)  F(U  x)dt  =  ^  H(s,  x), 

ax 


(58) 


A  relation  of  this  type  may  be  constructed  in  many  ways ;  the  one, 
however,  which  adapts  itself  best  to  our  requirements  is  obtained  as 
follows  : — 

Let  (c,  d)  be  the  range  of  values  of  s  for  which  the  representation  is 
required,  and  A(«,  0  ft  convenient  function  which  is  finite  and  integrable 
for  values  of  s  and  t  within  the  ranges  (c,  d)  and  (a,  b)  respectively. 
Further,  let 

flro(0=  j^A{s,0/{s)cfe  1 


Ms)  =  ^^K(s,f)gn-At)dt 
9n(0  =[^h{s,OfAs)ds 
F(t,x)  =  xg,(t)-  ^^  gs(t)+  ^^  g,(0- „ 

2B{s,  X)  =  -f{s)+  Yi  /»W-  ll  /4  W+-  ^ 
then  it  is  easily  seen  that  we  have  the  relation 


> : 


(54) 


If  now  we  write 


r  k{s,  t) F(t,  x)dt=j-  H(8,  x). 


il>{t)  =  ^V  F(t,x)dx, 


we 


shall  have     T  /t (s,  f)  ^<fl  d^  =  2  f   ^His,x)dx-  / W, 


1906.]  The  inversion  of  a  definite  inteobal.  495 

provided 

(1)  The  integral  I   F(t,x)dx  has  a  meaning  ; 

(2)  We  can  change  the  order  of  integration  in  the  double  integral 


i:i 


00 

F{t,x)K(s,t)didx; 

0 


(8)  £f(s,  ao)  =  0. 

The  function  h(8,  t)  is  at  our  disposal.  In  the  previous  account  of 
the  method  we  took  it  to  be  the  same  as  /c(5,  f),  but  it  is  clearly  advantage- 
ous to  leave  it  undefined,  as  this  adds  to  the  elasticity  of  the  method. 

We  shall  assume  that  all  the  functions  we  are  dealing  with  are  finite 
and  integrable  for  the  given  range  of  values  of  s  and  t.  The  series  which 
represent  the  functions  F{t,  x)  and  H(8,  x)  will  then  be  absolutely  and 
uniformly  convergent  for  all  finite  values  of  x ;  for,  if  h^  k,  and  /  are 
the  maximum  values  of  the  moduli  of  h{s,  t),  xis,  t),  and  /  respectively, 
it  is  easy  to  see  that 

1^0(5)1  <  |d-c  I  A/,         |/„(s)|  <  |6-a|»|d-c|-^/c*A-V, 

so  that  the  series  can  be  compared  with  exponential  series. 

Now  write  p 

P(s,t)  =      K(s,r)h(t,r)dr 

/t(r,  s)ir(r,  {)dr 


Q{8,  t)  =  j^ 


(56) 


and  let  ^m(5),  xM)  be  the  series  of  functions  for  which  the  homogeneous 
integral  equations  r^  ^ 


Ja 


(56) 


can  be  satisfied.  It  should  be  noticed  that  the  values  of  X^  for  which 
these  equations  possess  solutions  different  from  zero  are  the  same ;  for,  if 
we  calculate  the  determinantal  equations  of  which  the  quantities  X^  are 
the  roots,  we  shall  find  that  they  are  identical. 

[Note  added  December  26 ^A. — In  what  follows  it  will  be  supposed  that 
these  values  of  Xm  are  all  real.  This  is  certainly  true  if  h  (s,  t)  and  /c(5,  t)  are 
the  same;  for  then  P(5,  t)  and  Q{s,  t)  are  symmetrical  functions.  The 
choice  of  the  function  h{Sy  t)  is  thus  not  entirely  arbitrary.] 
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It  is  easy  to  see  that,  if 

Ja 

then  e^(s)  =  X^  J^P(s,  0  O^itidt ; 

so  that  yl^nis)  may  be  taken  to  be  equal  to  Omis)  and  can  be  defined  by 
the  above  equation.     We  then  have  the  further  relation 

Xm(0  =  X« j  hi$,t)  yfrm is) da. 

The  existence  theorem  which  we  shall  now  prove  is  that,  if  the  function 
f(s)  can  he  expanded  in  a  convergent  series  of  the  form  ZomV^viC^)  tnhich 
is  such  that  the  derived  series  ^\XmCimi^ni\  is  conv^gent^  yft^  being  the 
maximum  value  of  [^m(«)|  tcithin  tlie  range  (c,  d),  then  a  function  (^(f^ 
exists  for  which  .^ 

/(s)  =  J  K(s,t)<l>{t)dt, 

and  this  function  may  be  determined  by  the  formula 

it,{t)  =  <ir  F{jt,x)dx. 

If  we  write  w(s)  =  SX^ta^V^^Wt  (^"^J 

we  have  0(^)  =  I  h{s,  t)co(s)ds  =  SamX^W* 

and  this  series  is  absolutely  and  uniformly  convergent  for 

where  h  and  ^m  are  the  maximum  values  of  the  moduli  of  h{s,  t)  and 
\lfm(s)  within  the  given  ranges,  and  the  series  iXmOm^ml  is  convergent 
by  hypothesis. 

This  series,  for  </>(t),  may  be  integrated  term  by  term,  and  we  obtain 

I  ic(s,  t)  <f>{t)  =  2an»\/r^(s)  =  f{s)      • 

as  required. 

We  have  now  to  prove  that  this  series  for  ^(i)  may  be  obtained  from 
the  formula 

<p{t)  =  2V  F(t,x)da.  (68) 
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Calculating  the  functions  ^n(0  and  fn+iis)  in  turn,  we  have* 


_  V  ^^ 


<^.w  =  ^^x..w 


(59) 


fr» 


The  series  for  F{t,  x)  nay  now  be  transformed  into 

and  it  is  clear  that  the  integral  21   F{t,x)dx  will  give  the  series  for  </>(t), 

provided  the  integration  term  by  term  is  legitimate. 

Now  a  sufficient  set  of  conditions  for  the  integration  term  by  term 
of  a  series 


is  the  following: — 


S{X)   =   I.Un(x) 


(1)  The  series  2w„(a;)  should  be  uniformly  convergent  in  an  arbitrary 

interval ; 

(2)  1 1^  (x)  (ir  should  exist  for  all  values  of  n  ; 

(3)  2  I   u„dx  should  converge  for  all  values  of  a  between  0  and  oo  ; 

'*=l  Ja 

(4)  A  number  p  independent  of  /*  should  exist  for  which 


r       f« 
2  Un 


dx 


€  for  all  KB  >  p. 


The  first  and  third  conditions  are  clearly  satisfied,  since  the  series 
^o^XmC^)  is  absolutely  and  uniformly  convergent;  the  fourth  condition 
will  be  satisfied  if  p  can  be  chosen  so  that 


iam^-'^^'^XmW 


<  €  for  K>  p. 


Now  this  can  clearly  be  done ;  for,  if  ?%  is  a  number  such  that 

2  I  araxM  I  <  o"  'or  all  /s  >  m^, 

*  Theee  series  will  all  be  absolutely  and  nniformly  convergent,  since  the  quantitaes  Am 
increase  indefinitely  in  magnitnde,  being  the  zeroes  of  a  whole  fiinotion. 

I.  2.     TOL.  4.     NO.  943.  2  K 


^^^  TsK  nrrEssioif  or  a  DSFnim  nrreomAU 


And  p  is  chosen  so  large  ihat 


we  hftve 


?a-«-^^.» 


|-forc 


c. 


The  theorem  we  have  just  proved  does  nol  tell  us  anything  aboot  the 
uniqueness  of  the  solution  of  an  integral  equation,  and  it  does  not  give 
a  value  of  ^(f)  different  from  lero  for  which 


0  =  I  K(s,()^\f\<it 


when  such  a  value  exists.  It  is  bv  no  means  certain,  however,  that  the 
solution  which  is  obtained  by  using  one  function  A  (4t,  A  is  the  same  as 
that  which  would  be  obtained  if  we  used  another.  If  the  two  values  of 
^(/)  thus  obtained  were  different,  their  difference  would  be  a  solutioo 
corresponding  to  /(«)  =  0. 

In  general,  the  function  ^{0  will  take  a  simpler  form  when  the  range 
(r.  d)  is  bounded  by  two  points  at  which  the  function  c(<,  0  is  diseontinuoos 
than  if  it  is  taken  arbitrarily.  It  often  happens  that  the  solution  in  the 
first  case  is  unique,  but  not  so  in  the  second  ease,  unless  we  impose 
additionallrestrictions  upon  the  function  ^.  E3uunples  of  this  phenomenoo 
may  be  obtained  by  considering  the  problems  in  which  we  require  to  find 
the  distribution  of  electricitv  over  a  closed  surface  when  the  value  of  the 
potential  function  is  given  U;  over  the  whole  surface,  (2)  over  a  portion 
of  the  surface. 
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